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Calculus of Direction and Position. 


By E. W. Hype, Cincinnati. 


It appears to me to be obvious that the calculus of directed quantities in 
some form ought to and will come more and more into use in all the operations 
of Geometry and Mechanics, owing to its peculiar fitness for expressing the 
relations and conditions of the quantities discussed in these branches of science. 
It is therefore-important that the best and most natural system should be employed, 

___and taught to the students who are to form the next generation of οκ. 
zians and scientific men. _ 

‘I propose in the present paper to give briefly the fundamental idea and 
winciples of Hamilton’s system, or “ Quaternions," and of Grassmann's, called 
y him “Die Ausdehnungslehre,” showing their points o£ difference, and what 
em to me to be strong reasons why the system of Grassmann is far preferable. 

The title of this paper indicates at once a most important difference between 

e two systems, for Quaternions is a caleulus of magnitude and direction only, 
aile the * Ausdehnungslehre ” is a calculus of magnitude, direction and position. 
is is precisely what is required for Mechanics, for a force is fully determined 
ἐγ when these three things are known concerningit. It also greatly facilitates 
ny operations of Geometry, as will appear in the sequel. 

Hamilton’s ruling idea in forming his system was rotation, and his versors 

really /—1, endowed. with a directed quality so as to turn the vector 

ited on about some particular awis. The numerical quantity 4/—1 may be 

1 an undirected versor. . | l 

The addition and subtraction of directed quantities was understood before 

vention of Quaternions, the peculiarity of which depends on its method of 

plication. : 

The basis of the whole theory may be given in a few words as follows : 

Raking 1, J, K as three mutually perpendicular unit vectors, and 4, 7, kas 

Kors or versors that turn J into K, K into J and 1 into J respectively, it is 


Vor. VI. | | P EL , | 和 三 —K| etc. 
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(not, however, that IJ =), and then it is assumed that it is permissible to take 
Ὁ, J, k as identical with I, J, K, which is certainly true, the only question being 
whether it is on the whole best to do so. 

Tait says (Art. 72, Tait's Quat.): "Now the meanings we have assigned to 
i,j, k, are quite independent of, and not inconsistent with, those assigned to 
I,J, K. And it is superfluous to use two sets of characters where one will 
_ suffice. Hence it appears that à, 7, k may be substituted for J, J, K; in other 
words, a,unit-vector when employed as a, factor may be considered as a quadrantal 
versor whose plane is perpendicular to the vector. This is one of the main elements 
- of the singular simplicity of the quaternion ca_culus.” 

- This last statement I entirely disagree with. 

Again, in Art. 64, Tait says: “ We shall. content ourselves at present with 
an assumption, which will be shown to lead to consistent results; but at the en 
of the chapter we shall show that no other assumption is possible, following for 
this purpose & very curious quasi-metaphysical speculation of Hamilton.” 

The statement “that no other assumption is possible” I deny, and I propose 
to show that, though Hamilton’s reasoning is eorrect, the deductions therefrom 
are unwarranted. | 

The “speculation” referred to above, as given in abridged form by Tait, is 
as follows (see Art. 93, Tait’s Quat.): “Suppose that no direction in space is 
preéminent, and that the product of two vectors is something that has quantity, 
so as to vary in amount if the factors are changed, and to have its sign changed 
if that of one of them is reversed; if the vectors be parallel, their product 
cannot be, in whole or in part, a vector inclined to them, for there is nothing 
to determine the direction in which it must lie. It cannot be a vector parallel 
to them; for by changing the sign of both factors the product is unchanged, 
whereas, as the whole system has been reversed, the product vector ought to 
have been reversed. Hence it must be a number. Again, the product of two 
perpendicular vectors cannot be wholly or partly a number, because on inverting 
one of them the sign of that number ought to change; but inverting one of 
them is simply equivalent to a rotation through two right angles about the other, 
and (from the .symmetry of space) ought to leave the number unchanged. 
Hence the product of two perpendicular vectors must be a vector, and a simple 
extension of the same reasoning shows that it must be perpendicular to each of 
the factors.” 
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Now the reasoning as to the product of || vectors, 1. e. that it is scalar, is 
perfectly correct, but it does not follow that this product must be — the product 
of their tensors, as in quaternions; it may, for instance, be zero, as will be.shown 
hereafter. ‘ 

The reasoning also with regard to the product of two .L vectors is correct, 
if we write vector quantity or directed quantity instead of vector in the last 
sentence. Buta plane area is a quantity having magnitude and direction as 


vell as a portion of a right line, so that there is nothing in the reasoning which ΄ 


recludes 4j from meaning a square unit of plane area || to ἡ and 7, which 


'ertainly appears a more natural signification than that {7 should be equal to k, - 


y unit vector + to ὁ and j. From this assumption it follows as above, that 
j = kand also that 4/7 = — 4j = — k, ἡ. e. the ratio of two quantities is the 
ame thing as their product except as to sign. To be sure we may say that these 
we units, and we have the analogy that 1/1— 1x1; but they, i. e. vectors, are 
geometric and directed units, and such a relation appears to me to upset all one's 
preconceived ideas of geometrie quantities without any corresponding advantage. 
If, in the eq. 1/1—1X1, 1 be taken as a unit of length, then the members of 
the equation have evidently not the same meaning, 1/1 being merely a 
numerical quantity while 1 X 1 is a unit of.area, it being a fundamental geometric 
conception that the product of a length by a length is an area, that of a length 
by an area a volume, while the ratio of two quantities of the same order as that 
of a length to a length is a mere number of the order zero. In quaternions 
however we have the remarkable result that the product of a length by a 
length is not merely represented by, but actually equal to a length + to the 
plane of the two. 

Of course this arises from the double function of the vector as used in 


quaternions, it being not only something endowed with magnitude and direction, . 


but also possessing the properties of the versor /—1. . 

The combination of these different functions in the vector renders the 
product of two vectors which are neither || nor 1. to each other necessarily a 
complex quantity, having a scalar and a vector part corresponding to the real and 
imaginary parts of the ordinary complex a + b4/—T, thus making a thing 
which should be simple just the opposite. 


It seems to me that quaternions proper, t. e. iss: complex quanti ities, are - 


practically of little use. In nearly all the applications to geometry and mech- 


t 
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anics, scalars or vectors are used separately. For the special uses to which the 
complex a + ὃ 4/— 1 is put, the directed quality is not needed. 

Another point about this system appears objectionable to my mind, viz. 
that we must necessarily work in space of three dimensions. Even when 
nominally treating plane geometry, the product of any two vectors in the plane 
is a vector 1 to it, and we are therefore really treating space. 

We will now consider Grassinann’s system, giving first the way in which he 
was led to his method of multiplying directed quantities, as stated by himsel 
in the preface to his first book, published in 1844, and then giving a brief account 
of the whole system. 

In the above-mentioned preface he first states how he was led to the addi. 
tion and subzraction of vectors (strecken), and afterwards to their multiplication 
The addition and subtraction being precisely e as in quaternions, we will not her: 
consider them. 

Grassmann arrived at his conception of the product of two directed lines - 
from a considération of the geometric meaning of the product of two undirected 
lines, viz. the rectangle having these two lines for two of its conterminous sides. 
It would follow at once from analogy that the product of two directed lines at 
right angles should be the same rectangle as before, endowed with the additional 
property of direction, ἡ. e. it would be a plane area || to the two given vectors 
and numerically equal to the product of their lengths. A further extension of 
the analogy would indicate that the product of any two directed lines should be 
the area of the parallelogram of which these lines are two adjacent sides, or an 
equal parallelogram parallel to this; and similarly the product of ree vectors ΄ 
should be the volume of the parallelopiped of which they form three conter- 
minous edges. . These conceptions were found to work consistently, and it 
appeared that this species of multiplication agreed with ordinary multiplication 
in being subject to the associative and distributive laws, but different from it in 
that it did not obey the commutative law. 

: Thus, if c, b, ο are three non-co-planar vectors, we have eee: be = ab.c, 
ab+ac=a(b+c), but not ab — ba. Instead of the last we have 

ab = — ba or ab + ba — 0. 
It follows at once from this non-commutative law, as well as from mg 


meaning of the product of two vectors given above, that aa — 0. 
Similarly aab — 0, aba= 0, ete. 
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These are the laws of what Grassmann calls “outer multiplication,” and I | 
think their simplicity will be acknowledged as compared with the multiplication 
of vectors in quaternions. 

The conception formed by Grassmann of the product ab was that the vector 
a generates the area ab by moving parallel to itself along the vector ὦ as a 
directrix from its initial to its final point. This idea of generation by a mopmg 
point, line or surface led to his use of the term ‘ausdehnung ” or “extension” 
as descriptive of his system. 

We will now give a brief sketch of Grassmann’s method of treating points 
and vectors. | : 

A point is some position in space with a value attached to it ud we may 
call its weight (using the term somewhat as in the theory of least squares), and 
which may be positive or negative. We may use a letter, as À, to represent a 
unit point, 4. e. a point of unit weight, and then & point whose EP is m will 
be mA. 

Two unit points can differ only in position, i. ο. by a certain length of straight 
line in a certain direction, or, in other words, by a vector. Hence if A and B 
are two unit points, and a a vector drawn from A to B, we have B — A —a. 
Also at once if B—O=6 and A—O=a ` 4 c 

B—A-B—0—440-B—0-—(A-— n HT 
and a+6 =A—O+B—O=A—O0O+4+C0—A=C0—0O. ο 

Since points and vectors can thus be added and subtracted they must be 
quantities of the same kind, and in fact a vector is a point of weight zero 
situated at infinity, as will presently appear. 

The sum of two points as mA and nB must be something of the same kind, 
and therefore a point, and its weight should evidently be equal to the sum of the 
weights of the two points, i. e. m+n: hence write 

mA + n.B — (m+n) 8, | 
S being a unit point. To find the position of S subtract (m + n)O from Both 
sides of the above equation, O being any unit point whatever. 
m (A — O) -- n (B — O) — (πι +n) 9—0), or 
De m (A4 — 0) +n(B— o. 
ην ---τι : : 
' by which S may be constructed. This equation shows that the sum of two 
points is their mean point. Or ii may be put thus: If m and n are regarded as 
parallel forces acting at A and B, then S is the centre of these parallel forces. 
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The same holds for any number of points. 
Next suppose m-+n=0, or m= —n; then we have 
mA + nB=n(B—A)=0.S=0.(S— Οὐ 
To satisfy these equations we must either have m — n — 0, or diis B, i.e A 
‘the same point as B, or else S— O — c, i e. & ον at o; thus it appears 
as stated above that a vector is a point at œ. 

Passing now to multiplication, we will start with two or three definitions, 
and a statement of the geometric meaning of outer multiplication more general 
than that previously given, and from a different point of view. i 

Two posited quantities differ in position. when they have no point in 
common, and not otherwise. 

According to this definition, parallel right lines or a plane and parallel line 
do not differ in position, as in each case there is a common point at o. 

A point is said to be of the jirst order, the product of two points of the 
. second order, etc. (order corresponds to Grassmann’s stufe): The locus of all 

- points which can be expressed in terms of n given points is called a region of the’ 
n" order. Thus a plane is a region of the third order; space of three dimensions 
a region of the fourth order. | 

The outer product of. two posited quantities which differ in position is some 
multiple of the connecting figure. 

If two posited quantities do not differ in position, the connecting figure 
will be zero, and therefore the product zero. . This is true whenever the sum of 
the orders of the two factors is not greater than the order of the region under 
consideration. ‘Or, in other words, whenever the two factors are such that it is 

possible for them to differ in position in the region under consideration. 

. For instance, if we are considering space, or the region of the fourth order, 
two right lines can differ in position, while if we are dealing with a plane region 
they cannot. 

The outer product of two posited quantities which cannot differ in position in 
the region under consideration is the common figure multiplied by a scalar quantity. 

pud these principles we have for the product of two points that 
X AB is the line from A to B; that is, it is a portion of the- 
` right line fixed by the two points A and B, wise length is equal to the distance 

from Ato B. It may be situated anywhere on the line. These are exactly the 
‘conditions that completely determine a force. AB differs from B— A, in that 
. the latter may be any parallel line of the same length. 











\ 


‘a point and a vector, but it appears to me that ah appropriate and expressive 
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If B— A =a we have Aa = A(B — A) = = AB, so that multiplying a vector 
by a point fixes its position by making it pass through the point. 
Grassmann gives the name “Linientheil” to the product of two points, or 


name in English would be point-vector. 


The product ABC is twice the connecting triangle, i. e. the diy a 
parallelogram of which A, B, C are three corners. á "d 

That the product should be twice the connecting figure appears from the 
previous way of looking at outer multiplication: for AB is generated by a point 
in moving from A to B, and ABC is similarly generated by a right line of 
length 4B moving parallel to itself from A to C. 


We have, if B— A = a and C— A =b, 
ABO-AB(O— A) = ABb = A(B— A)b= dab. 


I have in my lectures on this subject called the product of two vectors, as 


ab, a plane-vector, and the product ABC = ABb = Aab a point-plane-vector ; 


the difference being that the latter is fixed in position in so far as that it lies in 
a fixed plane, while the former may lie in any parallel plane. ; 

The product ABCD is six times the connecting tetra- 
hedron, that is, the parallelopiped óf'which A, B, C, D are < SO 
four vertices. 

As before we may write ABCD= ABCc= ABbe = 一 Aabc, but in this case 
each of these is equal to abc, since there is only one space of three dimensions. 


As these products can have no direct or posited quality they are scalars, 
In the region of the fourth order, or space, we have 


. ABCD = ABC.D = A.BCD = AB.CD = L L, 


if we put L= AB and L, = CD, so that the product of two point-vectors is six 
times the tetrahedron of which they are opposite edges. 

In dealing with a plane region (as in plane geometry) all the rest of space 
except this plane may be regarded for the time being as non-existent, so that 
plane-vectors and point-plane-vectors lose their property of direction and can 
differ only in' magnitude and sign ; hence they are scalar quantities, a fact which ` 
considerably facilitates the application of this method to plane geometry. The 
difference between a plane-vector and a point-plane-vector also disappears, since 
but one plane is under consideration, so that we have Aab = ab = ‘Ta Th gin?. 
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- We will now look at the product of some quantities which cannot differ in 
position. In a plane-region, if L, and L, are two -point-vectors, they cannot differ - 
in position. Let A be the common point of L, and L,, and let B and C be so 
. taken that AB= L, and AC-—14; then L L= AB.AC Se arene 

= ABO.A: that is, the product is the common point multi- 7 v 
plied by the-scalar ABO, which accords with the definition «—z,—% 
. previously given. | 

In ‘space, let L= AB and P= ACD; then LP= AB.ACD 一 ABOD.A = = 
the common point multiplied by the scalar ABOD. 

Similarly, if P= ABO and P,— ABD, P,P,= ABCABD= ABCD. AB 

= the common point-vector multiplied by the scalar ABCD. oe 

Also ab.ac = abe.a, i. e. the product of two plane-vectors is.a vector || to 
each of them multiplied by a volume. 

In most cases in the use of these products in geometry the scalar coefficients 
may be disregarded, and we may consider AB as the line passing through A and 
B of indefinite length, ABC as the plane through A, B and C, L,L, (in a plane 
region) as the common point only, P,P, as the common line of these two 
planes, etc. i l 

We have thus a simple and complete system of geometric multiplication, in 
which every product has a clear and definite meaning to be seen at a glance, : 
contrasting thus strongly with many quaternion expressions. ‘What geometric 
meaning, for instance, can be easily assigned to the expression ViaSy? Of 
course there is such a meaning which can be gotten at with labor enough, but it ᾿ 
‘is anything but an evident meaning. Or let a, b, o, d be four vectors and 
compare the two equivalent expressions ab.cd and V.VabVed; the meaning of 
the first is seen at a glance, while that of the second requires a considerable 
mental operation to determine it, to say BONA. of the additional labor of 
writing it. 

To complete this brief review. of Grassmann’s system we have only to 
consider what he denominates “inner multiplication.” . | 

In a plane region any vector may be expressed in terms of two given - 
vectors; if these be unit vectors at right angles we have a unit normal reference. 
system. . In such a system let the two reference vectors be 4 and &, then 
“4g is the complement of η, written /u, and —u = /y, the pign being so a 
taken that u/u = ut =.1 and t ta = 二 一 wu 二 1. 4 
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If a and b be any vectors we easily find that /a-is 1 to a, and that 
a/b — TaTb cos}; so that a/b =0 is the condition of perpendicularity between. 
wand b. 

Grassmann calls a/b the inner product of a and b, but it is also the outer 
product of α and /b, which is generally the most convenient way to regard it. 
We have also a/a = Ta cos 0 = Ta = aè, the last form being called the inner 
square of a, and written with the exponent underscored to distinguish from 
a? = aa which is always zero. i 

It will be seen that a/b is the same as Hamilton’s Sab except that it is 
positive for values of the angle between a and b less than 90°, a manifest advantage. 


Similarly: all the points in a plane region can be expressed in | ^ 
terms of three given points ο), οι, &, and these may be so taken #7 N 
that quaes 1, then | d UICE 7^9 


/@= ae, 80 that e/a = ee — 1, 
la ee,  " efe 6667 66671, 
[y= oe; “Oy / Cy == 6566 = 666 — 1. 

If an ellipse be so drawn that e,6 is in it the anti- polar-of e, ee; the anti- 
polar of &, and &e the anti-polar of ερ; then, if P > be any point FAIRE /pis 
its anti-polar in this same ellipse. 

In space we have similarly, if 4, t, t fot a unit normal system, - 

/as tt, 80 that u/n = 4415 = 1, etc., ete, 
/a is now a plane-wector + toa, and a/b has the same meaning as before. 

In a point system €, C1) € es to Which all points in space may be referred, : 
and which may be so taken that Glee == 1, we have 

[a= €46,65, SO that ee 一 G46 — 1, 
la — 6460, “ — efe; = — er Cy Cg Cy = 656,00; — 1, ete., etc. 

Any point p is the anti-pole of its complement /p in an ellipsoid, so taken 
that in it /e, is the anti-polar plane of «, etc. 

One of the great advantages. of this system over quaternions is, that while 
better adapted for treating geometry by the use of vectors only, it is also, when 
a point system is used, precisely fitted for bringing out polar-reciprocal relations. 
Forif we have any equations expressing geometric relations in terms of points 
ànd lines in a plane region, or points, lines and planes in space, we have only in 
the first case to put lines for points and points for lines, and in the second to put 

Vor. VI. 
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planes for points and points for planes, in order to obtain the polar reciprocal 
relations. : 
A few examples will now be presented to afford a comparison between this 


^. system and quaternicns. 


We will first give the equation by which Tait, in Art. 247 of his Quaternions, 
. proves Pascals Theorem togetker with the equation of precisely the same 
meaning in Grassmar n's notation. They-are respectively: 


| S. V (Va Y le) V(V By Yep) V(Vy8 Ypa) =0 
and eu ᾿(αβ.δε)(βγ-ερ)(γδ.ρα)ΞΞ0. 


The comparative simplicity of the latter is apparent at a glance, and the ease of . 
interpretation is as much greater as the labor of writing is less. There are ten 
capital letters in the first which are dispensed with in tks last. 

The equation is that of a cone on which lie esch of.the five vectors 

a, 8, y, δ, ε drawn outwards from a common point, acd is also the condition 
that the three vectors αβ.δέ, βγ.ερ, yô.pa shall lie in one plane. Pascal’s- 
theorem is proved by considering a section of this cone. 

If, however, we use points instead of vectors we have just what we want, 
‘the equation of a conic through five points, and the proof of the theorem follows 

immediately. If ej, &, €, Θι, e; are five points, the conic passing ον them 
may be written 
Oe Ep) — 0, 
which 15 alsc the concition that the three . 
points in parentheses shall lie on one 
‘right line. l 
This equation possesses the further 
advantage that by merely substituting ^ i 
. Ds for ps and e's we have the equation —¥ + a 
(LL. L; Lj) (Li L; LT (D, Lz. L5 D) = 0 

which is the line equation of a conic tangent to five given lines, and gives at 
once Brianchon's theorem. 

There are given ¿wo points é and ει, and do lines &e, and e,e, ; two lines 
pass constantly through e, and e, respectively, and their points of intersection 
with ee, and ee; move along these lines with velocities bearing a constant ratio 
to each other: to-find the locus of p the common point of the two moving lines. 
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Let ee == de be, = ει, C64 ἔῃ» 6563 


一 £g, == Ce, 0163— fe, and e= me, 


+ ne: then p= u (ae + bey + xe)... (a) 


and p= ca Γυ [feta (ma Ἔπει)].. -(ϐ) 
Operate οπ-(α) by Ve, and Ve, succes- 
sively and divide thus | 
Vap=u(b+x) Vie, , 
Vep = — au Vei ερ, 








Vap ὧὗη-ω , Vas + δει) 6 
and Yap — 2a v= UID 
i = ο σερ 
7 (Yap 


Similarly from (8) 
Vep == van Vas, κ 
Vap=.— c Vae — 0(f + ma) Vers, 











n Veo 
: Ῥειρ TENE ES Vesp 
'"" Vg(o—eu)  f-me Fep 
' J—m Fep 
Pe ερ .. n Veo 
Vg (o — es) V ef — me,) o 


the equation of a conic because of the | 
second degree in p. 
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By CALCULUS or POSITION. 








ϱ), p'—6 2(%— 65) 
and also &,p'p —0,.e "p 一 0. 
Insert values of χ' and p”, 


p-—e6dc(e— 


εν tap + ge ( 0565) p==0, or s= re 
and . D 
ap + xe (65—65) p —0, or z= Cea. 
*. equating values of æ 
Gp 6,6 P 
le —@)p  & (6 —~ ep 

a conic because of the second degree 
in p. 





From the complementary equation, . 
© Ζη(ζα-- - LL 


LL. LL 
L)L Ly (Ls— 


we may derive at once a polar recip- - 


Focal theorem. 


ος with vectors but using Grassmann’s system we should have saved 
the writing of twenty-seven unnecessary V’s. 
As one more example we will take the following. To find the equation of — 


the surface génerated by a right line moving on three right lines as directrices, 


12 Hype: 


. By QUATERNIONS. 


» ABC isa gen- 
eratrix of the 
‘surface, its equa- 


‘tion being either 





pP 1 
or 


=u+y8 + v(v zy —u—90) ..- 


den (1) we have : 


| Sap = Sc + u(SaBu — Salbà); 


_ Saf(p —À) 
iv "Sata c-r (3) 
. Similarly from (2) | 
— Sér(p—p) G 
- Βθγίν--μ)᾽᾽ 


Chemie on W by S. Vya 
^. Syap = Syaa + usya (u+ yB — 2) 


Sra(p—A)— ELE 
Sym val p ee 2) [a and by (3)] 





_ Srel Sp) —Sra(u— 1)8a8(p—) | 





SagrSaB(p—2) . 
__ S. Vra γαρ Y(u — ao τὰ) 
Sap;Saip (o — 2) 
Operating on (2) by δ. Vya and αἰ 
stituting value of v we have by a similar 





- reduction 


S: VB; Vra Y(»— pYp— n). 
Safy SB (p — v) 

Equating these values of y we have 
the equation of the surface of the 
second degree in p, viz.: 

S. Vra Vaf V(u —2)0p-—2) 
SaB(p—4) ᾿ 
— & Ver Vra Y (», — me 一 p) 
Sfr (e—») 











Calculus of Direction and Position. 


By CALCULUS oF POSITION. 


Let the three lines be Z4, L, L. If 
through a point on J, planes be passed 
containing Li and Ly then their common 
line will be a generatrix of the surface, 
for it will evidently cut Z4, Z, and Ls. 
Let p.be any point of this common line, 
then the two planes will be pb, and Lp. | 
These are to cut Z, at the same point, 
the condition fo» which is 

| pl. L, Lap =0. 
This being a scalar equation of the 
second degree in p represents a quadric, 


which is the required surface. 


ON —— 
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In working out the vector equation with the other system we should save 
the writing of forty-six unnecessary S’sand V’s. The last equation, for instance, 
would be eae 
ya -ag.(u — Xo — 2) __ Br-ra- GAP 办. 

af (p — 1) Brp— ) - 

To illustrate the applicability of this method to Mechanies we vil give a 
single example. 

Let P,, P,, etc, be vectors representing in magnitude and direction any 
system of forces acting on a rigid body, and let e, &, etc., be points in their 


. respective lines of action, then the forces are completely represented by : 


el Pis e Ρο, eto. 
The resultant action of the system is simply the sum of these forces, viz. 
3 (6 P): and for equilibrium the condition i is ` 
i (eP)-=0. 
Add M subtract a(P), 60 being any point whatever ; 
3 (eP) — 4 (P) +43 (P) =0 


or | ο (P) + $((e—«) P]=0. 


But one of these terms is a point-vector, and the’ other a plane-vector ; therefore, 
being: quantities of different. kinds, in order to Rege. the equation they must be 
separately equal to zero.. 

Σ(Ρ)--0 

E[(e— 6) P]=0 | 
The first signifies that the resultant force must be zero, the second that the 
resultant couple must be zero. 

In closing I may remark that a principal reason for the slow introduction 
of Grassmann’s method seems to be the. great generality of his demonstrations as 
given in his books. They being usually given for space of the mn order, the 
idea, appears to have prevailed that the method is peculiarly adapted to hyper- 
geometry, which is actually the case, without, however, at all interfering with its 
special fitness for application to space of two or three dimensions, 
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On Quadruple Theta-Functéons. : 


By Tuomas ORAIG, Johns Hopkins University. 


Parr I. 。 
The following paper is intended to be simply introductory to the theory of 
; the theta-functions of four variables. I have followed the method adopted by 
Prof. Cayley in his well-known memoir on the double theta-functions; the 
earlier pages of the present Part being indeed simply the extension of the work 
already done by Prof. Cayley for ihe theta-functions wich two arguments. In 
the present Part I give the elementary theorems connected with the quadruple 
theta-functions and a product table for the “square-products,” 4. e. the products 
of two functions having the same characteristics but not the same arguments. In 
Part II I intend to go more fully into the theory of the characteristics and to 
develop the relations existing between different groups of quadruple theta- 
functions, that is, the relations similar to the Gópel and Kummer relations 
connecting: the products and squares of the double theta-functions. The only 
paper that I am aware of which directly treats of the quadruple functions is one 
‘by Nóther mentioned below. In this paper Nóther deals almost entirely with 


© certain properties of tke characteristics. It is known (the proof for completeness 


is given below) that every. characteristic with the exception of Gare can be 


divided in 123 different ways into the sum of two, viz. in 64 ways into the sum 
of an odd and of an even characteristic; in 36 different ways into the sum of 
two even characteristics, and in 28 different ways into the sum of two odd 
characteristics. Denoting any characteristic by (A) and ix particular the charac- 


teristic (Όπου) by (0), the system.of 28 pairs of odd characteristics in which 


each characteristic (2), excepting [ο ), can be divided is called a group, and this 

group Nother calls a group-characteristic and denotes by [a]. If 
[a] = (αι) + (ax) = (αι) + (a) = etc. . 

where (αι), (αν), (αι), (a), ete., are all odd, Nother says that (αι), (αν), (a), ete., 

are contained in the grcup [a], and further that (αι) and (αρ), etc., are paired— 
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giving thus in all 255 pairs. Nôther has here. extended Weber's investigation 
on the triple theta-functions, particularly that part of the latter’s work which 
refers to what he calls “complete” 7-systems ; Nôther shows that there are for the 
quadruple functions certain analogous 8-systems, that is, systems of 8 odd - 
characteristics for which the sum of any 5 is odd, and the sum of any 8 or cf 
any 7 is even. In the last section of his paper he gives as an application of the 
relations existing between these theta-functions with zero arguments, the 
reduction to the least number of conditions which must hold in order that the 
theta-functions may become hyperelliptic functions, showing finally that this 
only requires the vanishing of three even theta-functions. In the following list | 
of memoirs I have enumerated only those with which I am acquainted and 
know to have a direct bearing upon the subject of the quadruple functions. 
Although none but the one already mentioned deal directly with these functions, 
- all refer to them more or less directly. | 

NoOTHER. Zur Theorie der Thetafunctionen von. vier Ar gumenten: Mathe- 
matische Annalen, xiv, pp. 249-293, 
Zur Theorie der Thetafunctionen von beliebig vielen Argumenten: 
Mathematische Annalen, xvi, pp. 270-844. l | 

PRINGSHEIM， Zur Theorie der hyperelliptischen Functionen, insbesondere 
derjenigen dritter Ordnung (p= 4): Mathematische Annalen, xii, pp. 485-475. 

STAHL. Das Additionstheorem der 3- Functionen mit p Argumenten: 
Jour. für die reine und ange. Math., 88, pp. 117-180. - 
Beweis eines Satzes von Riemann über $-characteristiken: Jour. für 
die reine und ange. Math., 88, pp. 273-276. | 

Frogenius. Zur Theorie der Transformation der Thetafunctionen: Jour. 
für die reine und ange. Math., 89, pp. 40-46. 
| Ueber das Additionstheorem der Thetafunctionen mehrerer Varia- 

beln: Jour. für die reine und ange. Math., 89, pp. 185—220. 

"E Brroscut. La relazione di Gópel per funzioni iperellittiche d'ordini qual- 
unque :. Annali di Mat., Ser. IT", Tomo X°, pp. 161-172. 

Weierstrass. Zur Theorie der Abel’schen Functionen : Jour. für die reine 
und ange, Math., Vols. 47 and 52. 

WEBER. Ueber die Transformationstheorie der Thetafünctiotien: Annali 
di Mat., Ser. 115, Tomo IX°. 

Prym. Untersuchungen über die Riemann’sche Thetaformel und me 
Riemann’ ‘sche charakter istikentheorie : Leipzig, 1882. i 
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Weber’s paper I have never seen, but have come across numerous references . 
toit; Prym's paper is published separately, and is a most valuable one for the 
student interested in the subject of theta-functions. Frobenius, in the second of 
his papers above mentioned, takes as his point of departure a certain result 
arrived at by Weber and subsequently specialized in a most important way by 
Hermite. Weber shows that the transformed theta-functions of p variables can 
be expressed as integral functions of the ἠδ order of the original 2” theta- 
functions, b denoting the order of the transformation. Hermite shows for the 
case p = 2, that if 3), δι, ὃν, X denote four of the double 3-functions connected 
by the Gópel bi-quadratic relation, and if ©,, ©,, @,, ©; denote the transformed. 
functions, the four functions ©, can be expressed as integral functions of the 
four corresponding. functions $j. Frobenius discusses then the question as to 
whether or not a similar property can be shown to exist for the theta-functions . 
of more than two arguments, and gives application of his results to the cases, 
of p 一 2,8 and 4. The subject of the transformation of the quadruple functions E 
is reserved for the second part of the present paper. Before leaving this intro- 
. ductory section, however, reference should be made to two papers by Clifford, 
both contained in his “Mathematical Papers,” viz, “On groups of periodic 
functions,” which deals with multiple theta-functions and follows Rosenhain’s 
method; and “Theory of marks.of multiple theta-functions,” in which Clifford 
partly follows the general methods of Riemann and partly the particular methods ' 
employed by Weber in his memoir "Theorie der Abelschen Functionen vom 
Geschlecht 3," | | 

The theta-function of four variables depends upon 10 parameters, 

(au Go + - . αμ) ο Ἡ 
which are the coefficients of a quadric finition of four αν disappearing 
integers, say My, Mo, Ma, Mas viz. 


αμα aufm, :.... mas 

upon four arguments Pa Uz, Us, Uz, and upon 8 characteristics αι and (9, 
i = 1, 2, 8, 4, which are each either 0 or 1. The arrangement 

. ca do αρ 3) 

Bi Bo Bs Ba 

is called a characteristic, or, in Olifford's notation, a mark. It is easy to see for ` 
a and B each equal 0 or 1'that we have in all 2°*4—= 256 different character istics, 
and consequently 256 quadruple theta-functions. 
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The integers m, will be assumed all even, and we write 


ins) 1 
== — (aua... Gum m, msm 
Uy Up Us V4 4 ( 11 "12 Gal 162 8 ay” 


9 
δη. My 十 ay, Mi 十 Gy, Mgt ag, m, αι 
ΠΗ i tud Qi, Wt Bo, us Bs, Ua + 8) 


= 4 (au Go eae auim + Qi... m, + as) g 
l . 
+g, (m + aat B) + -+ (mt ou), + 84). 
The quadruple theta-functions are now deme by the equation 
BB Oa A (us Ug Ug Uy) = 


PE Bu, 
Bi B2 B; ey Vee 7. 
τ u + βι, “ + Ba, us + Bs, tt Ba ` 


mi Ma ma 


Tu (My 十 Mo Up + mg Ug + my Us) 


The summations exténd over all positive and negative even integer values of 


m... m,. For brevity this may be written simply as 


8(g Ju) — ex». Ge ; 


" ‘Tt is well known that in order that the series here written may be convergent, 
the parameters a, must either be real, or if they are imaginary, that their real 


parts must be negative. The quantities a and B are all either zero or unity; it 
may happen that other values will appear for these quantities, but in each case, 
as will be seen, the odd values may be replaced by unity and the even values by 
zero. If Σαβ is even, the characteristic (5 )i is said to be even; if Σαβ is odd, 
the characteristic is said to be odd. The number of odd and of even character- 
isties is readily computed, and itis as easily done for p-tuple as for quadruple 
functions. Let O, , and E,:, denote the number of odd and of even charac- 
teristics for a p — 1-tuple function; then clearly O,_,+ Ep- = P-D, Prefix . 


` to each of the O,_, odd charactéristics SE and to each.of the E, , even 


0 10 


characteristics 1 and so get an odd characteristic for the p-tuple function. We 


have then 0,2230, + δρ = 2979 4 20, ἰ 
= XP) 4 PPD + 98 ος... 9-15 9-1/9” — 1) 
and this for p= 4 is Op = 120.. For the number of even marks we have 
Ep = 29 — -0,— 一 人 十 1) : 
or for p=4, DE 186. 


Vou. VI. 
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Given two characteristics (3) and ( 5) , their sum, or difference, is given 
by the symbol ( 8 i Dt e. for the case of 4 arguments: 


Q1; (5, Og, A Cu ἄρ, d; αν τ Ga αι, os dg; os 士 Ag, ou E 2) 
£i, Bar Bs, Bs δι, ὃν, Ds, bg BE δι, B 3c By, Bat by, By BS" 


Denoting by (2) any characteristic, we may obviously write 


(807 ο 


and either of the characteristics on the right-hand side of the.equation may be 
arbitrarily assumed— giving, say for the other 


(= 


Give now to (5) all of the 2» possible values which it may have for a p-tuple . 


theta-function, and we have a corresponding set of 2” values for ( 2) ; but as it 一 一 一 


| is quite clear that | (2) P = (2) + G) 
there are only 9t» +9 different divisors of ( 8): or, in other words, any charac- 


teristic ( 5) of a p-tuple theta-function can be divided in 95»-1 different ways 
into the sum of two characteristics. For p—4 we have as above stated 128 
different ways of dividing the characteristic of a quadruple function into the 
sum of two characteristics. Hach of the possible decompositions of a given 


characteristic (3) into the sum of two others (5) and (3) may take place in . 


one of three different ways: first, both ee and (3) may be even ; second, 
both may be odd, and third, one may be even and the other odd. Denote the 
` number of the cases where (2) ) and: ( 5 are both even by &, the number when 


both are odd by πχ, and when one is even and the other odd by £, required to 
find the values of £, 7 and ¢ for a p-tuple theta-function. 

The following method of obtaining the values of these .quantities is essen- 
tially the same as that given by Prym—which again is almost identical with 
Riemann's process. ` It is necessary first, however, to prove a subsidiary theorem. _ 


Suppose we have a given characteristic ( gji (ο '' 2) this can be 
| | αι Cm 
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divided into the sum of two others ο À and ( a): assume either one of these, 


say ( as any one of the 235 characteristics of a p-tuple function. Write 


Ho» Ce te F a 
| © | | 
in which ὃ takes all values from 1 up to p, and where the larger X refers to all 
possible values of ( à) Each ο and each d of course take only one of the 


other of the values 0 and 1. Suppose now either c, or-d, to alter by unity, that 
is, let either or both of them become οι + 1 and d; + 1, then the order of the 
summation under the small E is changed, but the value of the entire sum is 
unaltered ; on the other hand, however, if c; is increased by unity, H alters by 
the factor (—)^, and if d; is altered by unity, H takes the factor (—)*. Each 


of these factors being independent of ( 4) can be placed before the ue Z. 


We have then - H=(—)*H, H—(—)^H 


that is H= 0, whenever of any one of the 2p mes αι and β, (all of which 
are of course either 0 or 1) one at least is = 1; this excludes of course only the . 


characteristic (o: Now writing (2) = (2) + (2) where (3) is a given 


characteristic, write in place of (4 3 all of the Æ, even characteristics, and deter- 


mine each corresponding G ) by means of the ‘equation 1 = ( 8)— ( a)" 
It is clear then that in thé decom position of the characteristic ( 8) each of 


the £-divisions will come in twice and each of the Z- divisions will come in once. 
Again give to ( à) all of the O, odd values and. we have that each of the 
4-divisions comes in twice and each of the NUR comes in once. Expressed 
algebraically these two statements are 


E,=%E+6, Op =n ζ. 


Form now the expression (— Jah, (—)¥ 


and denote this by $. It is obvious that @ takes the value + 1 for either the ἕ- 


or the y-divisions, and the value —1 for the ¢-divisions. Now since’ (2) 18 


known when (2) is given, give to (3) all its possible 93» values and take the 


20 CRAIG: On. Quadruple Theta- Functions. 


sum of the corresponding values of 9: call this sum 5 ; then since each possible 
division of ( 8) comes in twice, we have 
o= 2(£ d — €). 
It is quite clear that we can write 
Q = (Jh, (JRF E44) — ( — yi (eet hn, 


Taking now the sum of all values of @ and we have, since as above shown 


Mc m “= 0 
when the case aso ( α)-- C ) is ια. z 
cae yu Dd 
or finally | Pacem 


Grouping , now the three equations obtained, viz. 


B= — OQ—2nd 6 RA 


we have -8E + 7 = H, = SE, +0, 
. 3% 十 8 二 ο, = 30,_1+ E, 
l “一 和 十 9 
and finally. E= Ep = 227 (2? + DO 
να n= 0,1 = ο te 
od | 6 = E, + Οι SO. 


` For p= 4 we have then for the number of divisions of a given characteristic 


(6 )i into the sum of two even characteristics e ) and ( a) E = 36:;, into the’ 


.sum of two odd 7 == 28, into the sum of one. even and the other odd H = 64, 
making i in al E ++ i= 128. 

Leaving here for the present the consideration of the special properties of 
the characteristics, I now obtain some of the more -elementary properties of the 
quadruple theta-functions. If each or any a be increased by an even integer 
there is no change in the value of the function. For suppose α to be replaced 
by a + 2x where w is an integer, then since m is even and takes.all even values 
from — æ to + itis clear that m+a-+ 2ο; wil take just the same values as. - 
m +a and so produce no effect on the function. If, however, the integers G be 
_ each or any of them increased by an even integer there is a change in the - 
function. The quadratic term is obviously unaltered, but the linear term is 
easily seen to be increased by the quantity (y being an integer) 


9 
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πὸ (m, yy E Mao Mys t Ms Ys) + 6 (083A Ae Yah ts Ys F 0434) 
The first term of this is an even multiple of πὶ, say = 2na ; but "= 1, so that 
this term produces no effect. The second may be either an even or an odd 
multiple of xi, that is, may in the series give either the factor +1 or —1. We 


have then, | 35 τ N (u) = 9 ( ὅλ, 
| κ C (16 
or combining these ($t a= 二 (一 pws (8 χω: 


The only effect of altering the elements of the characteristic by odd integers is 
to interchange the functions. The even characteristics correspond to even theta- 
functions, and the odd characteristics to odd theta-functions, for remembering 
that m takes all (even) positive and negative values, it is obvious that — m — œ 
takes precisely the same series. of values as m--.a, so that in the function 


s( 6) (—u) we may write the linear term ag 
i Nid. (— πι — af—u+ 8) 
or | | pu (m 十 afe + B) — ziXmB --πίΣαβ. 


Taking the exponential of this we have that the first term gives the linear part 
of the general term in the series; the second term gives the factor +1; the 


third term gives the factor ES so that finally we have. is 
(3 (— a= (ρω. 
PERIODS., 


Take an integer +, then we have obviously 


s($)e-* 93 (5 2) 


so that when w is altered ο an integer % the functions are interchanged. Now 
replace æ by 2a, à e. alter u by an even integer, then we. have. 


ϑ( Ju +2= (4 B+ O cx γω 


and consequently the function is altered: at most in its sign. Again replace 2x 
by 4x and we have from the last equation 


(4) + 4x) = 3% JC) 


or there is no alteration. 


periods (4, 4, 4; 4). 
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E 4 


- Combining all these results we may say that the quadruple theta-functions - 


have the quarter periods (1, 1, 1, D the half pene (2, 2, 2, 2) and the whole 


Write (om αυ. HAM 2 ws a) = = 2D 


and denote the derivative of this with respect to α, by ,, we jore of course, 


dy — Ay, 80 that the quantities ®, have the values | 


p, 一 μα αι Cys Xs + Arg Be 
o, = --- TAEA + ac, + CRE su Aa Wa 
Ps, = Ag, Dy F 033 27 + Ags Xa + gy 
p, = 421 十 Agta + 045205 F Qaa 


r 


+ 


Now change u d u T ---, ᾧ, and examine the function 
| | (a μα. 
Writing for brevity (an dy. - 204) = = o ete., - 


-we have for the exponent in the general term the value : 


i (am +a} + 4 nis (πο + aXu + B) + À 


where À is given 2e the ee 


x (alm + ajs) +3 X (m + a) 
EC 一 baia (u B) 


- "The tefms in the righih hand columns are easily seen to be 


一 + (alm + αἴα) 
isuiXx(w-4- β) 
B i (aja) 
so that we have A= ---ᾱ(αἴα)) — iniz (u + 8) 


"which is independent of m and consequently gives a factor for the entire series. 


We have um 9 ον "Yu ss i?) = e49 ( 400 


or replacing (since w is an integer) a by a + æ 


ος ο) 


The change of u iato um τᾷ, then interchanges the functions and affects | | 


each of them by the € e^. The quantities = o, are called 


conjoint quarter quasi-periods. 
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‘The total number of the p-tuple theta functions is 9», so for p —4 we have 
256 quadruple functions, each of these has a particular for the characteristic 
: (8) μα Ge αι 59) 
8 £18: Os D. 
The following table gives the entire group of characteristics and suggests a 


notation for the functions; the upper line of the characteristic is erable for 
each column and the lower line for each row. 


1 2 8 4 5 6 7 8 9 10,11 12 18 14 15 16 


4.10000 1000/0100,0010 000111000110 0011/1100111010/0101/1110/0111110111 101 1111 
0000,0000,0000:0000,0000/0000 0000/0000/0000,0000/0000,000010000/0000/0000,0000 





0000/1000/0100/0010/0001/1100 0110,0011/100111010/0101/11100011120111101/1111 
1000 x 8 a | 5 * 


w 


E 党 LÀ 





8 0000:1000/0100/0010000171100/0110/0011|100111010,0101|11100111/1011/1101|1111 
0100 " a | & ΄ ow 8 党 | & |: 











4 Donn 1000,0100/0010/0001/1100011000111001/1010/0101/1110011111011111011111 
001 


x ES 党 * * 党 a 


5 e 1000/00100,0010/0001 ss 0011/1001,1101001011110/01111011/1101]1111 
01 2 slej + sjaje le l|’ 








| S en 


6 ne 1000/0100 0010/0001/1100/0110/0011/1001:1010/0101/111001111011111011111 























0000/1000,0100/0010/0001/110Cj0110/0011|t001[1010/0101/1110,0111/1011/1101 1111 
0110, a | & | # $ ΕἼ 


-ᾱ 


E Lj 党 





0000/1000/0100,0010/0001/110C/01100011/100110100101/1110/0111/1011] 11011111 
0011 at 


o 


kd X E LÀ 5 党 


* dc # 





0000) — 0010/0001/11000110/0011/1100111010/01011110/01111011/1101/1111 
1001 E 党 εν E E EA Sz * 











e 

















0000 PB 0010,000111100,0110/0011/10011010/0101/1110/0111/1011/110111111 





8 + ae E d" 36 Lj 








101010) . 





(0000/1000,0100,001.0/0001/1100, 


0110,0011/1001/1010/0101/11100111/1011/1101]1111| ， 
4110101 | fi. * ο ἽΝ 


* 


0100 onto 000151100,0110/0011/1001/10100101/111001111011/11011111 











0000/1000; 
1211110) » 
T 000 1000,0100/0010/0001/11000110/0011/1001]1010/0101]1110/0111/1011]1101]1111 

111 re 














& | ὁ | oe s | # $ E: 








0000/1000 0100,0010,0001/1100,0110:0011/1001/1010/01011110]0111 1011]11011111 

14/1011, & $ |o pow [oe a 8 E: 

: is eee 1000,0100/0010/0001|1100,0110/0011/1001/1010/0101/11100111/1011]1101/1111 
. Lj 党 q δε. 











x 8 E Κ΄; 























| 16 "e 1000,01000010/0001 1100,0110/0011/1001::010/0101/1110,0111|1011 101 1111 
a E^ et 8 f; . E E EA E 


d ae = La 
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~ Where the lower line of the characteristic is left blank, it is understood to 

~ be merely à repetition of the lower line iw the same row and first column. The 

asterisks indicate the odd functions, 120 in all, 8 in each row except the first and 

8 in each column except the first. Each of the théta-functions may be denoted 

by Sq where i stands for the number of the tow and % for the number of the 

colüihn. In the following table, the odd functions alone are indicated. It will 
he readily seen that there is a perfect symmetry in the arrangement 
1 8 8 4.5 6 7 8 9 10 11 12 13 14.15 16 
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el pela οφ Ὁ 
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ΞΡ. æ le |e |= 
VR CN D QNA ας) 
ους * 3d rj 
P xls xb * 
PI x po [ὰ 
Ew d. E ies p * 
| "yes RM τν "s 
= ud g e 





























' for "ec to any odd function ΝῊ there is also a function 3, In the 
following table I have simply arranged the functions so that there shall.be an 
unbroken diagonal of the odd ones, "This arrangement is no longer symmetrical, 
and it is not possible to make it so, since there are 120 odd functions, and as is 
easily seen it is only possible to put 15 in a diagonal, there must always be one 
more on one side of the diagonal than on the other. : There are in this table 52 
on the left-hand side and 53 on the right, which, together with the 15 in the 
diagonal makes up the entire number 120. The numbers iti half parenthesis 
denote the corresponding rows of the two preceding tables. 
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` Continuing to follow Prof. Cayley, we next find an expression for the 
product of two of the quadruple functions, the characteristics of which are respect- 


" QN α 3 . -— " 
ively ( 6) and ( β' ) . As usual the two functions to be multiplied are taken as 
| 3 (3 )(u + w) and à (Gu —w) 


these standing of course for — 
SCHAREN te mt Wa ati wt 


and . (BR Be Bt) (4 — Uy, My — Us, Ug — ts, Ua — W4) 


By the above symbolical method of writing the argument of the exponential, 
we have for the first of these 


ox 2) and for the prd as ayy es ϱ) ; 


Vou. VI. 
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‘In the product we of course have.as exponent the sum of these two quantities, 
viz., using all the previously indicated abbreviations, this is 
| N + ay + $id (πι + α)ίυ + w + 8) 
t (am! + al)? + 06 (m' + o^)(u — w + 8^). 
In order to T the exact form of the product, Prof. Cayley compares this 
' sum with the sum of the two functions 
(ond 1$ E 9) and (π΄ nn ricas 9») 
this is =} (2afu + ία + α)) + 5d [ut $ d + a')][2u + B+ 8] 
| + 4 (2afu + (a — a!) Y + ead [ud + + (a — α)][2ω + pes e'l. 
The two sums are made identical by writing 
m + m= Qu, Mi m= 29, 
My + M= My, my — My Wr, 
ms 十 m',— Yz, my 一 m 3 一 a. 
Mat Mi 2u,, m — ma a. 
Subject then to the conditions implied in am relations, the product of the m 
quadruple functions is, when written out in full, 


=) exp Gu (aa an lt (αν + ay), ts +4 (as +a), utia) 
Nu, + Bi + 95), 2u, + ba + E^ Qus + Bs + 85, Qu + Bit B's 


αι--α Qs Lo), αι--α Or 以 
i d/o. Ge ve g 2 e cum g À dd us e v bd EC 2" 
The even integers m, and m/, may be said to be similar when they are both 三 '0 
or both = 2 (mod. 4), they may be said to be dissimilar when one of them is 
= 0 and the other =2 (mod. 4). There are then in all 16 cases, as shown in the 
following table. By a pair is meant σαι, m';) the same suffix for each letter. 





Number of Cases. 


4 pairs dissimilar, 


4 pairs similar, ; sl 
3 pairs similar, 1 pair dissimilar, 4 
2 pais. $4 2 pairs j 6 
1 pair 3 pairs s 4 
1 

16 


Total number of cases, 
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In the first of these cases the u and w are even; in the second case we may 
write one pair odd and three pairs even (the pairs here’ referring to the Greek 


letters), etc. We have then finally for the product 


3(G w+ w).3(4)(u—w)= 
Secs ele Dye». e(i GTP f) à 


here © is written instead of 3 to +. that each αμ is replaced by 2a, and the 
summation refers to the different values of p, given in the following table, viz. 





| Pr Ps Pa 
0 0 0 0 
1 0 0 0 4 
9 1 0 0 
0 0 1 0 
y 0 0 1 
1 1 0 0 
9 1 1 0 
η 0 T. 
i 0 0 1 
1 0 1 0 
0 1 0 1 
1 1 1 0 
D 1 1 1 
1 0 1 1 
1 1 0 1 
1 1 1 1 








There are in all 136 even quadruple functions, these do not vanish when 
the arguments t, W, Ws and w, are made = 0, and consequently there are 
136 ‘constants corresponding to the zero values of the arguments. These 
constants may be denoted by cx and are given in the following table. Of course 
each ο here written is understood to be c; where i and Æ denote respectively the 
number of the row and the number of the column. ‘The asterisks are written 
instead of zeros to denote the zero values of the odd functions. It will be 


: noticed here that both the asterisks and the c's are symmetrically arranged in 


the table. When t4, τιν, us and us are each indefinitely small, each of the even 

functions is reduced to its zero value plus a quadrie function of (u) and each of 

the odd functions are given by linear functions of (w). In the first of these 
cases we may write l 


2 
δ — ο H (en, Cre, Cj, Cu; Um; Ci; Cos, Cas) d ca, Ug, Us, Ua) 
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giving thus 1360 new constants σα; in the second case we may write ' 
— fll U 
S m (e^, e^, d'a, ejus, Ug, Ug, Us) 
giving 480 new constants c";. 


12 8 4 5 6 7 8 9 10 11 12 18 14 15. 16 

















































































































A complete product table for the quadruple theta-furetions would be much 
too long to give, as it would contain 256 x 256 or 2" products. These would 
consist of what might be called a square-set of 256 products and 255 other sets 
‘each containing 256 products. By a square-set is meant a set consisting of 
products of the form Sy(w + w).Sy(w— u); the remaining sets would have 
different suffixes for each 8. In the following table I give the products 
contained in the square-set, and instead of writing © with its proper suffix I 
‘write (following Prof. Cayley) X with a certain suffix; I give first the definition 
of the X’s which refer to 2u,, 2u,, 2u,, 2u,; the accented X’s refer of course to 
the ©-functions with arguments 2w,, δή, 2w,, 9w,. In the remaining 255 sets 
it would be necessary to introduce some new symbols, inasmuch as the charac- 
teristics would not all be made up of 0 and 1. 
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© 0000 | 1000 | 100 | ooro | ooo: | 1100 | 0119 [0011 | 1001 | 1010 [0101 | 1110 | ot11 | 1011 | 1101 | zt: | 


0000, 
1000 


0100! 


0010 





0001] — 


1100 
0110 


' 0011 
1001 
1010 
0101 





XS 





χι | x | x 




















Xie | 





x, | τ |» | Xe | Xa | Xa | Xs | iu | Xs 
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. From this we have, for example 
(0100 _ Q/1110N __ /1111 
ση) 一 如 (oie) = Xin Sin = Aie, ete. 


Instead of writing X, it will occasionally be a little more convenient to 
write X;, the upper letter denoting the number of the row and the lower one 
the number of the column. In the following table giving the square-set 
products, I have written in the first column the ‘suffixes belonging to the 
particular ὃ; at the top of the next 16 columns will be found the letter x; this 
is to be read as XX’; the last column contains the first suffix for both X and X’ 
and the first row contains the second suffix belonging to -X and X’, viz. the figure 
on the left of the comma is the second suffix for X and the figure on the right 
of the comma is the second suffix for X’. The signs alone appear in every row 
after the first, the suffixes in the first row being the same, of course, for all of 
the sixteen equations in each sub-set. The table is divided into 16 different sub- 
sets; in the first sub-set the general term is X,Y}, 4. e. the suffixes are the . 
same for X and X'. This is not the case with the other fifteen sub-sets, but it 
will be noticed that if ὁ be the number of the sub-set the first row and i column 
` is always made up of plus signs. I give here a few examples illustrating the use 
of the tables, E | 
S943 S11) = à Ge à Gace) p Δ 1434 十 PERPER + PERPER F A144 

Xa XL + Xie Xa + Xa XL Xa Xt 
十 AX. o ος 十 AX o XT, 10 +r ndr u + Xn X13 
十 νο Ay, 18 Tu XY, 14 TX asas 十 AX, 16 X1, 16? 
%4, E p “一 ο (0010) -- Δι Xu 十 PERPER + Lin Xi a — XiX] à 
+ "ον 十 Xs 5 X1 6 ανα PERPER 
十 Aa AT pet αι δι το 十 Xy Ai n — XY 16 CRT 
— Δ Aa — À 10 X1 u Ae AX as — X Xa 16, 
310,12 910,12: = à és à e ’ =A AY 1 ος + AX ao 21,3 ολο 
νο νο — X3, Ae — Xa Xa — X as XH 
— Æ as Ao 十 X, X1,10 十 Ay uw Adin 十 441X119 
X X X3 18 + Xy n8 423, X1 as FAX s XY ag. 





Su 在， 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 











em 2 ο ο +2 le ο is} I8| is) I2 | AS 
8 ο ο ΕΕ s+] ps ο ος | I8 | 15 
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7,12 | 10,18 | 8,14 | 11,15 | 13,16 









































| 





+ | + 


4,10 | 15,11 























+) + | 
5,9 


14,8 


a 








12,7 














d 
3,6 


w 
9,5 








+ 
10,4 
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II 


el 
+ 
18,8 





o 
4 à 
15 | 14,16 


1 





Suff. 











H 











æ 








+ | + 
18 | 16,14 9, 


x 














化 
十 
11 | 10,12) 8 


十 | 十 | 十 


Ὁ 








十 | + 











15,9 | 12,10 | 5, 


—] 
十 











十 | 十 | 十 





4,7 








2,6 











1,5 





1 














+ | + 


+ 

















2,8 





8,8 





4.3 


























11,3 





12,3 





18,8 





14,8 








16.8 


* 


Vor. VT. 
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IV 


1 





Suff.- 














+ 





16,15 | 15,16 


ᾳ 
+ 





9,14 





+. 








xX 





6,12 | 11,18 











+ 





+ 





14,9 | 2,10 | 18,11 


T EET 








5,8 


+ | + 


+ | + 








12,6 |. 





8,5 





14 


+ | + 





ο ος 


w. 
7,8 


«c 








κά 
10,2 


+ 


十 | +] + 























2,4 




















9,4 





10,4 





11,4 





12,4 





18,4 














16,4 
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Suf. 
1 
1 
1 











a 
+ 


十 



































十 | 十 | 十 | 十 | 十 


十 


æ 
14,10 | 3,11 | 16,12 | 7,18 [10,14 | 6,15 | 12,16 
+ 

















2,9 








zu) 


a 
18,7 
+ | + 


4,8 














a 
+ 
15,6 




















4 
1,5 
+ 
+ | + 


x 
" 
8,4 
+ 


























+} +) + 














1,5 
5 
8,5 
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VI ` 





Sufi. 
1 











& 
十 











十 








a 
+ 
,18 | 18,14 | 5,15 [55 


pus 
+ 


po 




















T 

,11 | 449 |14 
+ 

+ +] + 





x 
aoe 
0|9 





+ 


PE 
+ 
9 17,1 
+ | + 


w 


a 
| + 
10,7 | 16,8 | 11,9 
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| εἰ 
E σέ rt T T 
e 
s [+Z] x J+ Τι 11 1 |+ ΙΓ 1 {4 + 
& 431 [+ fi fa [1 ge le + i+ | | 
=H 
8 E p + ΤῊΣ | i+ posse ΠΕ | 
=. 
8 [+5 + | 十 | 二 DE i+ ko t+ E ^et | 
Β +3 | + [+ + [| + | | 二 |I l 
8 E + [+ li flo J+ + |! qol 114 + 
8 48 I Ji jt [+ i+ + [1 + Li lt + 
8 EE y tt lu tafe + | 十 b. dup odd + 
8 E + [1 gg dg | || t [+ fi 十 
8 pes + it | | 十 | 二 + |+ ο. + 
" INN i 
8 + Lo AS TL we | E: pp 1Ῥ 十 
8 [++ [1 n lt ll + |] + jt i+ | 
8 | epp for pde re + | 十 NOME: | 
8 ΚΕ se ο I [5 |: qb x | 
σὰ 
8 RE i 11 15 f+ [11 | i+ |+ | 
8 FS το ελ MEE + |+ .| + 
ajal a e| =p πὶ &| ale BO τ] τ 
ο. a | “| αι σι g| π| a δη S 
Γερο. 










































































































































































Ez Y yt κ ri v à se: { ot 
δὲ 
a ΕΠΙ it ΠΕ dud |i j+ 
e fl fl jt pe [+ jl 
8 IE 1 jt + fa fu fe 13 
ο 
9 p: + OUI + t+ [i Er 1 
. j i CQ * 
š a E πι 
E E | 
Š e IRI Ji ft jt II i+ fi 
S MN 
3 8 E E quei μπι 
By e ᾿ 
à e +2 Lott Ji te τ Γι ΠῚ 
MS et 
= = T 
= > 8 E + | 十 | 十 | 十 | 十 I+ | 十 
3 E 
I a X d f+ di gr gg tt 
& jd 
8 EE Edd: a fl od l+ 11: 
了 8 E de. spe ub edes. s Πρι 
O + 
& ++ [+ + fl + ft τι 
.- 8 | SIL fi 11 [1 J+ J+ 
: σὰ 
E τ] | Ἔ | | | | + 
* 
50 | ur NU | | | 十 i | 十 
>| 31/2] 3] 3] 5] 5| 5 
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Suff. 
1 








+ 








η 











æ 





十 | 十 | 十 | 十 





i 
+ 
19 | 12,13 | 4,14 | 3,15 | 7,16 


X 
+ | + 





+ | + 





+ | +. 





vw 








x 
= 
1,9 | 8,10 eu 18 
3 5 iod 


[4 
+ | + 


+ | 十 | + 


十 | 十 | 十 | 十 





+ | + 


二 | 二 | + 





他 


hd 
ο ο σος μα 
+ 
10,8 
| 


十 | 十 | 十 





十 | + 


11,6 | 16,7 








a 
2,5 





14,4 





























4,9 


5,9 


























10,9 





11,9 








18,9 








14,9 
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5,14 | 18,15 | 11,16 


二 | 十 | 十 


+ | + 








十 | + | 二 








1,10 | 16,11 | 8.19 | 15,18 











+) +t) +4] 4 
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9,10 





-0,10 





-1,10 
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XI 
9 x æ a x x | a æ æ | a æ a a a a 
tie} ei tl +i ti eit 十 | 十 | 十 | 十 
111} 11,1 | 15,2 | 5,8 | 18,4 | 3,5 | 9,6 | 87 | 7,8 | 6,9 [16,10] 1,11 | 14,12 | 4,18 | 12,14 
+) + + 4 HI tip ep ep tp + 
2,11 | | 
D 一 
E # | 811 
" 二 | 二 二 | 一 | 和 填 | 寺 | 一 1 一 | 十 | 一 | 二 | 一 | 一 | 一 
4.11 
一 | 一 一 /一 十 | 一 /一 /二 | 十 | 一 | 二 | 一 /二 | 十 
5,11 | : : | 2 
al gi + | + | Peres ake μι ο deep eee oe Lap DF 
πο ++i =l +|- ti -lH E 
—-|—-i-|-|t*i-iti-|t|ti-ct|it|-|-— 一 
$ sit ; d 1 
—it|-|i-|titi-iti-|ctictict|t4t!i-— 一 | . 
e | 9,1 1 
+/—-;/+)—-;+}—-j;-;-;-);+it] 4 )-]4 + 
10,11 : . | 1 
+ 一 | 二 | 一 /一 | 一 | 一 | 一 |+ d | -[-εἰ- + 
11,11 | 1 
cl ++ +f = - 4 +} = 4] + 一 | 一 + 
# | 12,11 . 1 
WU EL Iesu A came 一 
18,11 | 1 
ee pom Fe ER cedem ees a Dum = + | + | 
Eu | e y - 1 
] | *Íi—-l-|-*i-|ti-i|-i- +++) + 一 
15,11 1 
| Pe et a fee, Ia Εαν CEU pe + | 
16.11 i : | 1 





Vor. VI. 
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XII 
$ a æ w c æ æ i æ x w x x a a a x uff. 
EK MEUM m lou E 
n + 十 | 十 + -十 | 十 | 十 | 十， 
1,181 19,1 | 7,2 | 10,8) διά | 16.5) 4,6 | 2,7 , 15,8 | 18,9 | 8,19 | 14,11] 1,12 | 9,18 | 11,14 | 8,15 | 5,16 1 
ΡΕ ele Tee 4 4 Te ae a Ta 
2,12 1 
della ΕΚ Te fap type ep = ade 
8,12 1 
| 
4,12 Es 
++ + += elle -+ ea sert 
5,12 : 1 
eit il-|i-itititil-it|j-i-i-it-|—i-i4l4 
6,12 | 1 
m i ee 
*|-l-i-ici-i*|-iti-|-|-|[*|-|-|-l4d 
7,12 | i 
ee lat 
8,12 | 1 
Tue μαμα qc τα ee ee nem es 
9,12 1 
二 | 一 J 二 一 | 二 | 一 | 一 一 1 一 /二 | 二 |+ tel) + 
10,12 CT 
E PTE le ES et ete ere | 
E sl a 
ae | te > | eae EP 
a ae | se εξ 
-1 
二]|+| 寺 I+ 
š 1 
ΠΤ x 
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XIII | 
a ο T 
9 o æ o w æ x e æ w w w a a a w | € | Suff. 
Ea an dul i | 
十 | 十 | 十 | 十 | 十 | 十 | 十 | 十 | 十 | 十 | 十 | 十 | 十 | 十 | 十 | 十 
1,18] 18,1 | 162 | 8,8 | 11,4] 7,5 | 146 | 5,7 | 8,8 | 12,9 | 15,10] 4,11 | 9,12 | 1,18 | 6,14 | 10,15) 216| 1 
a EE 
2,18 - 1 
+ 2 + ο 44 4 El ++ 
«| 8,18 e 1 
一 一 一 十 | 一 | 一 | 十/ 十 | 一 -| 十 | 一 | 二 | 十 .十 | 一 | 十 | . 
# | 4,18 . 1 
lm η} 
G++ +t 
| 6,13 | 1 
---ιιιι,, 
7,18 | 1 
-| | 4 
8,18 1 
ler ee TR ΕΙ τ. ο... 
5 9,13 1 
ll + el 4 el 4 + 4 + el el + -+| 一 
10,18 1 
二 | 二 | 一 | 二 | 一 | 一 | 一 1 一 | 一 |+|+| 一 | 二 | 一 | 二 |+|. 
11,18 1 
| 
12,18 | 1 
{+ +4 = 4 le 4 + ei ele -| + 
18,18 as 1 
二 | | + 二 j++ 二 | 一 | 十 | 十 | 一 | 二 | 一 
14,13 ; 1 
++ 4 Te 4 + 4 + += 
15,18 : 1 
ου. 
* | 16,18 | 1 





















































44 














Craig: On Quadruple Theta-Functions. 















































































































































XIV 
9 w æ |æ e x a a m w a x x æ a o a vm 
十 | 十 | 十 | 十 | 全 +] 二 | 二 | 二 +/+) +4] 4+ 
. 1,14; 14,1] 82 | 16,8 | 9,4 | 10,5 | 18,6 | 15,7 | 2,8 | 4,9 | 5,10 112,11 | 11,12 | 618 | 1,14 | 7,15 | 3,16 
+ 4 4 + -| + +++ 
2,14 | | 
a eh λα ay) ell Ne eae 
PS PS RS PS PES PE PRES PS PSE 
$ | 4,14 | E 
ο ου + = + al al + + +l+4 
xd 5,14 
πα ο et Te +4 al ra 4 let 
» | 6,14 i | DA 
| 1 i i 
υπ ΕΕ. 
7,14 
Έτ Επ τι +) - 一 一 二 | 十 /一 /十 | 
8,14 | 
++ -5-|-}-ί[|-|--]- -j;-]-]+] +4) + 
9,14 | 
+{-—-i+¢]/-[4+]-[-[-[-[|+4[4]4]/-!4]-]+ 
10,14 i | 
ο ο -+ +44 + == + lei + let 
+ | 11,14 1 
二 | 一 一 | 一 + 一 J 一 J 二 | 一 | 一 | 二 | 二 | 二 1 一 
12,14 
+i+tl- sl le rl el T4 + = + la 
13,14 | 
+ el 4 4 a Tete + ete ἀπ. 
14,14 | 
υ πμ μμ T4 TT μα 4|! -i- 
15,14 ï 
| ση 4 4 ele -]|]-|]-|+)4+.+/4/- 
zs | 16.14 ' 
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XV 




















$8 w æ æ w e o w 
e 

十 | -十 | 十 | 十 | 十 | 十 | 十 
1,15| 15,1 | 11,2 | 9,8 | 164) 6,5 | 5,6 | 14,7 








一 | 十 | -- | -- | 一 
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XVI 
ϑ' a 化 x 4) a e a e w a D e 
1 十 | 十 | 十 | 十 | 十 十 
1,161 16,1 | 18,2 | 14,3 | 15,4 | 12,6 | 8,6 } 9,7 | 6,8 | 7,9 11.10 |10,11| 5,12 
-|t|-i-li-i-ti-i-|tit|-|- 
2,1€ 
一 一 十 | 一 | 一 J+ | 二 | 一 | 一 | 一 | 十 |-+ 
8,16 
τσ η + -| 一 | + + +) =- + 
4,16 
—-|—-|-—-i-|-*|-|-|[-|--i|i-|-|-ict|t:i- 
5,16 1 
*Íl—-i-i-|t|ti-i-t|-i-i-it!i-|i-|-ti!- 
6,16 1 
μα αμ Εμ μα μμ μα”. 
7,16 | ‘ 1 
ο υ-- η, 
8,16 | 1 
二 ++ + + | + + + 
9,16 1 
m 
++ rte ll + 4 + = +l- +] > 
10,16 1 
++ + ete 2e + 4 4-4 + 
11,16 : : 1 
j++ 一 [+ 
12,16 | 1 
| + + + 4 -| 一 i++ -i-|iti-i-|-t|. 
18,16 m 1 
+ - + + + 4 = ete + el ae 4 
14,16 . 1 
4 += 4 Ht el + Μ.Μ. 
15,16 | | 1 
aure es Ease 一 | 一 | 一 | 二 E 
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There is a certain symmetry in these tables, although it is hardly apparent 
in this (the most convenient) way of writing them. Τη the first table, the signs 
are all the same in the first row and in the first’ column; leaving out these lines 
and taking the fifteen by fifteen square which is left, it will be noticed that the 
signs are arranged in the same way in both the first row and the first column; 
forming again the fourteen by fourteen square, etc., the same thing will be 
noticed to hold true. I do not see any way of arranging the next fifteen tables 
in ‘order to bring them into this form. 

By making the quantities 4, v,, v, and vw, all equal to zero, we have a 
linear function of the X,, ἂν, Ts, etc, equal to the square of a certain ὃ; and 
further making the u, 4, ug and u, vanish, we have the constants cy, expressed 
as quadratic functions of the zero values of X,, and Xj, (the zero value of X; 
being of course equal to the zero value of X4). The more general form for 


the products is indicated by Nóther in his memoir above referred to, where he 


shows that the product ` 
S(u+o +w). 3(u— v) 


_ can be expressed linearly and homogeneously by sixteen products of the form 


S. (v + w). S, (10). ἫΝ 
This he obtains from a general theorem in the theory of the 3- functions of any 
number of arguments, viz. (for four argument) “that between any % + 1— 17 
products of the form 
"du + r) (u + v") 


which have equal arguments U,, Up, Ug, Uy, and equal sums 


vit v^, + ve, va + v's, VT σι, 


- there exists a linear homogeneous relation, the coefficients of which are independent 


of u.” The sums are in the present case all equal zero, as v" = — v', =u’. 
The zero values of X, and X, being the same, they may be represented by 


- a. In the following tables are arranged the squares of the zero values of the 
- theta functions which are denoted by ca, only the even functions are written 


down, since the odd functions are zero for zero values of the arguments. The 


- first table containing 16 rows corresponds to table I above; the second, third, 


etc., tables containing only 8 rows each, correspond to tables II, III, etc., above. 
The first column contains the suffixes of each c and the following columns 
contain the suffixes of the a’s. The sign of each term is written above it just 
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as in the preceding tables, of course the arrangement of signs is the same as in 
these tables. When two suffixes are separated by a comma, the product of the — 


corresponding a’s is meant; thus | Πχ | is to be read + a,.a,. Where there is 





only one suffix written down, the square of the corresponding α is meant; thus 


is to be read +a. These remarks do not of course apply to the first 


column, as this contains the regular suffixes of each 3 as before defined, the 
comma is there written simply for convenience in reading. Another set of 16 
tables might be given here giving the squared values of each Su in terms of X, 
and αι, viz. as already mentioned linear functions of the X,. This is not neces- 
sary, however, as these relations can be obtained at once from the last 16 tables 
by simply reading for x, aX instead of XX’. Another point is to be noted in 


using these tables, viz. that | || has the same value as ET It will be 


observed then in every table after the first that there are only eight terms, each 
product «,.a, coming in twice and each product ou .ax having the same sign as 一 一 
αγ.αι. The odd functions in the previous set of tables are marked by an / 
asterisk at the left-hand side of the characteristics contained in the first column ; 

for these functions it will be observed that to each + αι.αι there corresponds 

F 04.0, in another column—the odd values, therefore, vanishing for zero values 

of the arguments, or in the general case (referring of course only to the odd 
functions) there is corresponding to any term of the form + X,, X; another term 

of the form F Α,, ἂν. Table I contains only sums and differences of squares 

of αι, and the other tables contain only products of the form 2a,.a,. This 
arrangement differs slightly from that given by Prof. Cayley for the double 
theta-functions. The construction of tables giving the values of 64.06, would 
obviously involve a great deal of work, and from the difficulty in using them 
would be practically of no value. 
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10 
a a a a | a α | α a a a a a 
η μα μα σα αμα 
14,5 | 7,6 | 67 | 9,8 | 89 | 1,10 | 16,11 | 8,12 115,18 | 5,14 | 18,15 11,16 
+ - + + + -|+|-|- 
per PERS μη ο cH e 
εμας πο κακο μυς 
ο ο ο ie ον ο ee ae 
Flieles l= Γη ae te 
αμ μμ + Ημ + μαμα. 
—i+t]/+) 474] + 4) = lt) + 
1 
οἳ a a a a a a a a a a a a a a a a 
eee ae 
111] 111] 15,9 | 5,8 | 184] 8,5 | 9,6 | 8,7 | 7,8 | 6,9 |16,10| 1,11 | 14,12 | 4,18 | 12,14 | 2.15 | 10,16 
+= ΕΕ alt= 4-4 te) 
2,11 P D 
+++ el + ὶ--|--]5 一 + li er + | 一 
4,11. 
二 | 一 | 十 | 一 + 一 一 一 | 一 + 4+) +4+,-14+]—-/4 
10,11 . ! 
+++ le +4 4 τε] + 
11,11 
BERGAMO LN Sd LM Ce ek 
++ - ήτα + -l+ + el 4 4 - 
18,11 | 
-*Í-i—-|lt|-i-ti-|i-it*t -]}| + tt it) -]-- 
15,11 
+| li + 4 + + + + -1 一 | 一 | 一 | + 
18,11 | 
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The following examples will serve to illustrate the method of using the 
tables. : 


| > TABLE 1. - 
a gt oft aft aft aft aft aft ast αὖ od bait ait at att aist αἲς 
04,1 = ait a+ o$— ast aft αἲ-- αἲ--- αξ-ἰ- 043—039 tai oh 一 Hig 034 t ais— ais 
G1 二 Qi 一 a+ a+ αἷ--- αἷ--- os 十 αἲ-- a+ ag — aiai ao 一 aiat aut ais + ais 
Cig, = ai αἲ--- αἲ--- αἷ-- aft aft αἲ|- aft atai ta αἲν--- αἲς---αἲν--- aht aig. 
TABLE 4. 
Chg = 2 (a401 + aya + 0405 + 04 04 + ἄρας + anast duty + agan) 
2 = ; " 
ĉn, = 2 (aza + Oy — Q0 + 0304 — Og Oty — 045 Og — αμᾶρ F 04305) « 
TABLE 10. 
ος ιο — 2 (0590 + 4,05 十 Go Og — 0405 F 040 — ey hg — Ogg nn — 05,045) 
2 x ek d * 4 
Cis, 10 = 2 (a10 01 — 0405 — 0505 — 04405 十 0304 十 ἄφαρ 十 Qis Hy 一 005 ds) - 
TABLE 15. 
Gas = 2 (0504 — And — 0 + ἄραι 十 dg — 0405 十 ἄρᾶρ-- ἄρ do) . 


2 -- . : 
€35,15 = 2 (aa — On Lo — Ag Ag — 04$ 04 + ἄρας F 04404 — 045 0 十 045030) . 
. VOL. VI. "UO 
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The relations connecting these zero .valies would be determined with . 


considerable difficulty from the above tables—:he difficulty lying in the fact of 
the great number of terms in the a’s which go to make up a given c. ` The 
following relation is obtained, however, without much trouble, viz. 


Qa Qn GB, 6,1 αἲς. Os αἷμ, afs 
is Cn Chis Wl — 16 Ce. Od, Bio, αὖ 
CRY Gin 1s GIRT 6,1 | 25; αἴ; αὖ, a . 
Cis 1: GTER GRT Cie, Xi, a$, -αἲ, ai 


corresponding to the- relation, in Prof. ys rotation for the double ht 
. functions a, οἳ δ), y 
ο, Ch —| 8, a 
The suffixes in this notation should each be increased by unity to make them 
correspond to the notation which I have used, and the a, 8, y, ὃ should be 
replaced by αι, αν, a5, αμ. roc 

Brioschi, in his paper above referred to, has given some general iocis 
connected with the extension of the Gópel biquadratic relations between double 
theta-functions to the case of functions of n arguments. - These relations, for 
the present case of four arguments, could, of course, be directly obtained from 
‘the tables given above, together with the remaining set of product tables, which 
would obviously require too much space to write down. I- only mention this 
' paper of Brioschi’s which, though brief and in some respects unsatisfactory, is 
the only one I know of in which an attempt is made to generalize the Gópel 
relations to the case of any number of arguments. ` Another brief paper of 
Brioschi's, which I have just seen, is contained in the Atti della R. Acad. dei 
Lincei, serie terza, Vol. vii, the title is." Le relezioni algebriche fra le funzioni 
. iperellittiche del primo ordine," which, though referring directly only to the 
double theta-functions, contains some valuable hinis as to methods of procedure 
in the case of functions of more than two arguments. Prof: Cayley gives, in 
his memoir (page 941), a well known relation between the zero values of the 
even double theta-functions, viz. | | 


£ 2 
Cis C3. 














ch ο, |> |e b, ο 
ὦ, TS οἵ, ὅ = a’, U, e 
ὧν ga Cis. ve ä | a’, b", e" 
or in my notation : 
: 6s à, Ch τα - a, b, C 
| Cio; — οὔ ἅ mE a, U, c 


2 NND: Quo HI dt 
| 23, Ὅπ Cig, Cy a’, b, C 
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. Where the a, b, e, d, .. . , €" constitute a system of coefficients in the transfor- 


mation between two.sets of rectangular coordinates, I have tried to find 
something similar for the case of the quadruple functions, ‘but so far have not 
succeeded. It is evident that a relation identical in form with the above cannot 
exist, inasmuch as there are 9, i. e. 3? ratios between the even functions in the 


- ease of two arguments and 135, which is not a square, ratios between the even 


functions in the case of four arguments.. In volume 94 of Crelle, pp. 74— 
86, F. Caspary, in a paper entitled Zur Theorie der Thetafunctionen mit zwei 
Argumenten, has obtained the above relation from a more general one; he 
shows that certain 16 pairs of products of double theta-functions arranged in 
the form of a determinant of the fourth order satisfy the necessary conditions 
of an orthogonal substitution. Caspary’s fundamental theorem is as follows; 
using the notation which I have been employing: “If z,2,; y,y, denote two 
pairs of independent arguments, then the sixteen theta products arranged i in the 
following order : 
. ϑμίοι, οὐ) rs (Ys) Yo). ϑε(αι, ον) δὲ Bee Dot 99) διο(ψι; Y2)— Fa (rs 25) ϑε(ψι, Ys) | 
h δι(αι οὐ) ϑι(ψι 49). Colt ο) Ao Yo) Ulas οὐ) δι (ys 32) — ys (2) οὐ) δι (Φιν Yo) 
Dy (a, 25) Os (yr, 9a) — Pr (zi, de) διοίϑν ys) Όε(αι; 29) Us (yo Yo.) — Pa (2 αν) Fu (yy; Ya) | 
i s(t οὐ) Daly Y) Ὁϑοίϑι, αὐ) ϑοΐγι, Yo). | Oy (2, 2) Ois (Ys Yo) 9, (a, %2) ϑι(ψι, Yo) J 
form the coefficients of a linear substitution in which the sum of the squares of 
the four new variables is equal to the sum of the squares of the four original 
variables multiplied by a certain factor." To convert the above arrangement 
into Prof. Cayley’s “current number? notation, it is only necessary to diminish . 


. each subscript by unity. The notation adopted by Caspary is that employed by 


Weierstrass. The arguments œ and y are connected with the arguments u and v 
by the relations - = d Vis Y= w— wy 
: l αι + y= 2u,, 4,— 9 — wy, ete. | 
‘It seems to me that one ought to be able by suitably generalizing Caspary’s 


` theorem to find the corresponding relation for the quadruple functions. That 


would seem to be probably the most desirable way of going to work. Caspary 
passes from the above very general theorem to the particular case which I have 


` cited above, viz. to the relations existing between the ratios of the zero-values of 
the even double theta-functions. A suitable generalization of his theorem would 


doubtless lead easily to the corresponding relation between the zero-values of 
the quadruple functions. This, however, I shall reserve for the second part of 
this paper. : "$t 


Sur une formule relative à la théorie des Fonctions 
d’une variable. ; 


Par M. HERMITE. 


: En restant dans la sphére des questions élémentaires, permettez-moi de 
vous indiquer une rectification que je viens d'exposer à mes élèves, sur un point. 
traité dans la XTI° leçon de mon Cour. Il s’agit des applications aux fonctions 


1 . 9 2 t - 
"gaz οὗ tg α de la formule qui donne l'expression générale des fonctions 


uniforme F(x) => ΓΟ", (= σπα.) + P,(x)] + G(x). C'est la détermination du 


terme complémentaire G(x) qui présente une grand difficulté, dont on voit bien 

la raison, ce terme dépendant essentiellement du polynómes P,(x) qui peuvent 
étre variés d'une infinité-de manières. Dans la but d'éviter cette difficulté j'ai 

fait le remarque que la relation J= 二 f ΤΘ d = Ε(ω) --- Σ G, (=) donne : 


Qi ᾱ--- 





6) -. 
Ρ(α) -- Σ Ga ss lorsqu’en agrandissant indéfiniment le contour fermé désigné 
T— a 


par S, l'intégrale J relative à ce contour a zéro pour limite. J'ai ensuite pris 


une circonférence de rayon E ayant son centre à l’origine, ce qui permet d'écrire 


ARF(R 
J 二 a, Vangle 0 peuvant avoir une valeur quelconque entre 2 zéro et 27. 


et À désignant toujours le facteur de M. Darboux. Il est donc” nécessaire pour 

qu'on puisse conclure de ‘cette expression J = 0 que la fonction F(z) tend vers 

zéro en tout point de la circonférence considérée, et c’est ce qui n’arrivera cer- 
1 

tainement pas dans le cas de F(z)= noi l'infini étant alors une point singulier 


- essentiel. Et en effet, en posant z = p + ig sin z, croit indéfiniment avec g mais ΄ 
nullement avec le module de p -- ig, comme il serait nécessaire. L'erreur que 
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j'ai ainsi commise j'évite aisément si l'on prends pour contour d'intégration au 


lieu de la circonférence un carré ayant son centre à l’origine des coordonnées. 


Soit 2a le coté de ce carré et posons F(z) = c 2 "t on trouve alors :. 


Pire] = i j [F(a + à) eu ES id] dt — f [F(ia + t) — F(— ia + Dr dé, 
c'est la formule que je vais employer en supposant. en première lieu: 


Fhe) = 
8 sin z` 
A. cet effet je ferai a= mn + α, a étant fixe et m une entier. qui croitre indéfi- 
'niment, or je remarquerai à l'égard des quantités sin (a + iż), sin (ia + £), que 
pour toute valeur de ¢, le module de la première a pour minimum sin æ le 
module de la seconde augmentant avec a, au-dela de toute limite. Les expres- 





` gions suivantes : 


i; 2aÀ - 
E i fresa GET + eH 





2 2aÀ 
fre 十 (ia + c — «) ($a + τ) sin (ia + τ) 





ou τ est une valeur di t comprise entre — a et +a, ale facteur de M. Darboux, 
montrent done que les intégrales ont bien pour. limite zéro lorsque a ercit indéfi- 
niment. I en est de Pad évidemment ue deux autres 


frena ot framing 


qui figurent dans i de Jet il est ainsi démontré qu'on a J= 0 pour a 
infini, Comme conséquence nous avons la formule 


i x T 3 


et le signe X s’étendant aux pôles contenues dans la contour d'intégration, on 
doit attribuer à n toutes les valeurs entières positives et négatives en excluant 
n=0 qui correspond au pôle double "d à part. Cela: étant ‘on trouve 


JU. cus QC et nous pouvons écrire x 一 一 L4 Es DEA 


z(e — nz) 








LT NT 


^ ` 5 dul we 
ou encore | mL + ; ( Der 
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puis enfin en recueillant qui. us ec aux valeurs de n égales et de signes 


contraires: d + 2. Cle. 


dm 


Je passe à la fonction F(z) = gh ei je considére comme tout-à-l'heure, pour 


une valeur quelconque de ¢, les modules de eotg (a + if) et cotg (ia + t). 


eos 2ù 十 cos 2c m η 1 + cos 2a 
ccs Qi — cos 2e Ἵ P 1— cos 2a 


ou bien l'unité suivant que cos 2a est positive ou nagative, et quand au module 
de cotg (ia + t) on sait qu'il est égal à un, pour a infiniment grand. Vous voyez 
que ces résultats suffisent pour établir que toutes les intégrales composant la 
valeur de J, ont encore comme ΓΗ zéro ‘pour limite, on a donc 
vigoureusement démontré la es | 


eng vo 
G at 2 ws nit = 一 =a 


d où se tire l'expression ον f 


e 
d ™ 9v. | 
cote z = — 2: — 
8 x 二 = n — a 


Or la quantité: mod’cotg (a + it) = 
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Note on a Partition- Series, 
.Br A. ΟΑΥΤΕΥ. | 
Prof. Sylvester, in his paper, À Constructive theory of Partitions, ete., 
À. M. J. Vol. 5 (1883), has given the following very beautiful formula 
(1 + ax)(1+ aæ)(1 + ane. 


p RE y 


τ. (1+ x + ao) 十 aed edu 
or as this may be written 


Q — 1 4-P t Q(1-- a) - E(1-- ax)(1+ ax) + S1 Lan + a)(1 τ +. 


oe 








_ (+ a2") 2a (E ο. aa*)a? a? _  -ἕ arf) αἳ LL (+ atja 
Pm "τρ το B= ae 8 = aaa te 
the heavy figures .1,2,8,4,... of the denominators being, for shortness, 
ar to denote 1— g, 1—o, 1— 2’, 1— o, . . . respectively. ` The x-exponents 
1, 5; 12, 22, ... are the pentagonal numbers + (Bn? — n). | 
i nus ^is. μόνο, 
12% vi απά aa? x 
X -es Q= — |, 2! R= 3 
1 1  1.2' 1.2.3 
A aa aii dx . da 
ea Le T1837 1.2.9.4 1 


where the x-exponents are 
2;.3, 3 十 4; 4,4+5,4+5+6;5,5+6, 5 十 6 十 5 十 6 十 7 十 8; etc., 
we find without difficulty (see infrà) that 
I+ P=(1+ax)\(1+P’) - 
14 P'+ @=(14+ av)(1+ ϱ) 
1+ Q'4- k= (1+ ax)(1+ 19) 
1+ f+ S=(1+ ax)(1+ δὴ, qus 
and hence using Q to denote the sum . 
Q=1+P+Q(1+ ax) +R(1 Tee ο Oh ear anes 9), ete, - 
we obtain successively 
Qc (+ az) 1 +P QHRH ad?) + (1 4- ae (1+ aa?) + . . 
Q+(1+ax)(1+ aa?) = 3c 11- Q'4- E H- S (1-- as?) -- T(1 + an)(t + aat it. 


X (o axl + ax?) (1 + aa?) = 14 B+ S+ T + ax) 十. 


and so on. In these equations, on the right-hand sides, the west exponent of 
2:18 2, 8, 4, etc., respectively, so that in the limit, the right-hand side becomes - 
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==1, or the final equation is 0 = (1 + ax)(1 + a2*)(1 + ax)... , viz., we have 

the series represented by Q equal to this infinite product, which is the theorem 

in question. | 
One of the foregoing identities | is 


L+R4+S8= (1+ ax)(1+ δὴ, 


. viz. substituting for 20, S, 8’ their values, this is 


v 


qi ai (1 + aa®)ata® 
1.2.3 1.2.3.4 


180 yu as Fa a ge ^ 
= (1+ax jii τ tias ixi] 





af , ααπ 
1+ 1 + ia 


viz. this equation is 














Απο 4 08 — giat 4 
A e eer - in ; 
j a? a — a? ws (1 ος (1 + av‘) ata” — afa (1 tar) 
1.2.3 1.2.3.4 : 

that is 

EMO i. a? ας ae κα ag g5 gé a? dx? 

aL E να 1 1.2 75 73.2.8 ' 1.2.8 
and in the same way each of the other identities is proved. 
Writing a==—1 we have Q, —1,2,3,4..., 
=14+P4+Q014+ 8.1.24 8.1.2.8+. 
BY 412 

where P=—(1+a)2, Q= Et, ge. 
and therefore 

1.2.3.4... = 1— (1+ &)o -t+ (12- à?) a5 — (1-4 - à?) e? 


which i is Euler's theorem. 


lt might appear that the identities used in the proof would also for this : 








particular value « = — 1 lead to interesiing theozeras, but this is found not to be 
the case: we Le MEME | | 
z a — t 9 T 
i 4= tra R= tima rss ete 

but the dus. in TM of these quantities for the products 2.3.4 ..., 
. 3.4..., etc, contain denominator factors, and are thus altogether Wilton 

λείο: we have for example το 

2.5.4... ey te nn pre cU S + ete: 

which is with scarcely a change of η the expression obtained from that of 

zhe original product 1.2.8.4..., by division by1,==1—a. And similarly 

as regards the products 3.4 .. ., etc. 
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Principles of the Solution of Equations of the Higher 
Degrees, with Applications. 


| By GxonGE Paxton "YOUNG, Toronto, Canada. 








* 


CONTENTS. 


1. Conception of a simple state to which every algebraical Sapiens ean 
be.reduced. $6. 
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PRINCIPLES. 

81. It will be understood that the surds appearing in the present paper 
have prime numbers for the denominators of their indices, unless where the 
contrary is expressly stated. Thus, 2°* may be regarded as A^, assurd with the 
index +, being 2°. It will be understood also that no surd appears in the 
denominator of a fraction. For instance, instead of 一 一 -一 2 =; we should write 


14-4/—8 
1 一 wV 二 8 
MEC 


Ρ . 
When a surd is spoken of as occurring in an algebraical expression, 


“of the Fs Degrees, with Applications. 5T. 


it may be present in more. than one of its powers, and need not be present in 
the first. 


$2. In such an expression as 4/2 + (1 + V2}, M2 is subordinate to the 

principal surd (1+4/2Ÿ, the latter being the only principa surd in the 
expression. | 
. $8. A surd that has no other surd subordinate to it may be said to be of the 


A, 
first rank; and the surd A', where A involves a surd of the (4 一切 rank, but 
none of a higher rank, may be said to be of the a" rank. In estimating the 
rank of a surd, the denominators of the eas of the surds concerned are 


always supposed to be prime numbers. Thus, 3 "ds a surd of the second rank. 


$4. An algebraical expression in which ar is a principal (see §2) surd 


may be ecd accor ding to the pons. of, ΔΙ lower than the m^, thus,. 


= n 4 b AT LGA? NAP uos NATO hA ); (1) 
where g,, Æi, αι, ete., are clear of AT. | | 
$5. If an algebraical expression 71, arranged as in aj, be zero, while the 
coefficients g,, 4, etc., are not all zero, an equation 
ears =h (2) 
must subsist ; where o is an m™ root of unity; and 4 is an expression involving 
only such surds exclusive of AF es occur in γι: For, let the first of the coeffi- 
cients Jl, e, etc., proceeding in the order of the descending powers of ΔΙ, that 


is not zero, be n,, the coefficient of ΔΙ . Then we may put 
mr, = nj f(A?) = mae T etc. = 0. 


Because ΔΡ is a root of each of the equations fe) = 0 and z^" — A, = 0, fix) 
and a” — A, have a common measure. Let their H. C. M., involving only such 
surds as occur in f(x) anda" — Δι, be $(z). Then, because (a) is a measure 
. of x" — Δι, the roots of the equation 
LICE = αρ Tus “TA pya*7? + ete. = =0 

are ΔΡ E oA, a, A. ony ο, ΔΑ; where ὧι, o, etC., are distinct primitive mt 

roots of: unity. Therefore AT (0195 ...)(— 1) =p.. Now cisa whole number 
less than m. but not zero; and, by $1, m is prime. Therefore there are whole 

numbers % and. À such that | | 


~ 


| 68 Youna: Principles of the Solution of Equations 


| Ar (6103 . «ο (--- 1)''-- Ar At (eio; . . ."(— D" ES. 
Therefore, if (a, . . .)" = a, and 4 Δ](-- 1y" = př, oA? = =A 
$6. Let 7, be an algebraical expression in which no root of unity. having a 
rational value occurs in the surd form 1”. Also let there be in 7, no surd Ar 
- not a root of unity, such that | | 


where e, is an expression involving na surds of so high a rank as A, except 
such as either ‘are roots of unity, or occur in 2, being at the same time distinct 
. from AŤ. The expression 7, may then be said to have been simplified or to be 
in @ simple state. ; ©- 

§7. Some illustrations of-the definition in T may be given. The root 8? 
cannot oceur in a simplified expression 7,; for its value is Ζω, o being a third 
root of unity; but the equation 81 = % is of the inadmissible type (3). Again, 


the root 4/5 cannot occur in a simplified expréssion ; for, o, being a primitive . 


fifth root of unity, 4/5 = 2(o, + of) + 1; an equation of the type (3). Once 
more, a root of the éubie equation αὖ--- 3x— 4--0, in the form (2+ 4/3)! 
十 a 3j, is not i in a i ES because (2— Va 二 (2 一 M3)(2 十 va}. 


where Δὲ is a surd- occurring in ΠΝ sitnplitied expression ry; and pi, ps, etc. 
involve no surds of so high a rank" as. ΔΡ, except such as either are roots of 


unity, or occur in 7, being at the same time distinct from ΑΣ. The coefficients 
Pu Pas ete, must be zero separately. For, by §5, if they were not, we should 
have AT = zx a being an m™ root of unity, and 4 involving only surds in (4) 
‘distinct from ΔΣ; ; an equation of the inadmissible type ( (3). 

$9. The expression 7, being in a simple state, we may use À as a generic 
symbol to include the various particular expressions, say 7, 2, 73, etc obtained 


by assigning all their possible values to the surds involved. in 7, with the 


restriction that, where the base of a surd is unity, the rational value of the surd 


is not to bé taken into account. “These particular expressions, not necessarily . 


“all unequal, may be called the particular cognate forms of R. For instance, if 
r,— 13, R has two particular cognate forms, the rational value of the third root 


of unity not being counted. If = (1+ /2)', R has six particular cognate | 


At =e, i | (3). 


—— 
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forms all unequal: Should x, —(2 + 4/3) + (2—+/3)(2 + 3), R has six 
particular cognate forms, but only three unequal, each ot the unequal forms 
occurring twice. : 
$10. Proposition I. An algebraical expression 7, can always be brought 
to a simple state. | 
For 7, may be cleared of all surds such as 1 having a rational value. 


Suppose that 7, then involves a surd ΔΕ not a root of unity, by means of which 


‘an equation such as (3) can be formed. Substitute for AS in 7, its value e, as 


thus given. The result will be to eliminate A from rı Without introducirig into 


the expression any new surd as high in rank as AP , and at the same time nota 
root of unity. By continuing.to make all the eliminations of this kind that are 


possible, we at last reach a point where no equation of the type (3) can any 


longer be o. Then because, by the course that has been pursued, no roots 


‘of the form 1" having a rational value have been left in r ;, 7 18 in a simple state. 


$11. It-is known that, if N be any whole number, the equation whose roots 
are the primitive Ntb-roots of unity is rational and irreducible. 

- $12. Let N be the continued product of the distinct prime numbers- 
n,a,b, ete. Leto, be a primitive n root of unity, 0, a primitive a^ root of 
unity, and so on. Let o represent any one indifferently of the primitive n™ 
roots of unity, 0 any one indifferently of the primitive a™ roots of unity, and 
so on. Let f(a, θι, etc.) be a rational function of a,, θι, ete. Then a corollary 


from $11 is, that if Ρ(ωι, θι, etc.) — 0, f(o, 0, eto.) =0. For ἐν being a primitive 


ΝΕ root of unity, and t representing anyone indifferently of the primitive ΝΑ 
roots of unity, we may put 

° flos, Q, ete.) = a, t? 一 十 at + ete, = 0, 

and f (o, 0, ete.) = att F azt? + etc. ; : 
where the coefficients a,, a,, etc., are rational. Should these coefficients be all 
zero, f (o, 0, etc.) — 0. Should they not be all zero, let a, be the first that is 
notzero. Then we may put | | i 
Ff (à, θι, ete.) = a, 19 (5)! = att ete. — 0. 


-~ Therefore, & is a root of the rational equation $ (x) = 0, being at the same time 


a root of the rational (see $11) equation (x) = 0, whose roots are the primitive 
Nih roots of unity. Hence (x) and p(x) have a common measure. But by 
$11, 4 (x) is irreducible. Therefore it is a measure of p(x); and the roots of 
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the equation dix) =Ó are. roots .of the. equation 9 (x) = :0. ' Therefore, 
ffo, 0, etc.) = a, 19 (0)] =0. i 
- §13. Another corollary is, that if 
;ίωι, 0, ete.) = hol! + ho + .... +A, = 0., | 
where ἦι, fy, etc, are clear of o, the coefficients Ay, M. etc., are all equal to one .. 
another. For, by $12, because Γ(ωι.θι, etc.) — 0, f (o, θι, etc.) — 0. Therefore 
of f(@, 6, etc.) 0. Ino { f (o, θι, ete.)} give successively its n n —1 différent | 
values. Then, by addition, 
nh = h+ Ig... +h, Similarly, nha 4 + Js t+... + Á, AA = A. 
In like manner all ilis terms ἦι, fiz, etc; are equal to one a 
814, PROPOSITION IL If the simplified expression r}, one. of the: particular 
cognate forms of .R, be a root of the rational equation F (ο = — 0, all the 
particular cognate forms of E are roots of that equation. | 
For, let. r} be a, particular cognate form of K. By $12, the law to be estab- 
‘lished holds when there are no surds in % taat are not roots of unity. It 
will be kept in view that, according to §1, when roots of unity are spoken of, 


such roots are meant as 1 _m being a prime. number. Assume the law to. have 
been found: good for all paprescions that. do not involve more than  — 1 distinct 
surds that. are not, roots of unity; then, making the hypothesis that r; involves 
not more than n distinct surds that.are not roots: of unity, the law can be shown 
sti to hold; in which ease it must, hold universally. For, let AT , not a root of 
unity, be a surd of the highest rank (see $3) in r,. Then F(7,) may be taken to. 
be the expression (1), and. F(r,) to. be the expression formed from (1) by 
selecting particular values of the surds involved ander the restriction specified in 
$9. In passing from 7, to 73, let Ar, αι, eto., become respectively ΔΣ, az, etc. 
Then mi Fn)} = RA aA + ete.. = 0, 

| and mf F(1,)}= HAS + e Ay ete. 

Py $8, because m is in a simple state, and F(r1) = = 0, the coefficients ἦι, 6ι, Si 


I 


are zero separately. But A is clear of the surd ^. It therefore does not, 
involve more than n — 1 distinct surds that are not roots of unity. Theréfore, 
on the assumption on which we are proceeding, 5ecause A, = 0, h= 0. In like 
manner, ¢ = 0, and so on. Therefore Fr) =). P" 
$15. Cor. Let the simplified expression τι be the root of an equation 


F(x) = 0 whose coefficients involve certain sürds ο, αἱ, ete, that have the 


d 
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same determinate values in wi as in F(x). Then, if », be a particular cognate. 
1 t 


form of R.in which the surds αἲ, uj, etc, retain the determinate values 


` belonging to them in 7,:7, is a root of the equation F(x)=0. For, Ε(οι) — 0. 


Therefore, by the Proposition, F(H)-—0. Let R, restricted by the condition 


` that the surds οι, t; , etc., retain the determinate values belonging to them in 


δι, be W. Then F(R')—0. A particular. case of this is E(r,) = 0. The 


corollary established simply means that the surds ar uj, ete, may be taken 
to be rational for.the purpose in hand. 

$16. The simplified expression 7, being one of the particular cognate forms 
of R, let Tis Tq, ete. - (5) 
be the entire series of the particular cognate forms of E, not necessarily 
unequal-to one another. Then, if the equation whose roots are the terms in ; 


(5) be X= 0, X is rational. In like manner, if those particular cognate forms, | 2 


of À, not necessarily unequal, that are obtained when certain surds αἳ , ug , etc., | 
retain the determinate values belonging to them in n, be 

| $,, Tes ete. (6) 
and if the equation whose roots pie the terms in (6) be X 0, x involves 


`. only surds found in the series er » uf , etc. This is substantially ‘proved by 


Legendre in his Théorie. des Nombres, §487, third edition. 

$17. Ῥποροβιπιον III. The unequal particular cognate forms of R, the 
generic expression under which the simplified expression % falls, are the-roots 
of a rational irreducible equation; and each of the unequal particular cognate 
forms occurs the same number of times in the series of the cognate forms. ` 

As in 816, let the entire series of the particular cognate forms of R be the 
terms in (5), the equation that has these terms for its roots being Y=0. By 
$16, X is rational. Should X not be irreducible, it has a rational irreducible 
factor; say F(x), such that 7,.is:a root of the equation F(z)= 0. By Prop. Ἡ, 


‘because 7, is in a simple ‘state, all the terms in (5) are roots of the equation 


F(x) = 0, while at the same time, because F(a) is a factor of X, all the roots of 
the equation are terms in (5). Amd the equation F{x) —0, being irreducible, 
has no equal roots. Therefore its roots are the unequal terms in (5). Should 
F(x) not be identical with X, put Χ--ἱΡ(ω)ἑϊφίω)}. Because X and F(a) are 
rational, φ(α) is rational. Then, since $ (x) is a measure of X, and the equation 
F(a) — 0 has for its roots the unequal roots of the equation X = 0, the equations 
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F(&)-0 and φία)Ξ- 0 have-a root in common. Consequently, since F(x) is 
irreducible, it is a measure of @(x). Therefcre {F(x)}? is a measure of X. 
Going on in this way we ultimately get X = | Ῥ(α)}/; which means that each 
-of the particular cognate forms of E has its value. repented: N times in the series 
of the particular cognate forms. 

$18. Cor. 1. The series (6) consis:ing of tkose particular cognate forms of 


$ 1 de ιν M P 
R in which certain surds zf, uj, etc., retain the determinate values belonging 
to them in ^, each of the unequal terms in (6) cccurs the same number of times 
in (6); and the unequal terms in (8) are the 100ts of an irreducible equation 


whose coefficients involve only surds found in the series ar " ur, ete. Should X'. 
not be irreducible, by which in such a case is meant Incapable of being broken 
into lower factors involving only surds occurring in -X’, let it have the irreducible 
factor X". That is to say, X" involves only surds occurring in X’, and has itself 
no-lower factor involving only surds that occur in £”. We may taker, to be a 
root of the equation ¥”=0. Then, by Cor. Prop. II, all the terms in (6) are. 
roots of that equation, all the roots of the equation being at the same time terms 
in (6). And thé equation X"—0 being irreducible, has no equal roots. There- 
fore its roots are the unequal terms in (6). Pus X'— (X")(X"). Then, by the 
line of reasoning followed in the Proposition, X” has a measure identical with 
X". And soon. Ultimately X' = (X")*. | 
$19. Cor. 2. If, one of the particular sognate fons of R, be zero, all 
the particular cognate forms of R are zero. For, by the proposition, the partic- 
ular cognate forms of À are the roots of a rational irreducible equation F(x)=0. 
And 7,, one of the roots of that equation, is zero, but the only rational irreducible - 
equation that has zero. for a root is x — 0. Therefore F(x)=x=0. In fact, 
‘in the case supposed, the simplified expression r- is zero,.and R has no particular 
cognate forms distinct from 7. 
$20. Proposrrion IV. Let N be the cor auen product of the distinct 
prime numbers n, a, etc. Let a, be a primitive x root of unity, 0, a primitive 
a root of unity, and so on. Then if the equation 
F(x) = a + δια] + ba? + ete. = 0 
be one in which the coefficients bj, b,, etc., are rational functions of. 64, θι, ete, 
__and if all the primitive n roots of unity, Nido when substituted for o, in F(a), 
leave F(x) unaltered, be 
(Q1, 05... Os, (7) 
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the series (7) either consists of a single term or, it is made up of a cycle of 
primitive, n™ roots of unity, | - 
Gor var, ciel wae - (8) 
that is to say, no δρα in (8) after the first is equal to the first, but OF = o. 
. Also, if (let it be kept in view that n is prime) the qe that contains all the 
primitive n° roots of unity be. 

cob OP, OF, (9). 
and if C, be the sum of the terms in the cycle (8) the form of F(a) is | 
- F(x) =a? — (pt nO... Pa On) 1+ (qu Où + q C$ + ete.) af 一 十 ete (10) 
where each of the expressions in the series Οι, Ον, Ch, etc., is what the imme- 
diately preceding term becomes by changing o, into of, C, through this change 
becoming Οι; and χι, p, qi, etc. are clear of ωι.. 

For, assuming that there is a term o, in (7) additional to o,, we may take a, 
to be the first term in (9) after o; that occurs in (7); and it may be considered to 
be of”, which may be otherwise written oj. Then, if F(x) be written $ (o), we 
have by hypothesis φ(ωι) = $(oi). Therefore, by.$12, changing o, into oj, 

(oi) = φ(ω). Therefore (o) — $ (o). And thus ultimately 9 {91) = (ur), 
or φ(ωῶι) —9(of"), z being any whole number positive or negative. But of 
includes all the terms in (8). Therefore each of these terms is a, term-in (7). 
Suppose if possible that there is a term in n ) say of", which does not occur in 
(8). Then, just as we deduced Φ(ωι) = $(of") from the equation $ (o) — $(of"), 
we can, because still farther $(o,) — $ (0f), deduce φ(ωι) — (of  * "). Because | 

* lies outside the cycle (8), À is not a multiple of m. And it is not less than 
m, because of" is the first term in (9) after œo, which, when substituted for Q, in 

φίωι), leaves φ(ωι) unaltered. Therefore A — qm + v, where g and v are whole 
numbers, and v is less than m but not zero. Put 

a=—(h+q), and'u m + 1 "ma-4d-hu-v (a) = o(0%); 

which, -because v is less than m but ποῦ zero, and of" is itis first term in (9) after 
ol which, when substituted for o, in @(a,), leaves φ(ωι) unaltered, is impossible. 
Hence no term in (7) lies outside the cycle (8), while it has also been shown that . 
` all the terms in (8) are terms in (7). Therefore the terms in (7) are identical 
with those constituting the cycle (8). We have now to determine the form of 
F(x). The expressions, Οι, Cz, ete., taken together are the sum of the terms 
in (9). Therefore O,4-0,--... +1. a (11) 
Because (9) contains all the primitive n™ roots of unity, we may put 


(a) = a? — “iP (p t+ pi)oat(p + p,) af + ete. jer a—1t etoe.; (12) 


Vor, VI. 
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where p, μι; etc., are beer of Qi. But Ten remains unaltered vie Q4 18 Ῥέη 
into o. Therefore 

᾿Ε(α) = a? eee wo tiele 214 eto. ^ (13) 
Therefore, equating the coefficients of x?~ in (12) and (13), 
; (p—p)+.. a+ (gai prof" + ete. =0. 
Here, by $13, the: coefficients of the different powers of o, have all the same 
value. And one of them, p — χι, is zero. Therefore p, ΓΙ pi. That is to say, 
the coefficient of of" 


that together make up the cóefficient of a4^—' in (12) is properly represented by 
—(p-Fp)C, In the same way another grcup-is. properly Leprospnted by. 
— (p+m)@, and soon, Hence. - 

下 (加 一 好 一 ;2 十 (2 LOGE Ds} Ον + ete. } a? -+ etc. 
“And by (11) this is equivalent to (10). The form of F(x) has been deduced on 
. the assumption that the series (7) contains more than one term; but, should the 


series (7) consist of a single term, the result obtained would still hold good, only . 
in that case each of the expressions Οι, C,, ete., would be a primitive n° * root 9 


‘of unity. . 
$21.. A simplified expression will not cease to .be ina 7 ρίο' state, if we 


suppose that any surd that can be eliminated from it, without τ onan of . 


any new surd, has been eliminated. 
$22. Proposition V. In the simplified. expression 7,,' one of the particular 


or oj is the same as that o? œ. - In like manner the coeffi- - 
. cients of all the terms in (8) are the same. Taerefore one group of the terms | 


cognate forms of R, modified according to $21, let the surd ΔΡ of the highest NE. 


rank be not a root (see §1) of unity. Then, if the particular cognate forms of R 


obtained by changing. a in 7, successivély into the different” m roots of the 
determinate base Αι, be ` Λιν ο 
these terms are all unequal, . 

For the terms in (14) are all the particular cognate fons of R obtained 


when we allow all the ‘surds in 7, exzept As to retain the determinate values 


belonging to them in n. Therefore, by Cor. 1, Prop. III, each of the unequal . 


terms in (14) has its value répeated the same number of times in that series, 


Let u be the number of the unequal terms in (14), and. let each occur c times.” 


Then ue=m. Suppose if possible that #—1. This means that all the terms 
in (14) are equal. Therefore, 7, ΡΕ the expression (1), 
: mr— τι + TT .+ etc. π΄ 


Sa. "ὃ E P ο 
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` Therefore the surd Ar can be eliminated from 7, without the introduction of any 


new surd; which, by §21,.is impossible. Therefore υ is not unity: But, by §1, 
m is a prime number. Andm=uc. Therefore c—1andu—m. This means 
that all the terms in (14) are unequal. 

$23. Cor. 1. Let ra41 be any one of the particular cognate forms of R; 


and let Arr Tan etc. be respectively what A5, ἦι, ete., become: in passing 


from 7, to T,41. Also let the m particular cognate forms of E, obtained by 
changing A, 1 in 744, successively into the different m™ roots of Air be 

` Vapi: Tap 53 Tam (18) 
These terms are all unequal. ` For, because Aj is a principal surd in 7,, and 7, is 
what 7, becomes when AP is changed into a surd whose value is o, Ay, a, being 8 
primitive mt? root of unity, the view. may be taken that 7, involves no’ surds 


additional to those found im 7,, except the primitive m root of unity αι. 


Therefore 7,— 7, involves no surds distinct from primitive mt roots of unity 
that are not found in the simplified expression Tt. Therefore T, — "3 is in a 
simple state. Let rs be what 7,4, becomes by changing Azp: into 91/4. 
Then 7,44 — Taqa is a particular cognate form of the generic expression under: 
which the simplified expression v,— 7, falls. Therefore r,11—7,4: cannot be 
zero; for, if it were,.7,;— », would, by Cor. 2, Prop. III, be zero; which, by the 
proposition, is impossible. Hence the first two terms in (15) are unequal. In 
like manner = the terms in (15) are unequal. 

$24. Cor. 2.° Let X,—0 be the equation whose (δίς are the terms in (14). 


When X, is modified according to §21, it is, by $16, clear of the surd a | 
Should it involve any surds that are not roots of unity, take αἳ a surd of the 


highest rank not a root of unity in X,; and, when Pi is changed successively into 
the different οὗ roots of the determinate base à, let 


Xj, XY; Xy tee Zum ` | (16) 
be respectively what X, becomes. Any term in (16),-as Xy, being selected, the 
m roots of the equation Xy = 0 are unequal particular cognate forms of R. For, 


1 
z being 3; c ? root of z, distinct from oF , let 7,4, be what 7, becomes when z ο 


becomes: a ; the expressions AF, ἦι, ele, at n same time becoming AT 


fats etc. Then we may put 
Ay = ο + (bey? + des + ete.) a™—* + eto; (17) 
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1 : i 
where b, d, etc., are clear of ος. Therefore, because 7, is a root of the equation 、 


AX, — 0, | Ss 
{h(n Ar + οἱ) |” + (δας + da? + ete) {ας (s AS. + ete.)}"—1 + ete. = 0. 
All the surds in this equation occur in the simolified: pero Th . Therefore, 
by Prop. IT, 





dx (RiA :十 etc.) k™ + (bay? i+ day + ete, Mw GA + etc.) pure ete.—0. 


ml 


Therefore = (hap ος "i t ete.) or Tai is a root of the equation 


Mat (45 pete) tete m0. | 


- Therefore also, by Cor. Prop. II, all the terms in (15) are roots of that equation. 


And, by Cor. 1, the terms in (15) are all urequal. Therefore the equation i 


A, —0 has m unequal particular cognate forms of R for its roots. 


$285. Cor. 3. No two of the expressions in (16), as X, and Xj, are 


identical with one another. For, in order thet X, and Xy might be ‘identical, 
the coefficients of the several powers of x in X, would need to be equal to those 
of the corresponding powers of w in Xj; but, i? one of the coefficients of X, be 


selected in which αἱ af is present, this coefficient can be shown to be unequal to the 

corresponding coefficient in Xy in the same way in which the terms in (15) were 
proved to be all unequal. 

§26. Cor. 4 Any two of the terms in (19), as X, and Xj, ee selected, 

the equations X,=0 and :X;'—0 have no root in common. For, suppose, if 


. possible, that these equations have a rootin common. Taking the forms of X, ` 


and Xy in (17) and (18), since 7, is a root of the equation X/=0, 
| ki 1? (ba + ete)oT 72 οἷο, = 0. | (19) 


. All the surds in- this equation except z 4 occur in nt. Tt i is impossible that Ej can ` 


occur in ri; for, or occurs in 7; and ay g = Oey, θι being a primitive οὗ ^ root of. 
unity ; but this equation, if both z Du = and a occurred i in σι, would be of the inad- 


missible type (3). Since ar does not occur in r,, it is a principal (see $2) surd 
in (19). We may, therefore, keeping in view that 7; is the expression (1) in 


which δὲ is a principal surd, arrange (19) thus, | 
$ SF ) 一 A (ir e a eto. ) 十 AP 5 (né + pe ZR )-4-ete. — 0; (20) 
where χι, qi, 'etc., are clear of ay . Then, o, being a primitive πι) root of unity 





一 


à 
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such that, by ee ar into the m rcot of A, whose value is: oz, 
7, becomes Tas ` 


φίωι AT) = ed € "(p 中 etc.) + of rar {ΠΠ + etc.) + ete, (21) 
The coefficients " the several powers of Δι in (A) ‘cannot be all zero ; 


for, if they were, we should have, from (21), φίωι AT) = = 0. This means that r ` 
is a root of the equation X; — 0. But in like manner all the terms in (14) 
would be roots of that equation, and Xy would be identical with X; which, by. 


Cor. 3, is impossible. Since the coefficients of the different powers of As in 
(n are not all zero, the equation (20) gives us, by $5, GAP =, 0 being an 
» root of unity, and 1, involving only surds. in (Az) exclusive of Δ΄. In 4 
we may conceive uf changed into θιαΐ. “Then J, involves only surds distinct from 
AS , all of them except the primitive ci root of unity 0, being surds that occur 
ins. This makes the equation οδ = i, of the inadmissible type (3). Hence 


_the equations JY, = 0 and Xy — 0 have no roct in common. 


$27. Cor. 5. Let X, be the continued product of the terms in (16). Then 


Xe; modified according to §21, is clear of - , in the same way in which X, is 


| clear of AS. Also since, by Cor. 2, each of the equations X,—0, Xj = 0, etc. 


has m unequal particular cognate forms of R for its roots, and since, by Cor. 4, 
no two of these equations have a root in common, the me roots of the equation 


X, — 0 are unequal particular cognate forms of R. 


$28. PROPOSITION VI. Let the simplified expression χι, modified αλα αρ 
to $21, be a root of the rational irreducible equation of the V™ degree, F(z)=0. 


Then if AF, not a root of unity, be a surd of the highest rank in 7,, N is a 


multiple of m. But if, involve only surds that are roots of unity, one of them 
being the primitive n** root of unity, N is a multiple of a measure of n — 1. 

_ First, let Ae , not a root of unity, be a surd of the highest rank in 74. Taking 
the expression (1) to be 7, let Æ be formed e as in $24, and let it be modified 
according to $21. It is clear of the surd ΔΙ. Should it involve a surd that is 
not a root of unity, let X, be formed as in $27. Setting out from r, we arrived 
by one step at X,, an expression clear of Δ, and such that the roots of the 
equation 4,=0 are unequal particular cognate forms of A. A second step 
brought us to ἂν, an expression clear of the additional surd . ar , and such that 
the me roots of the Sgen X, = 0 are unequal particular cognate forms of R. 


` 
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Thus we can go on till, in.the series X,, X,, eto, we reach a term X, into 
which no surds enter that are not roots of unity, the mc. . 7 roots of the: 
equation X, — 0 being unequal particular cognate forms of R. Should X,, 
modified according to $21, not be rational, its form, by Frop. ce putting d for 
πιο... ἶ, 18 
| xX, = =r 1— (n6 2x ee Pree F (ae T Es di On) JT etc.; 

where, one of the roots occurring in X, being the primitive n™ root of unity oi, ` 
the coefficients p,, qu, etc., are clear of ài; Me Cr iy the sum of the cycle of 


n^ 


primitive n roots of unity (8) containing δ ΟΥ -- 





! terms: and, the cycle (9) 


containing all the primitive n” roots of unity, dc change of o, into of causes 
C, to become C,, and C, to become Ce and so'on, Cp becoming GC. As was 
explained at.the close of §20, the cycle (8) may be reduced to a single term, 
which is then identical with ΟἹ. It will also not be forgotten that the roots of 
unity such as the nt" here spoker of are, according to $1, subject to the condition 
that the numbers such as n are prime. When C, in X, is changed successively 
into Οι, C,, ete., let X, become : 
POE IM AS QM | E (22) 
. If x 41 be the continued product of the terms in (22), the dm roots of the 
equation X, ,., = 0 can be showr to be unequal particular cognate forms of R. 
"For, no two terms in (22) as X, and X/ are identical; because, if they were, ` 
A, would remair unaltered by thé change of o, into oj; which, by Prop. IV, 
because of is not a term in the cycle (8), is impossible. It follows that no two 
of the equations JX,—0, X,/=0, ete, have a root in common. For, if the 
equations JY, — 0 and X; — 0 had a root in common, since X, and X; are not 
identical, XY, would have a lower measure involving only surds found in X,, 
because the surds in X; are the same with those in X,. Let φ(α) be this lower 
measure of X,, and let γι be a root of the equation $(z)-0. Then, by Cor. 
Prop: II, all the d roots of the equation X,=0 are roots of the equation 
$(x)-—0; which is impossible. In the same war it can be. proved that no 
equation in the series X,—0, .Y/—0, eio; has equal roots. Since no one of 
these equations has equal roots. ‘and no two of them have a root in common, 
the dm roots of the equation Y,,,—0 are unequal particular cognate forms of 
R. Also X,,,, modified accorcing to 831, is clear of the primitive n™ roots 
of unity. Should X,+: not be rational, we can deal with itas we did with X,. 
Going on in this way, we ultimately reach a rational expression X, guch that 
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the dm . . g roots of the equation X; = 0 are unequal particular cognate forms 
of R. This equation must be identical with the equation F{x) = 0 of which rj 
isaroot. For, by Prop. III, the equation F(a) =0 has for its roots the unequal 
particular cognate forms of R. Therefore, because the roots of the equation 
 X,=0 are all unequal and are at the same time particular cognate forms of R, X; 
must be either a lower measure of F(x) or identical with F(x). But F(a), 
. being irreducible, has no lower.measure. Therefore X, is identical with F(x). 
Therefore, the equation F(x) = 0 being of the N® degree, N= me... im... g. 
Hence N is a multiple of m. This is the result arrived at when 7 le a - 


surd of the highest rank AT not a root of unity. Should r, involve no surds except 
roots (see §1) of unity, we should then have set out from X, regarded as identical 
with z—7,. The result would have been N=m...g. Therefore N is a 
multiple of m;.and, because m is here the number of cycles of s terms each, 
that make up the series of the primitive n*™ roots of unity, ms = n— 1. There- 
fore N is a multiple of a measure of n— 1. ἽΝ 
$29. Cor. Let M be a prime number. , Then, if γι involve a surd of the . 


highest rank AT not a root (see $1) of unity, N —m; for, the series of integers 
m, c, ete, of which W is the continued product, is reduced to its first term. 
If r, involve only surds that are roots of unity, n — 1 is a multiple of N; for 
N= m... g; therefore, because N is prime) 1515 equal to m; but ms = n—1; 

thertore n—l=sN. 


. ΤΗΕ SOLVABLE TRREDUCIBLE EQUATION OF THE mth DEGREE, m PRIME. 

$30. The principles that have been estaolished may be illustrated by an 
examination.of the solvable irreducible rational equation of the m degree 
F(a) = 0, m-being prime. Two cases may be distinguished, though it will be 
found that the roots can in the two cases be brought under a common form ; the 
one case being that in which the simplified root χι is, and the other that in which 
it is not, a rational function of roots of unity, that'is, according to $1, of roots: 
of unity having the denominators of their indices prime numbers. . The equation 
F(x) = 0 may be said to.be in the former case of the first qu and in the AE | 
of the second class. . 


| Tue Equation F(z) =0 oF THE For Crass. 


$31. In this case, by Cor. Prop. VI, ^ being modified aecording to $21, if 
one of the roots involved in 7, be the primitive n root of unity ὧι, n— 1 18 8 
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multiple of m. Also the expression written X, in Prop. VI is reduced to 
æ— r, 80.that = pO, + pCa + -o F pam The m roots of the equation: 
F(x) = 0 being τι, 7, etc., we must have . e | 


MEMO + pt .. + Pa On A : | 
7; Pm C| T0560, + εν ο n: F f - (23) 


2 Tm = Pa V + py 0 }- τ... + min. | 

. For, by. Prop. II, because γι is a ‘root of the ‘equation F(x) =0,. all the - 
expressions on the right of the equations (23) are roots of thatrequation. .And 
no two of these expressions are equal to one another. For, take the first two. 
‘If these were equal, we should . have (p, — p) Οι + (pi — p) C; + ete. = 0. 
Therefore, by §13, each of the terms p, — pi, py — pe, ete, is zero. This makes 
fs, etc, all equal to one another. Therefore r, = — pi; 80 that the primitjve. 

ἃ root of unity is eliminated from ση; which, by £21, is impossible. Hence t. bz 

ee of the m roots of the equation F(x) = 0 are those given in (23). 

. 839, Let 7’, be one of the particular cognate forms of the generic expression 
R under which the simplified expression 7, falls. Then, because, by Prop. II, 
all the particular cognate forms of R aré roots of the equation F(x) =0, τι 
is equal to one of the m terms τι, ην, etc, say to7,. I will now show that the 
changes of the surds involved that cause 7, ‘to vocans T1, whosé value is T,, 
cause 7, to receive the value 7,14, 8 and r; to receive the value 7,45, and so on. 
This may appear obvious on the face of the equations (23); but, to prevent | 
misunderstanding, the steps of the deduction are given. Any changes made in - 
v, must transform C, into Ο,, one of the m terms Οι, ©, etc. In passing from 
*, to γή, while Οι becomes C,, let 7, become 9". and p, become y, and p; 
become p,, and so on. The change that causes C, to become O, transforms C, 
into C,,,, and C, into C;,,, and so on. Therefore, it being understood that 
Pm+tr Pn» ete, are the same as p, py, etc, respectively, and in like manner 
that C, μι, C, 15, etc, are the same as Οι, Cp, ete, respectively; 

| | r= 510,  YaO + ete., 
| EPn C t ph Cir un 
which may be.otherwise written 


: Tim pas AC + Pts sO, = Bte., Ἰ l (24) 
Va Dm 41- «Cit Pasco etc. E 
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Therefore, from (24) and (23), 
(ρω μετ P'm42—0) + Ool Pnts—e™ Pms) + ete. = 0. 
Therefore, by 818, p^, 1s ελα μα P'm43—e—= Pm43—2) etc. Hence the τα 
of the equations (24) becomes 
Va = Pm 1— -0 ΠΝ + ete. = Te dele P 
Thus 7 is transformed into v,,,. In like manner v, receives the value Tons 
and so on. 
$33. By Cor. Pron: VI, the primitive n™ root of unity being one of those 
involved in ^, » — 1 is a multiple of m. In like manner, if the primitive a’ 
root of unity be ο in n, a— 1 isa multiple of m, and so on. Therefore, 
if 4 be thé primitive m ^ root of unity, ¢, is distinct from all the roots involved 


À 


A in Ti. 2d 


一 人 个、 


* 


"δα. From this it follows that, if the circle of roots Pyy Ve hs Tms be 
_afranged, beginning with ;,, in the order 7,, 7.44, Tepp, etc. and again, 
^ beginning with r,, in the order r,, Topi Tope, ete, and, ifa being one of the 
primitive m roots of unity, 

Tet tepib t Tepe + ete. = r, + rapiti + Τε” + ete. (25) 
T,= f, It is understood that in the series 7,, 7,41, étc., when 7, is reached, 
the next in order is σι, so that 7,4, is the same as 7j, and so on, In like 
manner 7,1, is the same as ^, and so on. Since n, 7, etc., do not involve the 
primitive m root of unity 4, we can, by §12, substitute for ¿ in (25) successively ' 


_ the different primitive m™ roots of unity. Let this be done. Then, by addition, 


mr,— (7+ r, + ete.) = mr,— (r, + r, + οἷο). Therefore r,=7,. 
$35. PROPORTION VIL Putting 
a= = n+ bre + Ern + "P 十 ir, | 
| 
Γ 


a= N+ Ant änt... dme, (26) 


AS qmm nd ind tna ce. barn: j^ 


' the terms, “A, À, As, ο PT (27) 


are the roots of a rational irreducible equation of the (m — 1) degree $ (x) —0, 
which may be said to be auxiliary to the equation Ε(α) = 0. 

For, let A be the generic expression of which A, is a particular cognate 
form ; and let A’ denote any one indifferently of the m — 1 particular cognate 


‘forms of A in (27). Because, by $33, the primitive mf" root of unity does not 


Vor. VI. 
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enter into σι, 7», etc., no changes made in 7,; 7, etc, affect 4. Also, by 889, if 
rı becomes 7,, 7 becomes 7,4, 7; becomes 7,15, and so on. Therefore the 


expression .- | (r, Frs + Or, LS + ete)”, 
contains all the E cognate forms of A; where z may be any number in 
the series 1, 2, ,.m— 1; and ¢ denotes any one indifferently of the HAE 


m™ roots of unity. But. tn is equal to 
(87 * (v, + tr, + rs + etc.)i™ or AN. 

The conclusion established mearis that all the differences of value that can 
. present themselves in the. particular cognate forms of A must arise from the 

different values of ¢ that are taken in A’, while the expressions Ti: Tay etc., remain 

unaltered. And ¢ has not more than m — 1 values. Hence there are not more 

than m — 1 unequal particular cognate forms of A. But the m— 1 forms 

obtained by taking the different values of ¢in A’ are all unequal. For, selecting 

& and #, two distinct values of t, suppore if possible that E 


Qu try + ete." = (r + tr, + ete." .. -E(ri +47 + ete.) = r + Er, + etc. Ds 


s being a whole nuriber. This may be anion 
Tm 1 — aot ?mt οι + ete. = 7, + Hr + ete. (28) 
Therefore, by $34, γι. «η. This means, since all the m terms n, »,, ete, * 
are 'unequal, that s= 0. Hence (28) becomes v, + 7; 5 i ete. =, + r,t? + etc. 
Therefore | 
% + τε + ete, = n7 + τος” + eto. 一 和 41 十 πο ete. 

Therefore, by 886, τα γι. Therefore, because all the m terms σι, 7, etc., 
are i a==1; which, because ἡ and # were supposed to be distinct 
primitive m™ roots of unity, is impossible. Therefore no two of the terms in 
(27) are equal to one another. And it has been proved that there is no 
‘particular cognate form. of A which is not equal to a term in (27). Therefore 
the terms in (27) are the unequal particular cognate forms of A. Therefore, 
by Prop. III, they are the roots of a rational irreducible equation. 

$36. Proposition VIII. . The, roots of the equation $(x) — 0 auxiliary (see 
. 838) to F(a) = 0 are rational functions of the primitive m^ root of unity. 

For, let the value of A,, obtained from (26), and modified according to §21, 
be A = a+ hot + lol +... VU, | 
where A, Zy, etc. are clear of 4. Suppose if possible that ἦι, 4, etc., are not 
rational, We may take the primitive n root of unity à, to be present in these 
coefficients. But o, occurs in ^, 7, ete, and therefore also in Δι, only in the 
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expressions Ο,, Ο,, etc. Therefore: A; = d, C |-... + d, C, ; where d,, ete., are 
clear of œ. The coefficients d, ἄν, etc., cannot all be’ equal; for this would 


make Aj— — d; which, by $21, is impossible. Hence m unequal values of the 
generic expression A are obtained by changing C, successively into ΟἹ, Cs, etc. 
namely, | WO 二 dO 二 ... du OS 


dei + ιο, .. .十 da ιΌπ, 

οι Γιος .二 On. 
To show that these expressions are all unequal, take the. et two. If thesa 
were equal, we should have 

(du — di) Οι + (à, — . dy) C, + ete, — 0. 

Therefore, by 818, da — d, — 0, d, — d, = 0, and so on; which, Beide d,, d;, 
etc., are not all equal to one another, is impossible. Since then A has at least 
. m unequal particular cognate forms, A, is, by Prop. III, the root of a rational 
irreducible equation of a degree not lower than the m™; which, by Prop. VII, 
is impossible. Therefore 4, ἦν, eie., are rational. Hence each of the expressions 
in (27) is a rational function of 4. 

837. Cor. Any expression of the type kr + deg ty. + hë + etc., which is eui 
that all the unequal particular cognate. forms of the generic expression under 
which it falls are obtained by substituting for ἐν süccessively the different prin- 
itive m™ roots of unity, while 4; ζω, ete., remain unaltered, is a rational uncticn 
of ἡ. For, in the Proposition, A, or 4 + μι +.etc. was shown to be a raticnal 
function of ἡ, the conclusion being based on the circumstance that. A, satisfies 
the condition specified. 

$38. PROPOSITION. He Ifg be the Sum of the roots of the equation F( (a) — 0, 


T; — x (9 F AT + aA 十 b Ae "es on 十 QA TAAU ) ; : | (23) 
where αι, b, etc., involve no surd that is not subordinate (see $3) to AT. 


For, z being one of the whole numbers 1, 2, ,m—1, put 
De = (rude ἔτι + E r+ eto. roe EM 十 dn + ete.)-* (30) ` 
Multiply the first of its factors by τ” and the second by tj. Then 
. = (n + rg + Er, + ete)(ny + hrs + Br, + ete). (31) 


Hence p, T not alter its value when we change 7, into 7,, 7, into 24, and so cn. 
In like manner it does not alter its value when we change r, into ra, 7, into 
γα 1) and so on. Therefore, by 333, p, is not changed by any alterations tkat 
may be made in 7, ^5, ete., while 4 remains unaltered. Consequently, if p, be 
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a particular cognate form of P, all the unequal. particular cognate forms of P 
are obtained by substituting for ¢, successively in p, the different primitive m™ 
roots of unity, while 7,, τῳ, etc., remain unaltered. Therefore, by Cor., Prop. 
VIII, p, is a rational function of 4. When z= 2. let p, — di when ϱ a= 3, let 
Pa = b, and so on. Then, from (26) and (30), As 一 一 a,AT, AT = = bp Ae , and so 
on. But, from (27), since g is the sum of the roots of the equation F(x) = 0, 


i n= EGt APA. . + AR 1). pi 
By putting a AF for ^, b A7 for AS, and so on, this becomes (29). Because 
αι, b, etc., are rational functions of 4, while Αι. the root of a rational irre- 
ducible equation of the (m — 1) degree, is also a rational function of #, the 
coefficients αι, b,, ete., involve no surd that is not subordinate to 2 

$39. Proposition X. If the ue number m be.odd, the expressions 


A An 1: ΔΙ Alas. υπ =1 Ants | (32) 


3 


T 








are the roots of a rational equation of the Her ree. 
q 5 g 


By 832, when »,is changed into 7,; 7, becomes 7,1, ry becomes r,,,, and 


-so on. Hence the terms 7,7, 1%73,--., ri, form a cycle, the sum of the 
terms in which may be denoted by the symbol 3j. In like manner the sum of 
the terms in the cycle 773, 7,74, ... , 7,75, May be written 31. And so on. 


In harmony with this notation, the sum of the m terms 73,73, etc., may be 
written Xi. Now σι can only be changed into one of the terms ση, »,, etc. ; and 
we have seen that, when it becomes s,, 7, becomes f pı, and so on. Such 
changes leave the cycle 77), 7:73, etC., as a whole unaltered. Therefore, by 
Prop. III, 3} is the root of a simple equation, or has a rational value. In like 
manner each of the expressions 
ecco PES (33) 
has a rational value. i (26), by actual multiplication, 


AT AR mE Xi (33) t, + (54) Ë + etc. 


But 21, Xi, etc., are respectively identical with El, XL ,, etc. Therefore 
AA = ΣΙ + (33)(& ἐν) + (NE + δ") + ete. - (84) 
Hence, since the terms in (33) are all rational, and since the terms, in (32) are 


— 1 





respectively what AT A®_, becomes by changing ἡ successively into the = 
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terms 4, fj, etc., the terms in (32) are the roots of a rational equation of ibe 
m-— 1h 
Cu degree. 


$40. For the solution of the equation q^ — 1-0, n being a prime number 
such that m is a prime measure of n— 1, it is necessary to obtain the solution 


of ue equation of the m™ degree which has for one of its roots the sum of the 
n— 





L terms in a cycle of primitive n™ roots of unity. This latter equation will 


be referred to as the reducing Gaussian equation of the m™ degree to the equation 
a’ —1=0. - | 

$41. Proposition XI. When the egunon F(x) = 0 is the reducing Gaus- 
m—1 | 


sian (see $40) of the m™ degree to the equation αἲ---Ξ-0, each of the à 





expressions in (32) is equal to n. 

-Let the sum of the primitive n™ roots of unity forming the cycle (8), 
which sum has in. preceding sections been indicated by the symbol ΟἹ, be the 
` root τι of the equation F(x)—0. This implies, since s is the number of the 
terms in (8), that ms — n — 1. Let us reason first on the assumption that the ` 
cycle (8) is made up of pairs of reciprocal roots o; and o;?, and so on. Then, 


because the cycle ne of 3 pairs of reciprocal roots, C? or 7 is the sum of 


9) terms, each an n™ root of "n Among these unity occurs s times. Let or 
occur A, times; and let oj, the second term in (8), occur A’ times. Since oj may 
be made the first term in the cycle (8), it must, under the new arrangement, 
present itself in the value of ;?, precisély where o, previously appeared. That 
isto say, W=. In like manner each of the terms in (8) occurs exactly A, 
times in the expression for 72. The cycle (9) being that which contains all the ᾿ 
primitive n roots of unity, let us, adhering to the notation of previous sections, 
suppose that, when o, is changed into of, C, or σι becomes C, or r,, C, or v, 
_ becomes 0; or 7, and’so on. On the same grounds on which every term in (3) 
occurs the same number of times in the value of 7?, each term in the cycle of ^ 
terms whose sum is C, occurs the same number of times; and so on. Therefore 

moet hO,+hOyt ... + A. 

99 λα AO T... F Ami m? 


s.b sonos 9 ο ν ow v. ν 9 ὁ 9  : ος 


m= 8 + 加 Qi 十 HO + zu dd. 
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Therefore, keeping in view (11), S$ = ms — (Ay tat... + fn). But s? — s is 
the number of the terms in the value of οἵ which are A roots of unity. 
And this must be equal to s(4,+...+4,,). "Therefore 
Aytht...+h,g=s—l n H= ms +1—s—=n—s. 

Again, because 7, is made up of pairs of το roots, and because therefore 
unity does not occur among the s? terms of which 7,7, is the.sum, 

frm BORA... + En Om) 

rats = Ky Cyt by Ον t ... + Emn, 

fa Timm ka Οἱ + bg Oh... 44045 
where k,, ka, etc., are whole numbers ποίοις sum iss. Therefore X = — s. In 
like manner each of the terms in (33) except the first is equal to — s. There- 


fore (34) becomes AT AS Qe (n — s) — s(&4- E+ ete.) =n. Let us reason now 
on the assumption that the cycle (8) is not made up of pairs of reciprocal roots. 
It contains in that case no reciprocal roots. By the same reasoning as above 
we get 3i— — 5. As regards the terms in (33) after the first, one of the terms 
O,, Op, etc., say C,, must be such that the nt roots of unity of which it is the 
sum are reciprocals of those of which C, is the sum. Τη passing from Οι to Q,, 
we change γι into r,. In fact, Οι being τι, CO, is r,. This being kept in view, 
we get, by the same reasoning as above, =} = But, if any of the expres- 
sions ΟἹ, Cz, ete., except C,, be selected, say C,, none of the roots in (8) are 
reciprocals of any of those of which C, is the sum. Therefore Σὲς- — s. 
Therefore, from (34) | 


ALAS a0 8 (n— eu —s((h4- 8-4... p)—g] —n. 
In like manner every one of the expressions in (54) can be shown to bave the 
value n. 

§42. Two numerical illustrations “of the law established in the preceding 
section may. be given. The reducing Gaussian equation of the third degree to 
the equation a” —1= 0 is 2° —2?— 6s — 7 — 0; which gives 
n=i(—1+ Δί + Ad), 24,—19(7+34/3), 2A,— 19 (7 — 34/3), AFAÏ= 19. 
The next example is taken from Lagrange’s Theory of Algebraical Equations, 
Note XIV, $30. The Gaussian of the fifth degree to the equation a! — 1--0 is 
a? + ot — 4ας--- 82? 3241-0; which gives 


n=+(—1+ A+ A+ A+ ADI 
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4A, = 11(— 89 — 254/ 5 + 5p — 459), 4A, — 11(—89 + 254/ 5 — 45p — ὄφ), 
ο 44,77 11(— 89 — 254/ 5 — δρ + 459), 4Δι-- 11(— 89 + 254/ 5 + 45p + 5q), 

p—wW(—5—245),g—4A/(—5--24/5), pg — —A/5 .'. ΔΙΔΙΞΞ 115. 

$43. Proposition XII. To solve the Gaussian. 

The path we have been following leads directly, assuming the primitive ra 
root of unity ἡ to be known, to tke solution of the reducing Gaussian equation 
of the m™ degree to the equation a^— 1— 0. For, as in $41, the roots of the 
Gaussian are Οι, O}, etc. Therefore g, the sum of the roots, is — 1. - Therefore 

| ια (---ᾱ --- AT + AS +... + ALAO. (35) 

By Prop. VIII, Δι, A, ete., are rational functions of ἡ. Therefore 

Ay = day St + hgh... + int | 

A= ht hit htt... Hete | - (38) 

wiht git + kilt... b A; ] 
where k, ka, ete., are rational. From the first of ας, (26), putting C, Tor 
- Tı, O, for r, and so on, 00A (0H d ἐν 06, - ete... 
By actual involution this gives us 4, 1, eté., as determinate functions of €, Oz, 
etc., and therefore as known rational quantities. For instance take 4. Being 
a determinate function of. Οι, C,, etc, we have 

= qi + ᾧ Ci + gs Co + ©. dm Ont | 

where Φι, Qa, etc., are known rational uetus But, by $13, the rational 
coefficients g,— k, qa, etc., are all equal to one another. Therefore h= qg g. 
In like manner 4, hs, etc., are known. Therefore, from (36), Δι, As, ete, are 
known. Therefore, from (35), σι is known. 

$44. Proposrtion XIII. The law established in Prop. X falls under’ the 
following ‘more general By. The m —1 ρα in each of the groups 


(ara m A Ans trees as VAL) | 
(ALAS ET A AL. ec AGAT) | (37) 
(A Ans, A SE tom δ AS AAT) ] 


and so on, are the roots of a rational equation of the (m — Don το 
The m — 1 terms in the first of the groups (37) are the * 1 terms in (32) ` 


each taken twice. Therefore, by Prop. X, the law nd in the present 
Proposition is established so far as ‘this group is concerned, The general proof 
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. is as follows. By (30) in §38, taken in connection with (26), Pm- Ai” 一 A 、 
Therefore A; A%_,—=»,_,A. But, by 838, p,,_, is a rational function of h; 
and, by Prop. VIII, A, is a rational function of 4. Therefore AAZ, is a 
rational function of 4. Also from the manner in which p,,_, is formed, when A 
in Pm—z4, is changed successively into ἡ, #,..., t, the expression At Ae, 
is changed successively into the m—1 terms of that one of the groups (37) 
whose first term is A? ΔΑ... Therefore the terms in that group are the roots of | 
a rational equation. 

§45. Cor. The law established i in the Proposition may be brought. under a 
yet wider generalization. The κας 


AP ADAP AL (38) 
is the rogi of a rational equation of the (m — 1) degree, if | 
a+2b+38e+...+(m—1)s= Wm, 

W being a whole number. For, by (à Ὁ) in connection with (26), As 一 HAS, 
Aj = ps ΔΕ, and so on. Therefore (38) has the value 
: α-Ξῦ--8ο--...Έωι-ὪὋς . 0 - 
(pips... )A, "m , or (ips...) AY”. 
This is a rational function of £j, and therefore the root of a rational equation of 
the (m — 1)™ degree. 





ΤΗΕ Equation F(x)—0 or THE SECOND CLASS. © | 

$46. We now suppose that the simplified root 7, of the rational irreducible 
equation F(«)=0 of the m™ degree, m prime, involves, when modified according . 
to §21, a principal surd not a root of unity. It must not be forgotten that, when 
we thus speak of roots of unity, we mean, according to §1, roots which have 
prime numbers for the denominators.o? their indices. In this case conclusions 
can be established similar to those reached in the case that has been considered. 
The root 7, is still of the form (29). The equation F(x) = 0 has still an auxiliary - 
' of the m — 1)" degree, NS 70018 the mh powers of the expressions 


AF, aA?, BA, CAC DUNT ; D ; (39), 
though fe auxiliary here i is not ie irreducible. Also, substituting the 
expressions in (39) for AS, AS, etc., in (37), the law of Proposition XIII still 
holds, together with the corollary in $45. 


‘of the Higher Degrees, with Applications. Le 89 


$47. By Cor. Prop. VE the denominator of the index of a surd of the highest 
rank in n ism. Let ΔΡ be such a surd. By $21, the coefficients of the differ- 
ent powers of AS in 7, cannot be all zero. We may take the coefficient of the 
first power to be distinct from zero and to be = for, if it were E we might 


i 1 - n 。 "P 
substitute s" for W Ar, and so eliminate Af from 7, introducing in its room the 


new surd e" with 二 for the coefficient of its first. pos We may then put 


=al tA 十 AT 十... 十 ak ο ya ` (40) 
. where g, αι, etc, are clear of Af. When ΔΡ is changed successively into 


AF AF, #2 AF, οἷο, let my. λα, s - (41) 
be respectively what 7, becomes, ἡ being a primitive m™ root of unity. By 
Prop. VI, the terms in (41) are the roots of the equation F(x)=0. Taking 7,, 


any one of the particular cognate forms of R, let AS &,, eic. be resper otively' 


what AF, αι, ete, become in passing from v, to Τη; and, when AS is changed 
successively into the different m™ roots of the determinate base A,, let v, 
become ` i Να o oon egeo (42) 
By Prop. II, het terms in (42) are τοῦτο of the equation F(x) = 0; and, by 
§23, they are all unequal. Therefore they are identical, in some order, with the 
terms in (41). Also, the sum of the terms in (41) is g. Therefore g is rational. 
 $48. PROPOSITION XIV. In m, as expressed i in (40), A is the only prin- 
cipal (see $2) surd. | . 
Suppose, if possible, ‘that there is in +, a principal surd ar distinct from 


1 


Aj. And first, let αἰ be not a root of unity. (It will be kept in view that when, 
in such a case, we speak of roots of unity, the denominators of their indices are 


‘understood, according to $1, to be prime numbers.) When αἱ is changed into 


a5, one of the other ¢ roots of z, let Ty Gy ete., become respectively ^^, αι, 


ete. Then  . mg ΔΡ - a AS + etc. j - (48) 
By Prop. II, 7, is equal to a term in (41), say to r,. And, by §48, putting ¢,_, 
for d7”, | Ma=g + ἐν... a + δ _ a A? + etc. - (44) 
. Therefore, Mat.) + Ao — mS tem mà. C (45) 


This equation involves no surds except those found in the simplified expression ` 
Tı, together with the primitive m root of unity. Therefore the expression on 
Vor. VI. 
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the left of (45) is in a simple state. Therefcre, by 88, the coefficients of the . 
different powers of Δι are separately zero. .Tharefore ατα db 
and so on. But, as was shown in Prop. V, αἲ 5eing a principal surd not a root 
of unity in the simplified expression a,, a, cannot be equal to αι unless a can be 
eliminated from a, without the introduction of any new surd. In like manner 
b, cannot be equal to δι unless ar can be eliminated from δι. And so on. 
Therefore, because a, = αἰ, and: b= b, and so on, e; admits of being eliminated ' 
from 7, without the introduction of any new surd, which, by $21, is impossible. 
Next, let ar be a root (see $1) of unity, which may be otherwise written 0,. 
Let the different primitive οὔ roots of unity be 6,, ϐ), etc.; and, when 6, is 
changed, successively into 6,, 0,, etc., let +, become successively 21, y etc. 
Suppose if possible that the c — 1 terms 74, »., et», are all equal. Since m is a 
principal surd in σι, we may put »,— A017 +4017? ++... +4; where h, k, ete. 
are clear of 6,. Therefore (c—1)m — eb — (A J4- k-r- etc. Thus Ἢ may be. 
eliminated from +, without the introduction of any new surd; which by §21 is 
impossible. Since then the terms 7, »^,, etc., are not all equal, let 7, and ση be 
unequal. Then ”1 is equal to a term in (41) distinct from πι, say to Ta. 
Expressing. mr’, and mr, as in (43) and (44), we deduce (45) ; which, as above, ` 
is impossible. | 


i 


$49. PROPOSITION XV, Taking my? PT A, ete., as in 841, an equation : 
A= = pAË | (46) 
can be formed; where ¢ is an m root of unizy, and c is a whole number less 
than m but not zero, and p involves only surds subordinate (see $3) to AS or AS. 
By §47, one of the terms in (42) is equa. to »,. For our argument it is 
immaterial which be selected. Letr,—7,.  Taerefore | 
PA eA,” 十 .十 AS) 一 (Ar 二 eaA +...+A)=0. (47) - 
The coefficients of the different powers of A? here are not all zero, for the 


coefficient of the first power is unity. Therefore by $5, an equation HAF =} 
subsists, t being an m root of unity, and h irvolving only surds exclusive of 


AS that occur in (47). By Prop. XIV, ΔΙ is a surd of a higher rank (see $3) 
than any surd in (47) except A7. Ther efore we may put 
= d + dA + dA Funet d, Ay” f 
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where d, di: etc., involve only surés lower in rank than AF, , Then 
Ae — (d-- dA? + ete.) =d +a, A? +d, Ar + ete; 
where d', d, ete., involve only surds lower in rank than AF, -By §8, since A? 
is a surd in the simplified expression fis the coefficients 下 一 An, ὧι, etc., in the 
equation (d — A) + J,A” + d a + etc. 一 0 (48) 
are Ee zero. Therefore (d + dj: AP +etc.)"= d. And, ἡ being a 
: primitive m™ root of unity, - 
(d + di A + etc. ye PRA + ete, = d. 

Therefore, (d+ dit, AS + ete.) = (d + dA + ὦ A? + ete), 
t? being one of the m™ roots of unisy. In the same way in which the coefficients 
of the different powers of Ae in (43) are separately zero, each of the expressions 
d(1— &), di(& — t1), ete. must be zero. But not more than one of the m — 1 
‘factors, 4 — (2, #—#, etc, can be zero. Therefore not more than one of the 

m—1 terms, di, ἄν, etc., 18 distinct from zero. Suppose if possible that al 
these terms are zero. Then TN =d. Therefore the different powers of AS car 
be expressed in terms of the surds involved in d and of the m™ root of unity 
Substitute for. ΔΕ, Az, ete, in (47), their values thus obtained, Then (47: 
becomes | Q— (RAT +... +A) =0; | (49: 
where Q involves no surds, distinot from the primitive m™ root of unity, that 
are not lower in rank than AP ; which, because the coefficient of the first power 
of AT in (49) is not zero, is, by 88. impossible. Hence there must be one, while 
at the same time there can be only one of the m — 1 terms, ὧι, ἄν, ete., distinc; 
from zero. Let d, be the term that is not zero. Then #8 — ἄ-- 0. Therefore 
1— ¢is not zero. Therefore d — 0. Therefore, putting p for d,, ον = = pr. 

$50. Cor. By the proposition, values of the different powers of A® can be 

obtained as follows: 

IAS = pAr, UA = αδΔι, PAR m HA, eto; '. (50) 
where p, q, etc., involve only surds that occur in A, or A,; and c, e, 2, eic., are 
whole numbers in the series 1, 2, ..., m — 1. No two of the numbers c, s, 
eic, can be the same; for they are the products, with multiples of the prime 
number m left out, of the terms in the series 1, 2, ..., m— 1, by the whole 
number e which is less than m. Therefore the series c, s, z, etc., is the series 
1,2,..., m — 1, in a certain.order. | 
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$51. Proposition XVI. If +, be one of fe particular cognate forms of R, 
the expressions 


LAS Ba, AT. ..., oe, AS P7, AS (51) 
are severally equal, in some order, o those in (39), ¢ being one of the m™ roots 
. of unity. | 

By $47, one of the terms in (42) is equal to »,. For our argument it is 
immaterial which be chosen. Let r,=7,. Bz Cor. Prop. XV, the equations 


(50) subsist. Substitute in (47) the values of the different powers of As so 


: obtained. Then 


(1p δὲ + tqa, AF + ete) — (ΔΙ + αἰ AT + ete.) = 0. (52) 
By Cor. Prop. XV, the series AT AŽ, etc, E identical, in some order, with 
_ the series ΔΡ, AP etc. Also, by $8, since AT -8 a surd occurring in the simpli- 
fied expression 7,, and since besides ΔΡ there are in (52) no surds, distinct from. 
the primitive m root of unity, that are not lower in rank than ΔΡ, if the 
equation (52) were arranged according to the powers of Ar lower than the m™, 
the coefficients of the different powers of A would bo separately zero. Hence 
AT is equal to that one of the ο... 

47 ‘DAF, ~ ga, Ar, ete. | cn (53) . 
in which AT is a factor. In like manner a, Ae is equal to that one of the expres- | 


sions (53) in which δὲ is a factor. Andsoon. Therefore the terms AR αι Άν 
etc., forming the series (39), are severally equal i in some order, to the terms in 
(53), which are those forming the series (51). MSS 

$52. Proposition XVII. The equation F'x)—0 has a EN auxiliary 
(compare Prop. VII) equation $ (a) = 0, whose roots are the m™ powers of the 
terms in (39). 2 

Let the unequal particular cognate forms 0? the generic expression A under 
which the simplified expression A, falls be ; 5 


iss χα As (54) 

By Prop. XVI, there is a value # of the JUN root of malay: for which the 
expressions LAS Ba As s NL AP AMAA, : (55) 

‘are severally equal, in some or ee to those in m Therefore A; is equal to 

one of the terms Ai GA E ARTS AR net (56) 


In like manner each of the terms A (54) is equal to a term in (56). And, 
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because the terms in (54) are unequal, they are severally equal to different terras 


„in (56) By Prop. III, the terms in (54) are the roots of a rational irreducible 


equation, say ψι(α)-- 0. Rejecting from the séries (56) the roots of the equa- 
tion ψι(α)Ξ-0, certain of the remaining terms must in the same way’ be the 
roots of a rational irreducible equation (x) = 0. And so on. Ultimately, if 
(x) be the continued product of the expressions ψι(α), ψι(ω), etc., the terms 
in 55 are the roots of the rational equation φία) = 0. 

. §53. The equations ψι(α) — D, h(x) — 0, eze., formed by means of the 
expressions v4 (x), (x), ete, may be said to be sub-auxiliary to the equation 
F(«x)=0. It will be observed that the sub-auxiliaries are all irreducible. 

$54. Proposition XVIII. In passing from 7, to r,, while A, becomes A,, 
the expressions αι, b,, etc., which, by Prop. XIV, involve only surds occurring 
in Δι, must severally receive determinate values, a», bn, etc. In other words, 
a, being a particular cognate form of A, there cannot, for the same value of A,, 
be two particular cognate forms of A, as a, and ay, unequal to one another. 
And so in the case of 5,, ει, ete. : 

For, just as each of the terms in (42) is equal to a term in (41), there are 


"pr imitive m** roots Ps unity v and 7' such that the PEDE essions 


TA” +a, A + ete., TAS + Tay AS + ete., 


. are equal to one another. Therefore, if Ay= An, in liche case, by assigning 


suitable values to + And T, AS τω be taken to be equal to AR. 

AS (v — Τὴ + AS (a, 7? — ay 1’) + ete. = 0. (57) 
Suppose if possible that the coefficients of the different powers of As in (57) are 
not all zero. Then, by $5, 1A" = = hi t being an m* root of unity; and J, involving 
only surds of lower ranks than AF, Hence, by Prop. XV and Cor. Prop. XV, 


Al is a rational function of surds of lower ranks than AT and of the primitive . 


.m™ root of unity; which, by the definition i in §6, is impossible. Since then the 


coefficients of the different powers of A in (57) are separately zero, t= T, 
2,7? = ay T?, therefore a, = ay. 
$55. Proposition. XIX. Let the terms in (39) be written respectively 


AL » 5. Peto ed. | (58) 
The symbols Δι, ὃν, ds, etc., are employed instead of Δι, A,, A,, because this 
latter notation might suggest, what is not necessarily true, that the terms in (56) 
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are all of them particular cognate forms of the generic expression under which 
A, falls. Then one Prop. =) the m — 1 expressions in each of the groups 


S S = EE mmm BY ar a een .. Sadi) | 
(ΔΙᾺ ην ---Ὁ 3 ar z AL Xx ow Aa) (59) 
(ATS, -8! xa m—6 9 m one on 5 i) J 


and so on, are the roots of a rational. equation of the (m — 1)" degree. Also 





(compare Prop. X) the first — L terms in the first of the groups (59) are the : 





roots of a rational equation of the me (e7 Ty degree. 
In the enunciation of the er the remark is made-that the series (54) 
is not necessarily identical with the series Δι, $,9,,... , 01. The former 


. eonsists of the unequal particular cognate forms of. A; the latter consists of the 
roots of the auxiliary equation (x) —0. These two series are identical only 
when the auxiliary is irreducible. To prove. the first part of the. proposition, 
take the terms forming the second of the groups (59). Because dn _» represents 
ey Δι , G1 A 二 AP δ _,. Let E be the generic symbol under which the simplified 
expression e, falls. By Prop. XVIII, when A, is changed successively into ‘the - 


c terms in (54), e, receives successively the determinate values &,@,...,e,; 
and therefore aA, receives successively the determinate values 
6 Ay, À, 1 Ce A,. 7 , (60) 


There is therefore no particular cognate fos of EA that is not equal to a term 
' in (60). By Prop. XVI, there is a value of the m™ root of unity ¢ for which 
the terms in (58) are geverally equal, in some order, to those in (39). Let the 


term in (89) to which ον is equal be nar. Then, applying the principle of 


Cor. Prop. XV; as in Prop. XVI, it follows that the term in (39) to which ᾿ 


te Ay” in (55) i is equal is BAT , M being a multiple of m, and M— 2n 
being less than m. Therefore e, A, is equal to gie AF , which is the product of 
two of the terms in (39) occurring respectively at equal distances from opposite 
extremities of the series.’ In other words, eA, is equal to an expression 
Debs mn in the second of the groups (59). .In like manner every term in (60) is 
equal to an expression in the second of the groups (59). Let the unequal terms 
in (60) be. 61 A, ete. | (61) 
Then, by Prop. 1H, the terms in (61) are the. roots of a tational : irreducible 
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equation, say Λία) —0. Rejecting these, which are distinct terms in the second 
of the groups (59), it can in like manner be shown that certain other terms in 
that group are the roots of a rational irreducible equation, say /,(x)—0. And 
so on. Ultimately, if f(x) be the continued product of the expressions f(x), 
f(x), etc., the terms forming the second of the groups (59) are the roots of a 
rational equation of the (m — 1)™ degree. The proof applies substantially to 
each of the other groups. To prove the second part, it is only necessary to 
observe that, in the first of the groups (59), the last term is identical with the 
first, the last but one with the second, and so on.. | 

§56. Cor. 1. The reasoning in the proposition proceeds on the assumption 
that the prime number m is odd. Should m be even, the series Δι, δι, ete., is 
reduced to its first term. The law may be considered even then to hold in the 


following form. The product AT Δ᾽ is the root of a rational equation of the . 
(m — 1)* degree, or is rational. For this product is Δι, which, by Prop. XVII, 
is the root of an equation of the (m — 1) degree. 

$57. Cor. 2. I merely notice, without farther proof, that the generalization 


in $45 in the case when the equation ἃ = 0 is of the first (see §30) class 


holds in the present case likewise. 


ANALYSIS OF SOLVABLE Equations OF THE FirrH DEGREE. 


$58. Let the solvable irreducible equation of the m™ degree, which we 
have been considering, be of the fifth degree. Then, by Prop. IX and §47, 
whether the equation belongs to the first or to the second of the two classes that 


' have been distinguished, assuming ihe sum of the roots g to be zero, 


n= «(δὲ + αι δὲ + a A$ +h AE, (62) 
though, when the equation is of the first class, the root, ‘as thus presented, is not 
in a simple state. 1 

$59. PROPOSITION XX. If the auxiliary biquadratic fis a rational root A, 
not zero, all the roots of the auxiliary biquadratic are rational. 

Because A, is rational, the auxiliary biquadratic (a) = 0 is not irreducible. 
Therefore, by Prop. VII, the equation F(a) = 0 is of the second (see $30) class. 


. Therefore, by Prop. XIV, δὲ is the only principal surd in 7,. Consequently, 


because A, is rational, αι, e; and ἦι are rational, Therefore Δι, aj ΔΙ, ef ΔΙ, Ai At, 
which are the roots of the auxiliary biquadratic, are rational.: 


& 
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§60. Proposition XXI. ‘If the auxiliary -biquadratic has a quadratic sub- 
auxiliary ψι (a) = =0 with the raots A, and 1 As: then a W At, and a= hg A ; 


- and A, A; is rational. 


As in §52, ! being a certain fifth root of unity, each term in n (55) i is ous to 
a term in (39). The first term in (55) cannot be equal to the first in (39), for 
this would make As 一 Al Suppose if possib_e that the first in (55).is equal 
to the second in (39). Then, by equations (50°, applied as in Prop. XVI, 
4a — αι Ad, ta = —h Ad, Be À, bh, δὲ = ο δὲ i ὃν 
therefore  Δις- αἲ ΔΙ, «AAA, A= Δι, MAI. 
Now a A}, being equal to Δ», i3 a root-of the equation ψι(αΞθ. And a Ai, 


involving only surds that occur in 7,, is in a simple state: Therefore, by Prop. 


III, aA? is a. root of the equaïion (x) —0. Therefore A3A#, and therefore 
also A5 Ai or & Aj; are roots of that equation. Hence all the terms | 
| | A GAT, α ΔΙ, MA, k (64) 
are eroots of the equation 4 (a) = 0. But a, a, ἦι, are all distinct from zero; 
for, by (63), if one of them was zero, all would be zero, and therefore A? would 
be zero; which by 86, is impossible. From this it follows that no two terms in . 
(64) are equal to one another; for, taking aj Aj and eb ΔΣ, if these were equal, 


"we should have et AF— αι, # being a fifth root of unity; which, by $8, is 


impossible. This. gives the equation 44(x) —0 four unequal roots; which, 
because it is of the second degree, is impossible. Therefore the first term in 
(55) is not equal to the second in (39). In the same way it can be shown that 
it is not equal to the third. Therefore it must be equal to the fourth. In like 
manner the first in (39) is equal tothe fourth in (55). Because then tA? = A, 
and A = Hh, AÈ , h A= AA, But, just as it was proved in $56 that, the roots. - 
of the sub-auxiliary ψι(ω)--0 being the c terms Δι, A, ete, there is no par- 


ticular cognate form of EA that is not a term in the series e Δι, e As... A, : | 


it follows that, if ἦι be a particular cognate form of H, there is no particular , 
cognate form of HA that is not equal to one of tae terms ἦι Δι and ἦν A,. Hence, 
since A A, =, A, HA bas no particular cognate form different in value from 
MA. Therefore, by Prop. ITI, % A, is rational : 

$61. Ῥποροβιποκ XXII, ` The auxiliary biquadratie @(x) 一 0 either has. ` 
all its roots rational, or has a sub- PARU (see $53) of the second degree, or is 
irreducible. 


1 


~ 
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It will be kept in view that the sub-auxiliaries are, by the manner of their 
formation, irreducible. First, let the series (64), containing the roots of the 
sub-auxiliary ψι(α) = 0 consist of a single term Δι. Then, by Prop. III, Δι is 
rational. Therefore, by Prop. XX, all the roots of the auxiliary are rational. 
. Next, let the series (54) consist of the two terms A, and Δι. .By this very 
` hypothesis, the auxiliary biquadratie has a quadratic sub-auxiliary. Lastly, let 
the series (54) contain more than two terms. Then it has the three terms 


Au Δε, Δε. We have shown that these must be severally equal to terms in 


(64). Neither A, nor A, is equal to A,.. They cannot both be equal to ἠϊ Δί 
Therefore one of them is equal to one of the vum d'A, & A. But in $60 it 
appeared that, if A, be equal either to aj Aj or to ef ΔΙ, all the terms in (64) are 
roots of the irreducible equation of which A, is a ook The same thing holds 
regarding A,. Therefore, when the series (54) contains more than two terrns, 
the irreducible equation which has A, for one of its roots has the four unequal 
- terms in (64) for roots; that is to say, the auxiliary biquadratie is irreducible. 

$62. Let 5u,= δὲ, Du, = a, Δὲ, bu, = eA, Su = hi A; and, n being Ὁ any 
whole number, let S, denote the sum of the n™ powers of the roots of the 


| equation F(x)—0. Then 


S = 0; OI a Pie S= 15 {5 (wub)! ; 

δι = 20 |X (uius) | + 30 (uf υἱ + Uzus) + 120 tg gt; 

S= 5E (4) + 10042 (δορὶ + 180 (Z(wodi)] 
where such an expression as X (u u$) means the sum of all such terms as u, ειῶ; it 
being understood that, as any one term in the circle ,, w; ‘ Ug, Uz, passes into 
the next, that next passes into its next, u passing into uw. 


. Tur Roors or THE AUXILIARY BIQUADRATIC ALL RATIONAL. 


$63. Any rational values that may be assigned to Δι, αι, e,, and h in ^s 


‘taken as in (62), make r, the root of a rational equation of the fifth degree, for 


they render .the values of δι, δι, etc, in $62, rational. In fact, 六 一 0， 
25S, — 10A, (A, + a, €), and so on. B. 4 : 


THE AUXILIARY BIQUADRATIC WITH A QUADRATIC SUB-AUXILIARY. 


$64. Proposition XXIII In order that, taken as in (62), may be the 
root of an irreducible equation F(x)=0 of the fifth degree, whose auxiliary 


"biquadratic has a quadratic sub-auxiliary, it must be of the form 


. Vor. VI =F (Δὲ 十 AD T (mA? Fa ADI | ME (65) 


zs 
IR 
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where A, and A, are the roots of the irreducible equation y(x) =2°— 2px +g" = 
and a,— b + d/ (p° =g"), αξῦ-- dy (p 7 P, q, b and d being E 
and the roots A? and A} being so releted that A A- =q. . 

By Prop. VII, when a quintic equation is of the first (see §30) ds the 
auxiliary biquadratie is irreducible. Hence, in the case which we are con- 
sidering, the quintic is of the second class. The quadratic sub-auxiliary may be 
assumed to be ψι(ω) = αἲ — 2 px + k=0, p and & being rational. By Prop. 
XXI, the roots of the equation 44 (x) = 0 are A, and Δι. Therefore k = (A Ay); 
or, putting q for MA, k= 4. By the same proposition, ἦι Δι is rational. 
Therefore g is rational. Hence ψ, (x) has the form specified in the enunciation 
of the proposition. Next, by Proposition XVI, there is a fifth root of unity 
t such that ‘At = MA. If we take t to be unity, which we may do by a suitable 
interpretation of the symbol A : A - hd: This implies that a A = a A, dy 
being what a, becomes in passing from A, to A Substituting these values of 
eA and A $ in (62), we obtain the form of 7, in (65), while atthe same time 
A} AS SA =. Thé forms of a, and a, have to be more accurately deter- 


mined. By Prop. XIV, AE is the only- principal surd that »,, as presented in, 
(62), contains. Therefore αι involves no surd that does not occur-in Δι; 
that is to say, a” (p° — 9°) is the only surd ina, Hence we may put a, = b + ἆ- 
v (p! — g’), b end d being rational But a, is what a, becomes in passing from 
A, to Δ». And A, differs from Δι only in the: sign of the root 4/ (p! — ο) 
Therefore a = b — d (p — gg. 

: $65. Any rational values that may be assigned to 5, d p and gin 5, taken 
as in (65), make 7, the root of a rational equa-ion cf the fifth degree ; for they 
render the values of Δι, δ), ete, in $62, rational. In fact, δ = 0, 25 = 

10 {g +P — g* d? (p — οὖ}, and so on. 


Tue AUXILIARY BIQUADRATIS IRREDUCIBLE. 


- 866. When the auxiliary biquadratic is irreducible, the unequal particular 
cognate forms of A are, by Prop. III, four in number, Δι, Δι, As Ay. As 
explained in $55, because the equation $(z)— 0 is irreducible, these terms are 
severally identical with Δι, à, δι, δὶ. Henze, putting m= 5, the first two 
terms in the first of the groups en may be written in the notation of (37), 


A ANALA ` (66) 
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and the eeond and third groups may be Wa 

i $t i $ AË 7 
(Δι hy κ Aj iaia 2) À (67) 
EK , AFA? m δὲ , ΔΙ AL. 
| $67. PROPOSITION XXIV. The roots of the ull biquadratic equation, 


(x) =0 are the forms 


-—m--nazd-A/ 8; em mond ited on) 


2 A;=m— n/2—VJ/ δι} (68) 


where s=p+qa/2, and a =p— gv aj m, n, 8 p and g-being rational; and 


the surd α/ s being irreducible. 
By Propositions XIII and XIX, the terms in (66) are the roots of a quad: 


-ratic. Therefore A, A, and AA, are the. roots of a quadratic. Suppose if 


possible that Δι A, is the root of a quadratic. By Propositions IX and XIX, 
A- eA. Therefore & Δί is the root of a quadratic. From this it follows 
(Prop. IIT) that there are not more than two unequal terms in the series, - 

εἴ ΔΙ, 64A, GAS, a A. ἀπ. (69) 
But suppose if possible that @ Ai = e BAS Then, ¢ being one of the fifth roots of 
unity, te, A = a. But, by Propositions IX and XIX, A- hA. Therefore, 


te, A? = = eM AA. Therefore, ,by $8, a —0. Therefore one of the roots of the- 
auxiliary biquadratic is zero ; which because the auxiliary biquadratic is assumed 


.to be irredücible, is Sp ie Therefore εὖ At and εὖ Δί are unequal. In the 


same way all the té in (69) can be shown to be unequal; which, because it 


.has been proved that there are not more than two unequal terms in (69), is 


impossible. Therefore A, A, is not the root of a quadratic equation. Therefore 
the product of two of the roots, A, and A,, of the auxiliary biquadratic is the 
root of a quadratic equation, while the product of a different pair, A, and As, is 
not the root of a quadratic. But the only forms which the roots of an irre- 
ducible biquadratic can assume consistently with these. conditions are those 
given in (68). | 

$68. PROPOSITION XXV. The T Vs can have its value expressed in’ 


teris of As and yz. 


By Propositions XIII and XIX, the terms of the first of the groups (67) 

are the roots of a biquadratic equation. Therefore their fifth powers 
AA, AA, MA, Ad. ΜΙ : (70) 
are the roots of a biquadratic. From the values of A, À, À; and A, in (68), 
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the values of the terms in (70) may ‘be ΠΕ as follows: 
AUF TEA ot (RH Fi 2)u 8 + (Bit Beal E)N sit (EHEN) SN δ) 
MA = F— Fa a+ (PEN NF ons — (Fy — Fe ὴψ' s 8, | 


AA = FBV i (FI Fe a) e (Fi Fe ο) νε (BB a ef | UD ᾿ 


BASF + Fa (Bi Fi Ne (EAE A 2) sit (BGA Fre SA sy 

where F, Κι; etc., are rational. Let > (AiA,) be the sum of the four expressions 
in (70). Then, because these expressions are the roots of a biquadratic, Σ (Ad Δ) 
ον AF -- AF, Vsws must be rational. Suppose if possible that sr cannot have 
‘its value expressed in terms of vs and 4/2. Then, because A/s4/s, is not 

rational, F,=0. By (68), this implies that n= 0. Let E 

(ALAS = Για) ο (Lt Lg n/t) / 5 + (Lit Ds s as + (Let La) sens, 

where L, Γι, etc., are rational. . Then, as above, L= 0. Keeping in view that 

n= 0; this means that m’g=0. But g is not zero, for this would make 

As 一 Wai which, because we are reasoning on the hypothesis that ws cannot . 
- have its value expressed in terms of 4/s and A/z, is impossible. Therefore m is 
zero. And it was shown that n is Zero. Therefore Al 一 ws and A,— — #5. 
Therefore A, A, = — 4 (p! — 2); which, because it has been proved that Δι As 
. is not the root of a quadratic equation, is impossible. Hence »/s, cannot but be 
_a rational function of a/s and 4/2. | | 

309. Proposition XXVI. The form of sis 
A(L-- δὴ thy (1+), | . - t (72) 
hand e Keine rational, and 1 + οὗ being the value of z. . ^ | | 
By Prop. XXV, /s,=v+ea/s, v and ο being rational functions of a: 

Therefore s, = e? + οὓς + Qver/s. By Prop. XXIV, Ms is irreducible. There- 
n fore ve = 0. - But ο is not zero, for this would make ~s =v, and thus 4/5, 
would be the root of a quadratic equation. .Therefore v — 0, and Wa = ca/s 
= (a + eA) ν΄ 8, c, and ο) being rational. Therefore 


VEM (p? — ge) = (e + e  z) Up + gae) u 
== (ep + ago) + s(ag + ep) = PHM.. — 

Hos since p — qz is rational, either P=0orQ=0. As the latter of these. 
alternatives would make ~ (p’—q’z) rational and therefore would make 
A/ (p+ qz) or ws reducible, it is inadmissible. Therefore ap + ega- 0, 

and y (p? 一 人 2) = (ag + epz. Now gz is not zero, for this would make - 
' A/ (55) = + p; which, because As is irreducible, is impossible. Therefore c, — 0: 
. But, by hypothesis, c, = = 0; therefore 4/5, which is equal to (+ e; /2) Ws, is’ 


bj 
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zero ; which is ee Hence οι cannot be zero.. We may therefore put 
ce=1, and A(1+¢)=p. Then s=p +qV2=h(lte)+hv (1 + à). 

Having obtained this NEM we may consider z to be identical with 1 + &, 

q with h, and p with h(1 +e). 

§70. The reasoning in the preceding section holds m whether the equa- 
tion F(z) = 0 be of the first (see $30) or of the second class. If we had had to . 
deal simply with equations of the first class, the proof given would have been 
' unnecessary, so far as the form of z is concerned; because, in that case, by Prop. 
VIII, Δι is a rational function of the primitive fifth root of unity. | 

$71. Proposition XXVII. Under the conditions that have been established, 
` the root 7, takes the form given without deduction in Crelle (Vol. V, p. 336) 
. from the papers of Abel. > 

For; by Cor. Prop. XIV (compar also Cor. 2, rop: xix), the ο, 

Abaiaial, AAAA AAAA AAAA . (73) 
are the roots of a nu equation. In the corollaries referred to, it is. 
merely stated that each of the expressions in (73) is the root of a biquadratic ; 
but the principles of the propositions to which the corollaries are attached show 
that the four expressions must be the roots of the same biquadratic. Let the 
terms in (73) be denoted respectively by : 

Ly xS -. BA; - BAT}, 5A, 

Then A A A ads A (A A AE AE) isan identity. "Therefore 

aat= A (AAFAA). Similarly, 1A} = A (A δὲ Af AT) 

ASH A (APATAPAT),  απὰ AF = 4, (AP δὲ AE AD). 
de these values in (6 2), we get 
mA (AA δὲ AE) + AUAE δὲ δὲ AD) AUAEAEAT AT) AIL ATATAT). (74) 
This, with immaterial differences in the subscripts, is Abel’s expression ; cnly we 
need to determine A1, A, A, and À, more exactly. These terms are the recip- ` 
rocals of the terms in (73) severally divided by 5. Therefore they are the roots 
‘of a biquadratic. Also, no surds can appear in A, except those that are present 
in Δι, A,, A; and Δι. That-is to say; A, is a rational function of /s, a/s, and 
vz. But it was shown that 4/5 Ws=—/hen/z. Therefore A, is a rational 
fonction of ws and Ve, We may therefore put 

A, — K+ KA, + Κ'Δ, + Κ'ΔΙΔι,. : 

K, K', K” and K” being rational. But the terms A,, A,, Aa, A, circulate with 
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Ay , As, An 4 Therefore 
A= K+ K'A, + KA, + KA, Ag; 
AS K+ KA, M K'A, + K"A A 
| A3= K + K'A + K'A, + KA, A. 

These are Abel's values. 

$72. Keeping in view the values of Δι, A, etc. in (67), and also that 
z= 1+, and s — hz + haz, any rational values that may be assigned to m, n, 
e, h, K, K', K" and K” make r,, as presented in (74), the root of an equation 
of the fifth degree. For, any rational values of m, n, etc., make the values of ΄ 
δι, S, ete., in $62, rational. 

$73. It may be noted that, not only is the expression for 7, in (74) the root 
of a quintic equation whose auxiliary biquadratic is irreducible, but, on the 
understanding that the surds ws and ./z in A, may be reducible, the expression 
for ^, in (74) contains the roots both of all equations of the fifth degree whose 
auxiliary biquadratics have their roots rational, and. of all that have quadratic 
sub-auxiliaries. It is unnecessary to offer proof of this. 

$74. The equation a?— 1049 + δα” + 10x+ 1— 0 is an sn of a 
solvable quintic with its auxiliary piquadratic: eren uctble. - One of its roots is 

i o! oo + aa 十 ata | 
o being a primitive fifth root of unity. It is abviots that this root satisfies all 
the conditions that have been pointed out in the preceding analysis as necessary. 
A root of an panaman of the seventh degree of the same character i is 
| - o! + ate’ + ato! + ae? + aa’ + oo 

o being a primitive seventh root of unity. The general Dia under hich these 
instances fall can readily be found. Take the cycle that contains all the primitive 
(πο): roots of unity, . 0, δὲ; θε, ete., | (75) 
m being prime. The number of terms in the cycle is (m | — 1}. Let 和 be the 
(m + 1)™ term in the cycle (75), 6, the (2m + 1)" term, and so on. Then the 
root of an equation of the m™ degree, including the instances above given, is 


r= (0-07) + (+ 877) +... + Onze θες). 
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SKETCH or THE METHOD EMPLOYED. : 
; Sa Let Vis Vos Tg, "y r;, be the roots of the solvable irreducible equation 
of the-fifth degree wanting the second term, . 
F(x) = à? + pw + ps2? + pa + p= 0. ; (1) 
It was proved in the “ Principles ` ” that 
| med (Ab A+ at + AP, 
where Αι, Δ», As, Ay are the rocts of a biquadratic equation auxiliary to the 
: equation F(x) — 0. It was also shown that the root can be, expressed in the 
τος. - n= taataa thA :| | O 
hare αι, &, h, involve only surds occurring in Δι; and no surds occur in, A, 


. except / (hz + ha/z) and its subordinate 4/2; z being equal to'1 +e, and A and 


e being rational. As in the ^ Principles," we may put nes Δὲ, 5u = A ; 
bu, = A i bu, = A. Then x : 
| =U + Uy + Uy + wy. τη (5) 
Let δι be the sum of the roots of the equation Sh =0, & the sum of their 
squares, and so on. Also let 、 
E(uiu) 一 uus + t + dus Mis 
Sade oe eae Ea a 
D (uy u$ u$) = 1t, UZ UT + us ui υᾷ + us UG UG 十 ut, 
| i S (uj) = ub -F b+ τῷ + af. (4) 
Then l K, = 10 (νι + rep tHe), 8,18 |X (uu), | | 
S, — 20 1X (ufr)! + & (82) + 6024 ug tg ty, ᾿ 
| δι-- 5 E} + (88) + 50 (Cut). | 
$3. It was proved in the “Principles” that ww and tug are. the roots of a 
quadratic equation. But 254,w,— hA, and 25wuw—=meA. Therefore, 


because‘, ει, ἦι, involve no surds that are not subordinate to A , A/2 is the 
only surd that can appear in wu, and tipus Consequently we may put 
=g + a 4/2, and wu = g= arz, ᾿ |. (8) 
where g, a; are rational It scarcely needs to be pointed out that these forms 
are valid whether the surd A/z is p ws ornot. Now &= 10.(u, u, + thy Us) 
—2p,. Therefore - iE (ps). > la : (6) 
πας it was shown in the “Principles” that the four expressions ulus, Up. 
WU, Uith, are the roots of a biquadratie equation. And, by the same reasoning - 
as that employed in the case of u,%, and utg, the only surds that can appear in 
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these expressions are Αγ’ (hz " ha 2), A m= hu ϱ), and ν gz. Let he + 及 AM 一 8&， 
à ‘ind Λα. —h/a=e,. Then. 
> ; vas (SS T) ys, and Mss = lent. (7) 
Hence the expressions wi us, du, VU, tus, may have their value exhibited 
_in terms of 4/z and either of the surds v/s, asi.. Put ` 
uius = Ie + cz +. (0 + pa) Με, 
aR ty = h + esz — (0+ Q A/2) vs, : 
idu, = hk—o 2+ (0 — 4 4/ 2) Vs, | 8) 
guum b ol 5—(6— V2) Va; | 
-where k, ο, 0, $, are rational. These coefficients must-bear a relation to g, @ 
in (5). In fact, because (u? ug) (uus) = (mu) (us us), 
(g* — a*z)(g + az) = (k + eA zy — (0 + GA 2) (ha + h 4/2). 


Equating the rational parts to one another, and also the irrational parts, 


A/2— 





ha + gz 209) — P Ps— gg! c 5 0g 
A(9 + o ?十 2092) = 2he — a (g^ — a?z) ἜΣ, ' 
| Because δ) = 15(X(uiuj)] = — ὅρα, | | : 
. k=— x bp). (10) 
| τι will be convenient to retain the: symbols g and b, whose values are given in 
(6) and (10). Again, because ub Uy = ee we have, from (5) and (81, 


Uy = CIN + ovat (Ot pe) Ve} fh — oat (O— ia - 


= 4 Ale H (A" + A A 2) Ws， 
where A, A’, A", A", are rational. The value of A is 





Axa P de) -.ahez (f — φΡα)). | (11) 
bn ub E m That is, from (8) and (5) and (7), 


ut CEPS alte — à 2)(g + avat 2(k+ e 2)(0 4- pes) /s] 
[k—ocA/a 十 (0—9 A/ i) 1%} = B+ B's + (B'4- ον ο 
where B, B', D", B", are rational. Now, by (4), | 
E S, 20 (X (uius) } + i (83) F 60 thy Ug uus. 
And B= 2pj— 4p,. Also 3 (ufu) — 44; and, by (6); 10g = — pj; and, by (5); | 
Uy Uy Ug Ξ- — a?z. Therefore | | | 
| i 1 — 204 + 5g + loe)... - -(19). 


. Vou, VI. 
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Again, $,— 5 (X (uf)! + 208, δ) + 50 (X(u uud]. 
i Ànd X (uf) = 4B, δὲ S = Gp pa = 1200gk, and 
ey (ο. ιά), Uy ty (ud tts + uiua) 十 Uy thy (utu + uit). 

Therefore S= 20B + 1000gk — 200acz. ᾿ 

. But $,— öpp + 5p, = δ;-- 100060 + 5p, — 0. 

Therefore P; = —4B + 40acz. - . (13) 
The values of p, and ps in (12) and (13) make the quintie a ox 

F(x) =a? + p + paf + (5g? + 1502 — 20.4) x + (40e 一 4B) = = 0. (14) 

84. Assuming the coefficients p, ps, etc., in (1), to be known, the coeffi- 
cients in the equation F(x) = 0 as exhibited in (14) involve six unknown quan- 
tities, namely, a, ο, 0, Φ, e, k. The list ‘does not include z, g, b; because 
z—1--é;andga and k are known by (6) and (10). To find'the six unknown 
quantities we kave six equations, which are here gathered together. 

e pU — 204 + 5g + 1502, 
ps = — 4B + 40acz, 
B" =. 1, 
Bites. | 
RO + pe + 269) = P+ da — g (g? dh | 
A (0? + qz + 2092) = 2kc — a (g? — ax). 

The first two of these equations are the equations (12) and (13). : ΑΒ to the 
third and fourth, it was, proved in the “Principles” that the form of uj is . 
m -[- n gta (15 + haa), πι and n.being rational. This is saying in other | 
. words that B"—1 and B"— 0. The last two of the een (15) a are the: 
equations (9). | 

85. The criterion of solvability of the equation Fle)=0 may now be stated 
in a general way to be that the coefficients Pa, ps. etc., must^be so related that 
rational quantities, a, ο, 0, Φ, e, ^, exist satisfying the equations (15). We also 
` see what requires +o be done in order to find the roots, of. the equation F(x)=0 
in terms of the given coefficients. By (3), 7, is known when t, &, us, % are 
known. But, B" and B” being respectively unity and zero, , 

i = B4 BW ws, oe NET 
w = B+ Baz Με, uÿ = B— Bp A8. 
Therefore, to find γι wë need to find B, B'; z and h; tinh is equivalent to 
saying that we need to find the six unknown quantities a, ο, 0, >, e, h. ’ Before 
pointing out how this may be done in the most general case, I will refer to some 
special forms of soluble quintics. 





(5). 
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` CASE IN WHICH ty Uy — Up tg. 


6, A notable class of solvable quintics is that in which Uy Uy = Uy Us. It 
“includes, as was proved in the “ Principles,” all the Gaussian equations of the : 
fifth degree for the reduction of a*— 1—0, n prime. It includes also other 
equations, of which examples will presently be given. Now, when 一 te， 
the root of the quintic can be found in terms of the coefficients Po, Ps, etc. even 
‘while these coefficients retain their general symbolic forms; in other words, the 
root can be found in terms of ps; με. ete., without definite numerical values being 
assigned to py, ps, etc. This I proceed to show: 

87. By (5), because Uy Uy 一 Us s, &— 0. Thus, one of the six unknown 
quantities is determined, while we have still the six equations (15) to work with. 
It might be sufficient to say, that, from six equations five unknown rational 
quantities can be found. I will recur to this idea; but in a meantime the 


和 
多 . 
. There- 





following line of reasoning may be pursued. Prom (11), A= 
fore equation (12) becomes ' : | . 
gpi=— 20 (P — ὧν) + ὄρ". .. ce CBE, 
Also, because a = 0, equations (7) being kept in view, : 
s gU Pee —g (li — e 2) + 9 (b + ον 2 (P— ge) he v] 
ΘΠ A/S. 
. δᾳ--ο[2({δ--- ez) — g d E chez (P — pe) 
id B'e? = e (2 (I — ez) + ο] + Whe (0 — pe); 
= a [c [2 (P — gi 31 十 2ches (P — pz)] 


NT [el 2 (15 --- e) 4-g?]H- 2khe(0* — q*2)] + s. — (11) 
Substitute in the τ... οἳ μι (15) the value of B that has been obtained. 
"Then gps = — Ak (2 (f? — ez) — φῦ [er ο ee: (18) 
The values of B" and B" are E 
B'e = 0| M + 2e(I — &a)| — pN = εφ), } (19) 
B"eg? = 0N — &{M— 2e(l? — &z)} = 0; 
where M — à+ c. D ἘΦ 4hez, which may be written M= 4kcz — P, " (20) 
and | N-— 2(P* + ο) — g*— Alto, which may be written N= P — 4ke. 
- The two equations (19) give us | 
0 (M? — zN?'— 4e (IP — zy) = eg (M — 2e (Ie — oa) } 
Q (M? — N? — 42 (P — egy = epN. 
0 _ -- 2e(k?— οἳ F2). 
ΡΝ Ν 


(21) 





Therefore 
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f 9 + gz ui 
更 十 gz 十 
the last two of equations (15), . | | 
K-péi—g _ {M(B cr) + N+ 2N (IE. — 2) — 02). (22) 
2kez κ { M— 2¢(k?— οὐα)ὶ-}- Nz 2N2 (LM — 2e(? — ez) i 
. The coefficients p,, ps, etc, in the equation F{x)—0, being given, gand & are ' 
known by (6) and (10). Therefore, by (16), eis known. Then (22) will be 
found to be a quadratic equation determinative of c. For, keeping in view the 
value of P in (20), (22) may be written 


Equatitig’ the value ο ; obtained from (21) with that derived from 





E ὅσ- _. {AGP δα) HP — &hPe —16k(E — eae) 
s 2k 2 — Me eF 16h Pz — P} o F 8ko P —4(k— oz) P(ce) 
Because g, k, @z and P are known, this equation is of the form, 
| H(ce) = Ke + 4, 


where H, K, L, are known. Therefore, since = da 一 e, 
C(H?+ KR?) + 2KLo + (P— H*e2) =0; 
from which ¢ is known. Therefore, since οἷα is known, -g is known. Therefore 
. e is known. Therefore, by: (21), θ and @ are known. Therefore, by (18) or 
either of the equations (9), his known. Therefore, by (17), uj is known. In 
like manner, ui, u$, uf, are known. Hence finally, by (3), 7, is known. - . | 
$8. Example First. I will now give some numerical verifications of the 
: adi The Gaussian equation of the fifth. degree. for the reduction of . 
E "—1=0, when, deprived of n seeond term, is - 
22 11 X 42 11x89 
d EE "e 
When a root of this ilm is expressed as in (1), the value of ns as given by 
Lagrange, is i : 


11 
| ul = gel 89 — 25/5 +5 (19— 95) (— 5— 25): 
which, reduced to the form that we have adopted, is 
EE 89 ,/5XAN} v uu ἡ j 
= Tee 89 + 25 X i ΝΗ τ ο να 
; where hh d ο he a5 and june We have to ο 
8 x41 x (5)’ 89° 


_ that this is the result to which the η of the preceding section lead. The 
_ simplest way will be to find g, X and οὖς by means of (6), (10) and (16), and 
then to take the values of e and 4/z given ‘above, and to substitute them in . 
equation (22). If the theory is sound, the equation ought in this way to be 
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satisfied. When this equation has been satisfiéd, it will be unnecessary to pursue 





à . . 22 | 1. 
the verification farther. Because p,— πο and ps 一 一 ae , g= E and 
hg: From (18); taken in connection with (21), che must be negative. 

. Therefore 
E c tpm - e 
—  4X95xAH ο B ^ 16x89 ιδ) 
> “ie of a pe 
— du -mE 
| 2716 ^ 1224 4080 
ERETI 5) NE xi 23] e ο. 25 
"These values reduce equation (22) to the identity 
. 89 89 ( 41(4080»-- 5 x 1224) — 89 (2448 x 4080) 
41 41 | 80(4080°+5 x 1224) — 206 (2448 x 4080) 


89. Example Second. The example that has been given is one in. which the 

auxiliary biquadratic is irreducible. I will now take an example, 
E αὖ + 1025-— 802? + 1452 — 480 —0, "Mg (23) 
_ in which the auxiliary biquadratic has a sub-auxiliary quadratic. . . When the 
‘root of the equation (23) is put in the form (1), 

m= (1-2), ue (1—A/ 2), = (+ Va), w= (1—4/ 2)(1—4/ 2) 
the produet of the roots (14-4 2j. (1—4/ 2), being —1. Putting B for απ 
and λ for 28562, T 











g=— 1, k=4, — eL I? + 08 二 25, do ΠΕ, hoa 
Pad gos, ya NÉE, | 
M — «(8 — d RM E 
These values cause (22) to become | ts 
13 Af(482—518-+ 14 x 338) + (514— 489) + 28 (512 — A8B482 ιβ. 14 x 388) -- 
712 ~ BÍ(482 — 618-14 x 338) + (614 — 488] + 24 (514 — 488 (481— 5182-14 x 388)" 


This may 'be written. E = Fears ο. ‘In order that this equation may subsist, 
it is necessary that 


| | ^H /B— 9A z 
- H(138 一 im 2K (128 — 132); or ra τ) τ Ter. 
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But H=( 80852} $ rE 6537045904 + 7358551524 — 13895597428; 





— K= (80852)(85782) = = 6935646264; = 14268 ; pr — 14293; 

and 6947798714 X 14268 — = 6935646264 x 14993 = 99137192051352: 

B $10. VETE Third. I will finally take an example, | 
| . 中 十 2008 十 3057 + 80n-+10=0, . (94). 
_in which the roots of the ayxiliary biquadratic are all rational: By (6) and (10) 

and (16), g=—2, k=—1,¢sz=0. Therefore the denominator of the 


expression on the left of. (22) is zero, while-the numerator is not zero. There- 
fore the denominator of the expression on the right of (22) is zero. -Or, 


—g 6 十 Al? gi — 8ek*-F 4eg? —0. Therefore e — — e Therefore g= (5) 
andc=0. Hence M=— 10, N—10; and, if 
D= M*— gN* — 4é (I? — ea, 


εν. e TN ee 4 _ 25: s πμ... 
D= — 1046. Therefore, by (21), 8 一 5; 9 = 15233: Qa-——u 
Therefore, by (9), 2 Therefore, using tke symbols, B, B', as in $3, 
. TE] P=, s=h(2+v2)=81, 5 — h (a — Ve) = 36. | 
Therefore 由 二 一 7 十 9 二 3， Š = — 1—9 = — 16, ú = 2—6 =— 4; 


u =24+6=8. Hence, by (3), | 
r= À — 95η- οἳ. — 2$; 
` which is the solution of the equation (24). , A ο ue «ϱ . 
511. It was pointed out in §7 that, in the case we are considering, there are 
six equations and five unknown quantities. All the unknown quantities may be 
eliminated, and an equation p'= 0 obtained; where y’ is a rational function 
of the coefficients P, pz, ete. This élinidation has been performed, under the 
direction of the author of the paper, by Mr. Warren Reid of Toronto, with the . 
following result. Putting P, as in $7 , for 2(# + c "e — 9 let : 
A = — 26 ag 88 (+ d 2) — 8g! }, 
B=g 11164202 + 4( + Pay — 5g? (+ ὅε) + gt]. 
D — — 4(P — &2){— g + 89 (IP -- ez) — 2( — ey, 
A= — 8h z [32kg (IP — ο) — Pi psg? + 8h(k? — e 2) — 4kg? |] 
Έιτς ( pig? + 8k(— cz) — 4kg} [— 32/8 824-g? ( 4( + ce) — g? | ] +6 44e P (I— eg), 
D, — 16h eg (4 (I? -- da) — g^] +4P (P — ez) p g^ + 8k (PF — ez) — Abg? ).. 


v 
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- Then, since 100-- ΟΝ and 20k=—p,, and 2065 = pag — bg? 十 20%, the 
quantities A, B, D, Άι, Bi, D, are known rational functions of p, ps, ete. And 
(B -+ D'AÏ— Dir) — (B + DYa— De 5) 
4{ AB(Bi + Di) — A,B, (B+ D] {AB Ai Die 2) — A,B, (A2— - Dice) }=0. (25) 
§12. To verity this result, the Gaussian equation in §8 may be used. Here 














a= 1! ce 112 x19 12x83 
-- Fx 58 )=- AXE . - . 
B= (gts 114 4 Exe xi: 9x385x1 ΠΝ. 9x11 
mx t x5? , | 8x5? À BRJT 4x5" 
. APX31/ ,oe, TX27X1I  3P]x11 _ 38x81 x 11° 
PT à ( ban 8... 8 )= 4 x 51 
118 - 11°, zs Ue | 
A= τ T QE CT. g . 
v IT 11* x 109 
m B58 C 5+ 44X 41— 19 X 81] = p IIT τ 
= pi (88x1r een 11' x 26 
= 1— C 4x5 2x5 5 8x55 .. BT 
9 x 11? x 41 11! x 11029 
- Therefore B+ D= XD ; B+ D = See 
co ues 20 9x 11% 89 | 115 x 40139 
i A Peg — 3x55. Hi— Dide = —— "impos 
By the substitution of these values, equation (25) becomes 
1 56 8: x 
gus us [6205333 — 2886277 x 13600357} = 
t 1156 x-8 
gis, gi (39254397600889 —89254397600889) = 


- 818. As an additional verification, the equation 
MES αὖ + 1025 — 802? + 145x — 480 = 0. 
may be taken. Here, by 89, g— — 1, k—4, P— 317, P+ 802—926. 


Therefore 
A-——295x8x7x29, B=—2x5X17x29, EE E N 
A, — — 2x8! x141, By= 2x 3x 17 x 2398, D,— —Z x 3x 13x19. 


BP+D=?x 29°X 14281, Bi + D = 2x 8 x5 X 338016989, 
^ A Deg=o, Aj— Dicis 9 x9 x 5x XI X 277. 
By the substitution of these values, equation (25) becomes 
PX 3°X5X7X17 x 29'| 277 x 1428 1° 
4 BX TX 338016989 一 2X 3 x 141 X 2893 x 14281] = 
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$14. In this case, by (6) and (19), g =0, and k= 0. Therefore, by (11) ^ 
he(0* — q?2) | ~~ 
并 一 一 一 一. Therefore, hy (12), 
tr) + 1505. "AE (26) 
' Also, by 83, B= d {— age + ETE Therefore, by (13), - 


.ps 二 一 oe (P -- | + 44ασα. ` ` (27) 


Hence the quintic becomes. 


P(e) = ΣΝ ee CE ‘Shas 





c φ᾽ η | = 0.-(28) 


The criterion of solvability of a trinomial um of the kind: under consider- 
ation is therefore that the coefficients », and χε be related in the manner indi- . 
cated in the form (28) ; while at the same time the last four of equations (15), 
modified by putting g=k=0, subsist between the rational quantities a, ο, e, 
A, 0, @. ο, „these AN the three following equations may be deduced, 


v being put for ^ = 


& 








8ev? — dav’ -Fa(3— 4e)e — = 2 po : 2 
2p, Όρο __ | | | 
d + im = 2502, 


| (29) 
40 (ee + eo — Be") = (— 3e + που | | 


The first of these equations is obtained from a comparison of the two equations 
(9); the second is obtained by putting ps and ps respectively equal to the values 
they have in (28); and the third is obtained by putting p, equal to the coeffi- 
cient of the first power of, in (28). 

§15. If anv rational values of e and v can be found SaDa the first of 
equations (29), let such values be taken. Then, from the second and third of 
(29), dà? and ac can be found. Therefore a and c are known. Therefore, by 
(21), 0 and. ¢ are known. Therefore, by (9), A is known. In this way all the 
elements for the solution of the. quintic are obtained. | 

$16. For. example, the three equations (29) are satisfied by the Sad 


1 5 26 4 | 45 x 25 
e= oy, 49-0 πι AE, .. “ 0=0, $9 二 一 产 Aa eX”, 
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When these velues are substituted in (28), the quintic becomes 
M Β ο 


Then the ΠΝ of ub, ub, u$, uf, πας from the expression for εὖ in §3, are 





+ 3750 — 0. 


a= Dia VC )+ e) 
| =) —1 -/G)= Art yt, 
we a RC τν a Jp 
Tana Ve E 3 


Ug. Ug = — 1.52887 — 2.25035 + 2.48418 — 3.65639 = 
— 4.95148. | | 


WHEN ANY RELATION Is ASSUMED BETWEEN THE SIX. UNKNOWN QUANTITIES. 


$17. In the case in which ww, was taken equal to uuz, a relation was in 
fact assumed oetwixt the six unknown quantities a, ο, e, ἦν, 0, @; for, as we saw, 
to put uw, = wu is tantamount to putting α-- 0. Hence, as was noticed in S7, 
we had only five unknown quantities to be found from six equations. Now, 
: when any relation whatever is assumed betwixt the six unknown quantities, the 
root of the ouintic can be found in terms of the given coefficients p,, ρε. etc., 
without any definite numerical values being assigned to the coefficients, because 
six rational quantities can always be found from seven equations. | 


THE GENERAL CASE. 


818. We have hitherto been dealing with solvable quintics, assumed to be 
subject to some condition additional to what is involved in their solvability. 
We have now to consider how the general case is to be dealt with. That is to 
‘say, we here make no supposition regarding the equation of the fifth degree 
F(x) —0 except that it wants the second term and is solvable algebraically. In 
this case it is impossible to find the roots in terms of the coefficients γρ, χι, etc., 
while these coefficients retain their general symbolic forms. But the equations 
in $3 enable us to find the roots when the coefficients receive any definite 
numerical values that render the equation solvable. For, we have the .six 


equations (15) to determine the six unknown quantities a, c, e, h, 0, @; and we 
Vou. VI. 
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can eliminate five of the unknown quantities, and obtain an equation involving 
only one unknown quantity. The unknown quantity appearing in this equation 
' has a rational value; but there are known methods of finding the rational roots 
of any algebraical equation with definite numerical coefficients. Therefore the 
unknown quantity. can be found. In this way all the six unknown quantities 
α, ο, ο, h, 0, 6; can be found. Hence the roots of the quintic can bé found. 

$19. Note—From my friend, Mr. J. C. Glashan, of Ottawa, who read in 
manuscript the paper on the * Principles of the Solution of Equations of the Higher 
Degrees,” but did-not see the present paper on the ‘Resolution of Solvable Equa- 
tions of the Fifth Degree,” I learn that, setting out from propositions demonstrated 
in the “Principles,” he has arrived at important conclusions in the theory of: 
Quintics, which will be made public without delay; but he has not communi- 
cated to me either his.method or the results he has obtained. 


On Certain Possible Abbreviations in the Computation 
of the Long-Period Inequalities of the Moon’s 
Motion due to the Direct Action of 
the Planets. 


+ Bx G. W. Hi. 


Hansen has characterized the calculation of the coefficients -of these 
inequalities as extremely difficult. However, it seems to me that, if the shortest 
methods are followed, there is no ground for such an assertion. The work may 
“be divided into two portions, independent of each other. In one the object ; 
is to develop, in periodic . series, certain functions of the moon’s coordinates, 
which in number do not exceed five. This portion is the same whatever planet 
may be considered to act, and hence my be done once for. all. In the other 
portion we seek the coefficients of certain terms in the periodic development of 

- certain functions, five also in number, which involve the coordinates of the earth 
and planet only. And this part of the work is very similar to that in which the 
perturbations of the earth by the planet in question are the things sought.’ And 
as the multiples of the mean motions of these two bodies, which enter into the 
expression of the argument of the inequalities under. consideration, are neces- 
sarily quite large, approximative values of the coefficients may be obtained by 
semi-convergent series similar to. the well-known. theorem of ‘Stirling. This 
matter was first elaborated by Cauchy,* but, in the method as left by him, we. 
are directed to compute special values of the successive derivatives of the 
functions to be developed. Now it unfortunately happens that these functions 
are enormously complicated by successive differentiation, so that it is almost 
impossible to write at length their second derivatives. Manifestly then it would 


* Mémoire sur les approximations des fonstions de ‘tres-grands nombres; and Rapport sur un Mémoire 
' de M. Le Verrier, qui a pour objet la.détermination d'une grande inégalité du moyen mouvement de la 
planète Pallas : ΑΕ Rendus de l'Académie des Sciences de Paris, Tom. XX,’ ‘pp. 691-726, 767-786, 
825-847. 
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be a great saving of labor to substizute for the computation of special. values of. 
these derivatives a computation o? a certain namber of special values of the 
original function, distributed in sucha way that the maximum advantage may 
be obtained. This modification hes given rise 70 an elegant piece of analysis. 
It will be noticed. thet, in “his method, it is necessary to substitute in the - 
formulæ, from the outset, the numerical values of tae »lements'of the orbits of 
the earth and planet. There seems to be no okjectior to this on the practical 
: side, as, for the computation of the inequalities sought, no partial derivatives of ` 
E, with respect to these elements, are required. τ 


I. 


If the masses of the moen, e&rth and: the planet considered are denoted 
severally by m, M and m", acd tbe geocentric rectangular coordinates of the 
moon by æ, y, and z, the similar ccordinates of she sur by v, y and 7, and the | 
heliocentric coordinates of the planat by a”, y" and z', the perturbative function, 
for the direct action of zhe planet oa the moon, E 


Ban — ο το ΟΥ Ι 
| [eta HUF Y — y+ (all - af — αγ]; (Fef ψ'--ψγ-- CFAE 





But, by a slight substitution in amd ynodification of this expression, we take - 


‘account of the lunar perturbetions of the solar cocrd nates. Let X, Y and Z 
denote the coordinates cf the sun rsferred to the centre of αλά of the earth 
..and moon, we shall ee have 


dak + He "n ES xis" 


And A may denote the distance of the planet from che centre of SALE of the 
earth and moon, so that - 
. | N= (a + XŸ+ (y - YP+ ('- ZY, 
also » the radius vector 5f the moor, so that  . 
" PI -y42; 
moreover, for n put 
H(t Tet Yt Voy + (+2). 











i Then R takes the form 

E 1 | B argen 
M Y. M? a 

M za TU. jT Es er 








μή 





[#2 ᾽ EF ar +") | 


+; 


~ M 
~ σος 
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But it is evident that this expression, differentiated with respect to the 
variables ὦ, y and z, will not furnish differential coefficients identical in value 
with those the expression gives before the transformation, as a’, y and 7 have 


"now been made to-involve w, y and z. But a little ‘consideration shows the 


modification which will remedy this. It is plain we ought to multiply the first 


term by HE", and, multiplying the last term by — = 





; substitute unity : 


1 
for the numerator and reduce the exponent of the denominator from 3 a 3 to Σ᾽ 
Thus the proper form of Ri is. i i 
Mpm . : τν ; : 








=m" 
x πι oer 
- [4 Née T fa” | 
im à 1. 
" [a+ P+] i 


"When this expression is expanded i in a series ως according to ascending 
powers of the lunar.coordinates, and the terms independent of the latter omitted, | 
we gei | 














4.8 P 2 9.1 7 E 
— m! parum πας Fe 
Hem 12 4.1.9. 2 B 
p Mam 6.5.4 Pp 8 4.8.2 Pr 
(Mf m? L2.4.6 471 3.4.6 F] 
+ Mitm 8.7.6.5 Pt 4 ines a TET EESE r 
Om} L2-4.6.8 P 12468 4 9 24.6.8 =| 
μμ et a en Pepa ο at et concen ar Sere συν. 


The terms of this series follow a quite evident law, and it is easy to write as 
many as there may be occasion for. But, hitherto, no sensible inequalities 
have been found arising from the terms beyond the first line. ae line furnishes 


all the inequalities which are not factored by the small ratio — —, whose value is 


about d * And the niong two és of terms can add to the coefficients of. 


a? 
these only pU which have the very small factor = —g- For these reasons we can 
restrict ourselves to the first line of terms, and ini very simply 


8 δ, 1 α 
τα m F] 
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Restoring the equivalent of P, 


-o {r8 (XP 1 1 3 (+ S ide 
B=m | 2 3 一 519 [5 : a aly 


up e. Dao Da 
| πο, s}. 








This expression has the advantage of exhibiting the value of E as a sum of 
terms of which each is the product of two factors, one of which depends solely ` 
on the coordinates of the moon and the other is independent of them. 
. Jf we denote the factors of αὖ, y and # in R yeu by. À, B and C, 
we shall have the relation .A LB + C=0. 
` Hence it is plain that the number of terms ean be reduced from Six to five. As 
we shall take the ecliptic for the plane of αγ, we will have Z—0. Wecan ` 
then write | i 


ger 3 λα ΔΡ 
seu [;— τι (0—32) +4 wit ᾽ τ = : (y? = ' 
ο -- "E | 











IL 


Ei 


We will now express the five factors of ‘the terms of: R, viz. P — 982, 
— 9^, xy, wz, and yz, as functions of ¢, the time, when elliptic values are 
ere to.the coordinates, leaving, however, the longitudes of the perigee and 
‘node indeterminate, so that the latter may have their motions: ‘proportional to t.. 
Using Delaunay’s notation, and, in addition, putting v for the true anomaly, ^ 
_ we have x= r cos (v + g) cosh — (1— 25?) v sin (v + g) sin-h, 
y = r cos (v + g) sin A + (1— 25?) r sin GE cosh, 
a= y VI pr sin (v + 9); : 
or, in a slightly different form, 
w= (1— 3?)r cos (v + g+ + r cos (v + m 
y — (1— η sin (v + g +h) — γὂν εἴη (v 十 9 一男 ， 
z= Wy /1— y r sin (v + 9. 
From these equations we derive: 
2 一 9 (1—7) [1— cos 2(» + g)]. | 
2? — 82 == [1— 65? + 6y^] e? + 67? (1 — γ᾽ cos 2(» + g); 
g? — sf = (1— yy? cos 2 (v + g + h) E y? cos 2 (v + g — A) + 25^ (1— γη” cos 2h, 


de. 


w 
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各 = (1— ysin 2 (v +g+h)—; y^r'sin 2 (0 + g—h)+ 2 (i—y 2) 93 sin 25, 
y (1— rye sin (2v + 2g 十 h) ἠ- γ3(1 — 5?) 5s? sin (w 十 29 一 h) 

— y (1— 27°)(1— y*) #7" sin h, 

ws yi = — mes yn? cos (2v T 2g + i) + 95 (1 — y? Yi? cos (20.4 29g — ὃ) 

i ^Ty(1—29)1—5 cosh. 
It is then ias that the development of ‘these five factors depends on that 
of the quantities 7°, ?? cos 2v and r* sin 2v.. Denoting the eccentric anomaly by 

u, we have ΄ ? EE 


ug e cos u}, 


T cos 2o 一 Žao 2e cos u + (1— 19) oo cos 2u, 


. À in do = A/1— (sin ae 

The constant TAM of these. functions, in their development in periodic series 
involving multiples of the mean anomaly, are the same as the constant terms of 
the right members of the last equations after they Was been - multiplied by 
1—ecosu. That is, these terms are severally 1-- — d, TT and 0. To obtain 
the remaining coefficients, we put s = ε"ν-1 and z = E ; and recall the theorem’ 
that the coefficients of αἰ, in the development of any function S according to 

powers of z, is the same.as that of s' in the development of 


s d$ f(-i 
: 4 ds i 
according to powers of s. Moreover, adopting Hansen's notation for the 
Besselian function, we put . ar) = X,.J(P s 
80 that, for positive yates of 4, we have 
2 





À À 
= 7 ý 
| Js ue idi T ICED 一 
and, for negative E - ouem UT ^ 
These functions satisfy the following equation, 
| | i | iJ = A (JE Γιά 9). : 
DURO Jin JO — FEF, 


Jé*»- Re —J$, 


. and, by writing à — 1 for à in the of TUM and 7+ 1 for ἡ in the second, 
J- = pel Jt — JP, 


”Jty oe Ie 
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Consequently J$-9— Jeera — LG. —1) JS —(i +1) x 


" The coefficient-of 2 in the expansion of Ὃν being equal io that of sin 


ο ο. 


is ΄ 一 了 [总 一 ED LE JE], 
which, by means of the relations Hees the J functions just given, reduces to 
2" t i 
| "$9 te 
Hence we have yx s idee po" "e | 
. a 9 5 - E + "a 
i=l 
This result may also be obtained from the equation 
da 一 2 = 2 
| aa 


In like manner we. get 


" cos 2p = $4 e GC DC: σης Ji?) —e ο ως. il, 
= Ἔν F ` 


©. sin w= /1—2 3 E: Es pe e (ος + Ji?) | sin il. 
Y + + JA - 
im] E 
Consequently, is we put | - 
H® = = [ (cos £ — ka OIE e cos? — : ed 


+ e sin? + 5 Jer no Ps 4?) 2] 
2 


te 


- where sin p= = e, and we agree Hs 
H= 2, 


we shall have, œ Gengung any mitay angie, . 


bo : 


95 cos (a iw αἱ H® cos keer); 


dm 00 
À = 4 oo 
sin (a + 2v) = «ὁ Hsin (a + 1). 


We can now write the expansions of the five factors of the terms of R 
which depend solely on the moon’s Coordinate: 
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— 82 


ue --α--9γ + 6y/)2. FIL cos 
. Ti? (1—y7*)>.H cos (29 + 37), 
ση P gynpm 8 cos (2h +29 + il) 
yay) SJ © cos (2h + 41} 
+ 2 Ax: Βοος (—2h + 29+ il), 
Aa SPs. Hsin (24 + 2g + it) 
pape y). sin (2h + il) 
— 1442. Hsin (— 2h + 2g + il), 
3 x 3 " am à ; 
Ta 3Y0—»)?Z.HÓsn κ. 


τ yi— ΡΣ. a Ji sin (h+ al) . 
+ ΣΥ *(1— 7} 5. Hsin ΠΟΙ 
8 3 g » EX 
* a= — g Y (1— y) Z. Ἡ cos (h + 2g + il) 
— 3y(1—25)1— ÈS + Ja cos (h+ il) 
+ Sp ο ον (ts i+ 2g + il). 
The summation must be extended. to all integral values pue and negative, 
zero included, for 4. When 4 — 0 we must suppose that -ᾱ- xd 7 
1 8 
vire 
It wil be perceived that the three first terms of R furnish inequalities : 
whose arguments do not involve the longitude of the moon's node or involve it 
inan even multiple. 'The two remaining terms furnish inequalities having an 
odd multiple of this longitude in their arguments. And it is evident that these 
statements remain true even when the solar perturbations of the lunar coordi- 
nates are taken into consideration. Hence, in deriving any particular inequality, 
we never have ‘to consider more than three out of the five terms of R. . When 


we propose to neglect the solar perturbations, it can be seen at a glance what 


terms of the expressions above ought to be retained. Thus, in the case of . 
Vor. VI. | | 


takes the value 


` 
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Hansen’s inequality of 273 years, the ne involving only 1 without either: 
h or g, it is plain that the first term of —— τ can alone furnish it; and, conse- 
‘quently, we may put, very simply, 

| R= — mie (1 yay 7 8 =] cos 1. 

And the whole difficulty is reduced to finding, i in the developinent of 


1 E 
| Vr CA 
the terms . A cos (187" — 162’) + A sin (181 — 16/7). $ 
III. 


We pass now to the consideration of the developmeni, in periodic series, of | 
the factors of the terms of which depend on the coordinates of the earth and 
planet. Let it be required to discover the coefficient C; ν of dat in the develop- 


ment of any periodic function of the eccentric anomalies w and w of two planets, - 
in the case where ἡ is quite large. We shall suppose that the function has A 
for a factor. Itis known that | l 
1 x 1 

qd = NL — 2a cos (υ-- Q) +0] * [1 — 28 cos(u + Q) +R", 
where N, it, Ὦ and Q are functions of w or J’ only, and x and Ὦ are always less 
than unity. Substituting the imaginary exponential s = #1, and, to abbre- 
viate, putting’ k= Wem, ke, 

this equation becomes 


= l-a€(- DG a 5) ᾱ- = Why 


Rendering evident the factor (1: — i) , we can then suppose that the function 


: (1 一 +) FG : 


The coefficient of αὖ in the τ. Ἢ this is equivalent to 


. Qa pf rte Oi — 4 (s+ 2] (£y Fo du. 
| Let us put -- f= Son ks =)] F(s) 


men ΠΠ. E M se f(s) du. 


Since the Mi term of a series of integral powers of & variable is not 


- to be developed i is 
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changed by substituting for the latter a constant multiple of it, in the expression 
for C, we can write ks for s. Thus . 


kt ne n 
| GÀ s a Hed Ν | 
` The difficulty here that the factor (1— s)” becomes infinite at the limits of the 
. definite integral, is only apparent. For the multiple of s instead of ks may be 
ps, in which the modulus of p is less than that of % by a very small quantity. In 
this case we get a tangible result, which is seen to have, as its limit, when p is 
made to approach & indefinitely, the value which will be presently given. 
We now assume that it is possible to expand /(ks) in an infinite series 
proceeding according to positive integral powers of w* Let 
ds au+œu+.. .=È.quw. 
| (一 J: EL (ge git ygu du. 
-The definite integral A 
2π CALS 
is a function of n and i: ` with Cauchy we will denote it by [n];,. Then by taking 
the derivative of the quantity, under the integral sign, j times with respect to ὁ, 


reget ο ο (VID [ne 
Whence we B the symbolic expression for C,, 
= E (le). [n].. 
D, — “ED Lasers : 
A heré denoting the characteristic of finite differences with respect to the 
variable 4 4, and not the distance Petween the two Planets. Let 


: Then 


MEC Im girl "du 


But we have 





~D; — 4 — 
v= 行 7 then ε- 1 τ. 


Making these substitutions, we have $^ Dés 
| C, k f(k — ky). [n]. 
By successive integrations by parts, making the integration SUE bear on: 
the first factor, we find the value of the definite integral, 
1 
E 


dy = [n], = MOTD REED, 


* This, is the assumption wl which leads to the semi-convergent series representing the value of Ci. 
Its allowableness is shown by the fact of the relative smallness of the definite integral which ought to 
be added to complete the truncated series, when iis tolerably large and the number of terms taken 
into account is not too great. As Cauchy has treated this point at length, in his memoir first mentioned 
above, I haye thought it unnecessary to say more about it here. 
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: When the Kna E (le — ky) is developed in ascending powers « of Vs the i d 
term.of C, will be iM to 


v^ [oem qr I Av gs 
And, developing the last expression for C,, and employing accents, a-tached to f, 
to denote differentiation of the form of f, we have 


ο... 
— pig EP" Oy — 3]. +. ep 


This may also be written 

C= Kk [x], P" 一 oo 
| tz zd "P ep cm 

pa d oan P ks I E RET 








We may employ the T function to express [πι]ι, and then: 


Ed lG+n) 





Pin) PGF) 
In practice, n will have some one of the following series of values, 
Dp PART ap : d 
gom a : 


‘and itis well known that Ἢ | 
r OE uc Va T (3) 2 vm, τ (5) = Eva, etc. 
. When ἡ 15 α tolerably large integer, we may use the semi-convergent series 
| log F9) = Lg Ίος x) (iEn 3) log (¿+n —1) 
ar SRE Di 2 Ha $4 Prag. 5.6 Mx 还 | i 
log (+1) =- log (22) + (i+ 4) log à mE 


B, B 1 , es 
+H) ντ τπτ 65 一 


where M is the modulus of common logarithms, and B,, Bs, etc. are the numbers 
of Bernoulli. Thence is derived | 
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έως (i ++) ieee! ' ο 


TFI 1 1 7j 
"nn i meo Le ere 
ΠΣ end 


=(i+ 5) log t +(n—1) log (i+n—1) 








| u 1 qa e = P-LEG--n — itip] 
—M(n 1) 1148 12 iqn—1) ®G+n—1) 
十 1 Hi + nU ER Ea— Pin PRG En 








1260 - P(ta—1)ÿ 


The first term of the last expression for Ο, affords a first approximation to 


its value, correct, so to speak, to cuantities of the order of i Then i 


ze Is f. | 


In like manner, the two terms á im beginning afford an approximation correct 
_ to quantities of the order of T Here we can effect a remarkable reduction ; 


-~ for, on comparing the two m in question with the two first terms of Taylor's 
theorem, we see that, to the same degree of approximation, we may write 


o= lf (yz). 


No more labor is involved in employing this expression than in the preceding, 


IV. 


In this condition Cauchy leaves the subject, but we may go a step farther. ` 
In the cases which come up in practice /(%) is always such a function that 
successive differentiation immensely complicates it; so that it is scarcely possible 
to go beyond /"(k). Hence a great deal of labor is saved, if, instead of 
attempting to calculate /’ (1), f" (k), etc., we substitute the calculation of (A) 
for several values of the argumert &. It is easy to perceive that, in general, all 
the derivatives f" (k), f” (Æ), etc., may be eliminated from the expression for C,. 
For, cutting the series off at the term which contains fen (1) as a factor, we may 
suppose that, to the same degree of approximation, 

"O= k [n] esf 6 — ky) + m PU — By) +. np f 6 — heyy) 

where a, 2,,... €, and Yos Yis ... y, are unknowns io be suitably determined. 
| By developing this expression for C, in powers of t and comparing it with 
the previous expression, we get the following system of simultaneous equations 
` for determining the unknowns ay, αι, .mp Yo, V y 


- 
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ay -- αἳ tty te. +, i ms E 

: —1 8 

Yo 十 CY Bt.. F Mn = ; 
(n—1)(n— 2) 


mp Heat bi Tuy. iy pa 8) 


WM —1 A — 2p—1 
Lo Yo PUT -— ect ay» = PIRA ers 





For the sake of mae we will denote the right-hand members of these ᾿ 


equations as dq, a, ἄχ. x41. The solution of these” equations. is very 
elegant. According to the να of Bezout, the degree of the final equation, 
obtained by elimination, would be = (2p + 2)! But, as we.shall see, the solu- _ 
tion depends on that of an on anda the {p -+ 1)‘ degree, whose roots are the 
values of the several unknowns Yo: Ji. Yp} and there is νά but one 
solution. 

Let us suppose that the vanea of the y ’s, in any porticulan solution, are the . 
roots of the equation - i i 
| roue Samo, 

. 80 that | — (yo t ad ya. Min 
καν ΜΉΝ Ν i 


. sp1 = (— DPF Ya + à à Yp- 
. Hence, y, denoting any one of the y’s, we must have y πο 
y? bay? hy be +0. | 

| Now, in the group of equations to be died multiply the equation, whose 
second member is a, 41, by 1, the one, whose second member i is αρ, by δι, and 
so on until the first equation is multiplied by s, Then, by adding all the 
equations thus obtained, the first member of the ae equation vanishes, and 
we have : Qs 4. + Uy δι T αρ... Set... Fas 541770. à 
By cutting off the first equation and adding to the group the’ equation whose 
second member is 4,45, and writing ay for αρ, € for my, and'so on, we obtain 
τα group which differs from the former only in the second members. Hence we 
. have, from this group, the equation | 

Up 十 0 4.18 + ἄρδα +. .十 Ay 8y41= 0. 
And, in a similar manner, 
Cy 4.3 F 0p 4-251 + Appi F.o + 098,41 = 0, 


Op 4-1 F 02551 F ἄορ. 151 F . . . Jus. 


~ 


Hun: Planetary Perturbations of the Moon. ` “127 .. 


. These p +1 linear equations suffice to determine the values of δι, $...5,4.1, 
the coefficients of the equation of the (p+ 1) degree, which has, as its roots, 
the values of the unknowns y. These values, being obtained and substituted in 
^ the first (p+ 1) equations of the original group, we have a group of (p +1) 
~ linear equations for determining the (p+ 1) unknowns αρ, 7%... αρ. It is plain 
that all possible solutions of the group of equations are obtained by permuting 
2 between themselves the roots of the equation which gives the values of the j/s; 
and, as thus, to each root, corresponds its special value of the as, and the order 
in which the several terms of C, stand, is of no import, it is clear that, practically 
at least, but one solution exists. 

In practice, p never need exceed 2. For p= 0, the solution has already 
been given. For p=1, we have | 
n— ln —2) nl 
本 jte 
(n — 1)(n — 2)(n — 3) (n — 1)(n — 2) n— 1 
GFT Hitni) GT 一 DCT 一 可 m d 


- The solution of these gives 














= n— 3. = (n— 1Yn — 2) 
AT. 和 πο ανα 
Thus the equation which contains the ΠΠ of the y’s is 
po (n—1(n—2) -. 
y ac εν Fin te ΒΓ. js 


Whence the two values of y are 
区 二 其 一 可 
s AE itn—2. 
eu ttn—3 mo } 
and the corresponding values ot ο gare — 
i i—n--1 in 
| w= yt eter). 
In many cases these values will ke Res which, however, does not hinder 
their use, as % is imaginary. 
For p —2, we have’ | 
(n — Dn — 2)n— 8) (n— 1)n— 2) dn 
G-En—iyi4-n— δὲ En) T της. 2) πα. Taco 





' (n— 2\(n— 3)(n — 4) (n — 2)(n — 3) | 
CFn- Ain ifn E t G Fa AGF) a gta, 
i (n — 3)n — 4)(n — 5) (n—3)(n— 4) 





| 
Π.Ο Cerne, gts. 


\ 
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The sclution of these equations gives ' j | 
| 和 一 DO 一 20 一 3) 





iden cus n—8 um (n —2)(a— 8) γης. . 
1 ifn—5) ο "αρπ- plin) (i4- n —3Yy(i --n —4)(4 -4- n —5) 
The κας -which has, for its roots, the values of the y’s,is  . 

(n—2)(n—38). ᾿ (n— 1)(n — 2)(n —3) 


Ps δὲ οσο acp CHEn—a to it n—5) m 


By comparing this with the equation for the case where p — 1, we od see 
What the equation would be for higher values of p. 

As an example, suppose it were required to find the coefficient of z! in the ` 
expansion of 0 [1— 2% cos (u— Q)+ wr. 
: Here the form of /(s) is 


ή 9e (8——- 
GE) té Dee? 
In the first place let two terms in the iul expression for 0, be regarded as 


sufficient, that is, put p — 1. Then 一 18, n = - > and the two values of y are 


/1T. 
—1 
y=. aa / ΞΕ 35 ; 
' 33 : : τ 
and the corresponding value of x is 
— 1 30 /35 


Thus the πω: for C; is 
C, je" ik {1.17865 f (0. με — 0.17865 f (1. 07254181)} 


The error of this is of the order of -y uo while, in case p= 0, which gives ‘the. 


formula : " / 36 7 
4 i a= m i [s IC 37 


- which | Dauchy employed, the error is of the order of 5 = 


In case we make p= 2 and thus have three teris in the. formula for C;, 
ihe roots of the cubic 





9 
3 
yt 53 y ο. 
must be found They are | z = 
= + 0. 00804343, y= 一 0.04617994, Ya = — 0.272208 28. 


The me equations for determining the a’s are 
DT: + n=l, | 
0.0804343 x — 0.46179942, — 2.722083 x, = 0. 2702708, 
0.0084697 x + 0.2132586a + 7.409736 2, = — 0.0772201. 
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The solution of which gives 
a == + 1.8426685, a, == — 0.8408857, ay = — 0.0017828. 
Thus, in this case, we should have 
Q — [5], {1.3426685,/(9.9919566%) — 0.8408857 f(1.04617994h) 
— 0. 0017328 f (1. 2722083%)}. 
The error of this formula is only of the order of rx 
In further illustration of this method, let us-find the value bi? of the coeffi- 
cient of cos 180 in the periodie development of 
^. (1— 2a cos 6+ a?) i 
where a = 0.723332 the ratio of the mean distances of Venus and the earth from 
the sun. Here the form of f(s) is simply 


ϑ-Ξ(ι---γ᾽ 
. Let us take the formula where p= 1. Hg nave 


w=, miol zu 1. 17865 (1— — 0.17865 (1 一 


The value of [= J will be found in the table at the end of this memoir. And, 
on the substitution ‘of the numerical values, we get b," — 0.090880. Delaunay, 
in his memoir,* has 0.090876. 

` In the case where the function to be developed contains the anomalies of two ` 
planets, after the value of C, has been obtained corresponding to 7 points evenly 
distributed on the circumference with reference to the variable 7 or the variable 
v, the value of Ow results by employing the method of mechanical quadratures: 
the formula in the first case being 

C, =. Q7, 


1 1 id P 
and, in the second, C, emp Ο, L gt. 


In the annexed table are given the common logarithms of the function [n];, 
for n as far as n = 地 and for à, as far as ¿= 30. As they have been computed 


. with the ten- figure logarithms of Vega's Thesaurus Logarithmorum, it is to be 
presumed that they are correct, in nearly every case, to half a unit in the last 
. place. 








*Connaissance des Temps, 1869. ' 
Vou. VI. 
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n=+. 
9.6989700 
9.5740313 
9.4948500 
9.4368581 
9.8911006 


9.8553120 
9.3211278 
9.2930986 
9.2682750 


9.2459986 | 


9.225958 


9.203118 
9.1902785 
9.1744842 
9.1597610 


9.1459727 
9.1330077 
9.1207733 
9.1091914 
9.0981960 


9.0877306 
9.0777464 
9.0682010 
9.0590577 
9.0502837 


9.0418506 
9.0337327 
9.0259073 
9.0183542 
9.0110560 


TABLE OF THE VALUES OF Loa [x]. 


| n=. 


0.1760913 
0.2730013 
0.3390481 
0.3911906 
0.4324933 


0.4672554 
0.4972186 
0.5235415 
0.5470286 
0.568 2179 


0.5875231 
0.6052519 


0.6216423. 


0.63688 22 
0.6511227 


0.6644366 
0.6770758 
0.6889750 
0.7002560 
0.7109799 


0.7211996 
0.7309589 
0.7402989 
0.7492537 
0.7578539 


0.7661264 
0.7740954 
0.78173 22 
0.7892062 
0.7963358 


n=. 


0.3979400 
0.6409781 


.0.8170693 
- 0.9553790. 


1.0693154 


1.1662254 
1.2505463 
1.3251799 
1.3921267 
1.4528245 


1.5083418 
1.5594944 
1.6069190 
1.6511227 
1.6925154 


1.7314334 
1.7681562 
1.8029183 
18359186 
18673271 


1.8972903 
1.9259355 
1.953337 
1.9797027 
2.0050085 


2.0293679 
2.0528490 
2.0755129 
2.0974148 
2.1186051 


0.5440680 
0.8562506 


11594920 | 


1.3703454. 
1.5464366 


1.6977043 


1.8303299 : 


1.9484292 
2.0548845 
2,1517945 


2.2407356 
2.3329994 
2.3993107 
2.4706666 
2.5376134 


2.6006651 


: 2.6802508 


2.7167322 
2.7704171 


2.8215696 . 


2.8704181 
2.9171615 
2.9819739 
8.0050085 
3.0464012 


3.0862727 


3.1247310 
3.1618728 
3.1977853 
3.2325484 


nci. 
0.6532125 


1.0925452 
1.4283373 


. 1.7013386 


1.9317875. 


2.1313599 
2.3074511 
2.4650590 
2.6077265 
2.7950602 


2.8580356 
2.9691860 
3.0727266 
3.1696366 
3.2607171 


3.3466317 
8.420 9961 
3.5051026 
3.5785315 
3.6485624 


3.7155182 
3.7796337 
3.8411517 
3.9002732 
3.9571780 


4.012026T- 
4.0649628 
4.1161153 
4.165600 
4.2135252 


Seminvariants and Symmetric Functions, 


Bx Capt. P. A. MacManon, R. A. 


In this paper I consider the binary quantic with derived coefficients `“ 
αμα" + naty + n(n — 1) aga? y? + n(n —1)(n—2) aga + . 
or putting y equal to unity, it may be En symbolizally thus, viz. 
d 
where à, stands for —- 


πο 
(do, αι, d. . «ἵ ud ) 
1— Ox 
dz 


Where it is convenient a, will 5e supposed unity, and sometimes the literal 
coefficients will be taken to be a, ^, ο, d, ... An advantage of discussing the 
equation in this form is that the seminvariant operator 

Oa, + 24,0, + 8450,, Te. 
belonging to the quantie with binomial coefficients (1, αι, a, . .. ἴα, 1)" becomes 
in the present case ὃς, + 410g, FAOn Fo. | 
an operator which, when considered in connection with the equation 

(Lodi dies Yæ, 1) eso 


is such that it reduces all the non-unitary-partition symmetrie functions to zero, 





‘and further reduces a symmetric finction whose partition contains 7 units to a 


similar one containing r —1 units; ο Ris the ee of the partial 
differential equation l Q,, + αι ὃς, F 240, t 

are contained in the tables of symmetric fane ions 2 have been already 
calculated as far as.the twelfth degree and amply verified. 

We thus arrive at the result that every seminvariant of the equation with 
derived coefficients is a non-unitary-partition symmetric function of the roots of 
the equation (1, αι, αμ... ἴα, 1}*—0. This paper is based upon the analogy 
shown to exist between seminvariants and symmetric functions, and it will 
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.appear that it gives us a universal method for forming an asyzygetic series of 
seminvariants of a given weight in a form which discovers the syzygants where 
such exist. D l 

In lieu of considering the correspondence between the two quantics 


a” 
(do, αι, . . rA). (αμ αι. . Xe, 1)" 

we might have discussed in conjunction the quantics with binomial and exponen- 
tial coefficients, viz. (αρ, . . Jæ, 1)* and (a), σι 3i ἄρ, E o T . Io, 1)"; since the 
non-unitary-partition symmetric functions of the equation eae by equating 
‘the latter quantic to zero are seminvariants of the former; hut since the converse 
is not true unless the seminvariants be affected with numerical factors, the 
method here adopted seemed the better one. The notation is settled so as to be 
as nearly as possible in accordance with that of Mr. Hammond (Amer. Jour., 
V, Νο. 8); viz. qo, Ca: Qu Css Qe, . . . are taken to represent the protomorphs or 
primary groundforms, the suffix denoting at once the extent (1. e. rank or weight 
of highest letter) and the weight of the source. 

In Mr. Hammond's paper these are respectively H, C3, Q4, Cs, Qs, -.. 
and refer to the quantic with binomial coefficients; any protomorph expression 
of a seminvariant of the quantic with derived coefficients which involves cs and 
gs may be transformed so as to belong to the quantic (αρ, αι, .. .ἴα, 1)” by 
means of the equations 

Com 4177 (2M)! Cone ει 
(γω = m (2m — 1)! dom 
the simply numerical factor being rejected; so that the present results may be 
ἘΠ identified with those of Mr. Hammond. We find 
qs = 243 — ài, 
05 = 843 — 3a45 + aj, 
qa = 2a, — 28,95 + ài, 
, 05 = bag — 50,04 + dys + 20105 — a, aj, 、 
qs = 2αµ--- 2αιας 十 aye, — ai, 
Jam 一 aom 一 21 lym — + DEN ο... Ἑ(--λας, 
Com 4.1 = (2n + 1) dyn, p1 — (2m + αν + (2m 一 3) dalam —1 
— (2m — 5) Cig dsm —g T -© F αι! 20) Qam 1 — 20509, ο 
ου —(—} a) 
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‘expressions in which the numbers are much lower than in the case of the 
‘binomial quantic; representing the symmetric functions of (1, ay, . . . ἴω, 1)'—0 
by their partitions in ( ), we have 


ds = — (2); w= —(?) 
c= — (8), e, = — (32) 
g= + (7), gs = + (2^) 
ey = + (82), c = + (32°) 


qw = (—)"(2")j Cmpa (—) (82); 
since the partition involved for any weight is the simplest non-unitary one of 
the number representing the weighs, we obtain conclusive evidence that the most 
advantageous baseforms are those of alternately two and three degrees. For 
weight w we have a seminvariant of extent 一 weight corresponding to each 
non-unitary partition of w, and all these are linearly independent; the degree 
of each is given by the highest part in the corresponding partition, or, what 
comes to the same thing, by the number of parts in the conjugate partition ; but 
such a system of linearly independent seminvariants of a given weight is not the 
simplest that can be formed, for by adding to any seminvariant certain numerical 
multiples of the seminvariants of lower degrees a certain number of the terms 
of highest extent can be made to vanish, and we can choose the multipliers so 
that a maximum number shall vanish ; we thus obtain another simple system of 
the same number of forms, and each form of a certain degree in one system will 
produce another of the same degree in the other, viz. there will be a one to one 
correspondence between the two systems. Hence arises a theorem for: the 
number of linearly independent seminvariants of a given degree and weight, 
considered ‘inter alia’; thus for degree-weight (7, w) the number is equal to the 
number of non-unitary partitions of w which contain a part 7 and no part 
a 
Gi). (x) 
which therefore is the generating function for the number of seminvariants in 
question. 
In the case (7, w) — (5, 11) the expanded form is 

τα + ot a? + 229 + 2399 4 Bolle ,, 

showing that the number is.three, which we know to be the case, as they must 
correspond to the partitions 542.53%,52%, But considering the asyzygetic semin- 
variants of degree-weight (5.11) ‘ab alia, we know from Professor Cayley’s 
rule that there are four; and since there are but three when all those of the 


- 





greater than 7; that is, it is the coefficient of ὦ” i 
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weight 11 are considered ‘inter alia,’ it follows that there must be a syzygant of 
degree-weight (5.11); using [ ] to denote degree-weight, we know from Mr. 
Hammond’s late researches that 


(3.4][3. 7] — [2.6][8.5] = [1.0] [4. 11]. 
Syzygants of any degree-weight can therefore be detected in this manner. 

Mr. Durfee (Johns Hopkins University Circulars, Dec. 1882) has shown the 
most advantageous way of arranging the terms of a symmetrie function, viz. 
representing the combinations of coefficients by their partitions, the first half 
(not counting the self-conjugate ones) in ascending order as to number of parts, 
and in dictionary order in each set of so many parts; then the self-conjugate 
partitions; then the conjugates of the first half in inverse order. 

Tt seems natural therefore to arrange the terms of the single-partition 
seminvariants according to the sarae plan; the ending terms then will have 
partitions which are the conjugates of the partitions of the symmetric functions 
to which they respectively correspond, and this will remain so after the asyzy- 
getic-series has been formed; consequently an ending term must have a partition, 
the conjugate cf a non-unitary partition. . 

The literal expressions of the asyzygetic seminvariants up to weight 12 are 
annexed, the first set having reference to the quantic with derived coefficients, 
and the second set referring to the quantic (a, αι. . «ζω, y)"; the terms have 
been arranged as explained above, with the exception of the case weight 11, 
and a very singular symmetry becomes evident, viz. the tables are of exactly 
the same shape when inverted; this shows that to each seminvariant corresponds 
another, the partitions of whose terms.are ihe conjugates of its own ; it follows 
therefore that whenever there is an odd number of asyzygetic seminvariants, 
there must be at least one self-conjugate seminvariant; that is, one containing 
no term without at the same time containing another loge partition is conjugate 
to its own; such forms are shown by the dark vertical lines; the pairs of 
‘conjugate seminvariants are arranged symmetrically about these in the same 
way exactly as the pairs of terms are arranged about the self-conjugate terms; 
the asterisks are placed in those squares which are empty in virtue either (1) 
the ending term denoting the degree of the form, or (2) the leading term denoting 
the extent. The asterisks and blank spaces each enjoy the same symmetry. 

A slightly different arrangement was found preferable in the case of weight 
11; the first half of the terms are altered 80 as to bring those of like extent 
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together, The leading terms are the non-unitary partitions, and the law of 
their correspondence with the ending terms appears to be difficult. With one 
exception the following law holds, viz. the m leading term from the left has 


‘for its ending term the conjugate cf the m™ leading term from the right; the 


exception is in the case of the self-conjugate seminvariants of weight 11, viz. 
an interchange of ending terms occurs between them; if this were not so they 
could not both be self-conjugate. | 

Proceeding to develop the protomorph expressions of these seminvariants 
as far as weight 11, the following scheme shows for each weight: (i) tbe protc- 
morph expressions of the single partition forms, (ii) the partition expressions cf 
the asyzygetic series, (ili) the protomorph expression of the latter; the forms 
are numbered successively i, ii, iii. . 


WEIGHT 2. WEIGHT 8. 











(i) (ii) and (iii) (i) (ii) and (iii) 
qs z C3 
© No. 1. (2) | si | No. 1. (8) | 一 ! 
WEIGHT 4. | 
(i) (ii) . : (iii) 
a Ë `’ (2) (4) | d αι 
No. 1 +1 
No. 2 # | 
WEIGHT 5. 
(ii) (11 
(82) (5) Csd2 Ες 
No.1| --1 i No. 1 f | +1 





No.2] +4 | +1 No. 2 +1 | 
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WEIGHT 6. 
(33 (8) (42) (6) qd οἳ Qd qm 




















Here, for the first time, a syzygant is evident, for No. 2 weight 6 is equal to 
—3(2)—2(8) = — di— A + gg 

the left-hand side of this equation is obviously of degree 3, whereas the right- 
hand side is of degree 6; consequently it must divide out by aj, leaving a 
syzygant of degree 3; this is, “mutatis mutandis,” T in Mr. Hammond's notation, 
a ground-source for the quartic and all higher quantics; it is convenient to write 
it T44 so that the degree, weight and rank will be denoted. 

Νο. 3 weight 6:16 + 6 (2°) —2(3) + 3(42) = G+ &, 
showing that the right-hand side must divide out by a? leaving a ground syzygant 
for the cubic, which, mutatis? mutandis,” is Ages. — 

But since it may also be written 

| 一 Tous + 9d, 

we see that A44 is not a ground-source for the quartic or any higher quantic. 


k ‘WEIGH? T. s 
(i) (ii) : (iii) 


Cs} — als. CsQa Cr 


(6 ds gics Cg? (82) (48) (52) 






































en | - | -ει = 

7. NES 
s ima 
No. 2 weight 7 is — (32?) — (43) = — ques + h, 


showing that «, must- be a factor, leaving Py; à ground-source for the quintic 
and all higher quantics. 





` # This will be understood in future. 


No. 6 


No. 7 








l 
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- WRIGHT 8. : i 
_ (i) 


Css gå αια οἷσι 


Qs 


οφ, 


E 

























































































(422) 
m 
(24) 
(ii) . (iii) 
(21) (853) (492) (4*) (58) (62) (8) gt οἷαι αιαἳ Q οἷο, gfe ds 
44 | | 
el (er d. 
sea eh à 
a dee E NE 
fall) Le 
—12] 一 "UA 3 —2 xr pe 
eum +20 | +10 +4 EE 











No. 2 weight 8 has evidoud a factor a} and is a gai say Kw, a 


ground-source for the sextic and all higher quantics. 


(4. 


"No. 3 weight 8 has a factor aj and is a ground-source, say Lys, deg. ord. 
4) for the quintic, but since it may be expressed i in the form — Ky, + 5969 


it is not a ground-source for the sextic and higher quantics. 


Nos. 5 and 6 reduce: respectively to qa Tz and Ass. The analysis of 


weight 8 therefore is complete. 


Vou. VI. ο) 
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WEIGHT 9. 
'G) 


Co Cle ets Cia 0502 QaCaga CF CsQ3 












+1 | 41° H 


+1 -二 | 一 : 





41] —1 | +2 | 1 





(δὲ) | +1] —1 | —1 | 41 





(522) —1 | : | 44 





(439)| —2 | +1 | —1 
































Gi) ! Gii) 
(823) (83) (482) (522) (54) (63) (72) (8) Cag? οὗ QaCsGa CsUÍ 6ρθι Gels Cid Co 
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No. 2 weight 9 is obviously divisible by αὖ, and is therefore a syzygant 
giving E, a ground-source for the septimic and. all higher quantics. | 

Νο. 3 is, after rejection of the factor αὖ, Sig, a ground-source for the sextic 
and all-higher quantics. 

No. 5 is a ground-source for the quintic Ass, ας being the integrating factor, 
but since it can be written 

26594 — 109,65 + ιδιος, 

it is not so for the sextic and higher quantics. 


Νο. 4 is now seen to be 2¢,9,— As, which is of the right degree. 
No. 6, of degree 6, is ος 75. 
No. 7, of degree 7, is cs Δι. 


WEIGHT 10. 
Zr (i) 
Qio dads πι eds Zg οἳ 61614, Gig. Qe? 9493 cig? g 





































































(10) | . E E 

(89) 4i 

(13) +5 

(64) m NE 

(622) E 

2(52) +5 | 十 

(589) —6 2: 

(422) | —5 AE 

Sin 10 | 410 ΠΕΝ 

(495) 4 
2(8*22) | +415 12 quu Bo M ees 

TONNEN RENTREE 








140 


MacManon: Seminvariants and Symmetrie Functions. 


(ii) 
(25) (8222) (495) (487) (472) (582) (57) (625) (64: (73) (89) (10) 













































































7 
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tw 


(iii) E 
gi οξαξ .q.9$ gac? Gide ὀρθιᾷ C Ged} ed. 0708 dads Qio 






















































































No. 2 weight 10 has a factor aj and is a ground-source deg. ord. 3.4 for 
the octavic and all higher quantics ; say S3,10,8- 

No. 3 has a factor af, leaving a ground-source deg. ord. 4.8 for the septimic, 
but since it may obviously be written 79,9; — S; το) it is not an irreducible form 
for the octavic and higher quantics. | 

Nos. 4 and 5 are not really separate forms; the latter is divisible by e$, 
leaving a ground-source deg. ord. 4.0 for the quintic and all higher quantics. 
No. 6 is simply q Ka. 


No. 7 is equal to gs Ty. ` OS 
No. 8 ít « Qa Lug; E 

No.9 " - Qs Aues， 

No. 10 M 5 q» à Toi 


No.11 “ ‘ Aw, SO that there exist no more ground-sources of 
weight 10. : 
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Warnar 11, 
(1) 


€ii Ορ; 4.6 Cya C19? Gols YeCsds EsQaa 0568 CoG? QC: ιδια οἷα; Cadé 







un | —1 | $1 μα | -H 


(92) | +1 --- | —1 


(38) | +1 | .一 1 | +8 | —1 


























taU +1 i| mj 



































2 (582) 








(525) 








_ 659) 














(4322) 





6 (322) 











+4 us —14 Ti 


(824) | 一 ! 

















- 
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(ii) 
(84) (882) (4335) (4*8) (525) (68) (842) (632) (45) (72*) (74) (88) (89) -(11) 






















































































144 


ΜλοΜληον: Seminvariants and Symmetric Functions. 


(iti) 




































































Cag? οἷσι JaCo? ηἷοι CG} C508 CsQaQr GeCsds dos 0-38 Crge Gala Onde Cas 
No. 1 | + 
ο... on ale en ου 9 
A —2 | —8 | +10 | —6 | à E +1 -u +8 | +4 | 一 6 | +14 | | 
No. 4 p --1 | +1 . | 
Νο. 51 —2 | =æ] +10 | —6 | -1-:| 48 | +1 |--14| —8 | +4 
No. 6 48 .—1 = da +1 
No. 7 十 9 —i —1 -1 
Νο. 8| +1 | +1 | —5 | +4 一 8 十 5 | 
No. 9 --ᾱ | HIH I | 
[5 " 
No.10| +1 | +1 一 5 | —2 | +2 
No. 11 +1 
Νο. 12| —1 | —1 | +8 
No. 18} +1 | +1 
Νο. 14] +1 
L | 





























No. 2 clearly has a factor αὖ, leaving, say Ms 11,9 a ground-source for the nonic 
and all higher quantics; this source is deg. ord. 3.3n — 22 for the ni. 


Νο. 3 is — a$ Ms us 4 (cg — 


qec), and since the expression in ( ) has a 


factor αρ, it is a ground-source for the octavic, say AN, μα, but not so for the nonic 


or any higher quantic; it is deg. ord. 4.10 for the octavie. 


No. 4:18 ¢,q,—9e¢5, the partition expression showing that it must have a 


factor ay; thus, No. 4 = ¢,q,— 


the septimic and all higher quanties ; 


Amer. Jour., Vol. V: No. 1). 


δ; 


9305 = αν P, a ground-source deg. ord. 4.6 for 
which is Mr. Hammond's result (vide 
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Nos. 5, 6 and 7 are not separate forms. No. 7 is obviously divisible by af, 
and being the simplest of the three, we take as the source of the covariant deg. 
ord. 5.3 for the quintic, say Os 1,5- 

Then No. 6 = O; i; + ees. 

No. 5 = 29, Ry, — 3(No. 6), 
and consequently Nos. 5 and 6 are not ground-sources. 
Since, however, we find easily | i 
` 30 = 3950; — 66,9, + 149803 + 292 Rasy — Ni 11,8 
© is seen to be expressible in terms of lower groundforms in the case of the 
octavic ; consequently © is a ground-source for the sextic and septimic as well as 
‘for the quintic, but not for any higher quantic. ` 
| No. 8 is equal to es Hogg. 


Νο. 9 “ "o 8g, Pag — ος Ta. 

No.10 “ eg Lag + 265 Δίῳ + 60165. 
No. 12 “ 6395 Τι. 

No.13 “ "^ Cg Aag, 


which completes the consideration of weight 11. 

In the calculation of single-parütion seminvariants in terms of protomorphs, 
Mr. Hammond's other operators (vide Proceedings London Math. Soc., February, 
1883) may be.uülized; these are included in the formula d, = [A]; where [A] 
stands for the sum of the 4 powers of the roots of the equation 

æ + Dia? + Da? + Dia +... == 0, 
and the law of operation of D on () is from his paper _ 
DL ar J= 0, Des SERT amo DAEL. 

To calculate thus seminvariant (3*2), put 
(99) = a, (24) + as (29(2) + as (82)(3) + αι (22) + ας (2? + as (3) (2) + o (2)*. 
Operating with d, or... Dj — 4DiD,..., we find at once a, = — 4, and the 
lower operators quickly give the other coefficients. 

When performed on the literal expression, 

| = Ca, +a, Da, χὰ + 450, "T + εἰσ. 
and clearly any of these operators when performed on a seminvariant will 
yield seminvariants; the operation of d, alone frequently enables us to determine 
the degree in the protomorphs of any given seminvariant; if @ be any form and 
we find d$ — 0, it shows us that $ consists entirely of even-weight proto- 
morphs, since d4 would not make a term containing a (ο) vanish ; generally if m 
Vou VI. 
8 
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operations of d; reduce a seminvariant to zero, its expression in protomorphs 
can contain no term with more than m — 1 odd-weight protomorphs, and must 
contain a term with that number; if m operations reduce the form to a constant, 
then the term containing most ος contains m of them and no q; operating with 
d, and d} will thus disclose the degree in the protomorphs, which is the end in 
view. 

Putting a, = 0 in any seminvariant we obtain what Professor Sylvester calls 
its residue, and he has explained its semi-invariantive character; in the present 
case the residue is a seminvariant, quá the elements αι, a, Qg, αι... 
that is of the quantic 

ae" + nays T + n(n — jan ?+., 
since then the operator becomes | 
90。 一 A das + Ad +. 
which is of the same character as - 
9, Gy CEPR GA eG 
and differs from it merely in each suffix being increased by unity. 
Putting further αι, ἄχ, dj... &,, .,, each equal to zero, we obtain the m*^ 
residue which is a seminvariant of the quantic 
daa" nda ri Pun, cu Hs 
It follows that if @(a), αι, @...) be a seminvariant, φίαι, αν, ag...) is a residue, 
the latter being obtained from the former by increasing each suffix by unity ; 
the protomorph residues are therefore at once written down, viz. they are 
9a,a,— ab 
δα αἴ — 3a4a50, + αὖ = 
Sac, 一 20,05 + αὖ, ete. 
This simple ‘derivation of the residue groundforms is of some advantage in the 
exhaustive method of groundform deduction initiated by Professor Cayley ; 
considering the residues qué the operator 
0, Gq, F αρ, + 450, ἠ-... 
the residue syzygants will contain some power of αι as a factor; supposing the 
partitions in { } to refer to the semirvariants of the quantic 
ax + na4277 -- n(n — l)a A... 
and 38 to denote the residue of the seminvariant ΝΡ follows it, then 
18 (2»)-- (277); Rsr=—a{w!; 28 (2) — ad, 
and generally BR unv"...)e(—1*[X tum...) 
BR Qut» ...)—i(—1Yar7*[1uts...); 


9 
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consequently, if in the protomorph expression of any seminvariant there be 
either an odd weight or a weight two (g,) protomorph in each term, a, will be a 
factor of the residue; generally if ἡ, ἑ denote respectively the number of odd 
weight and weight two protomorphs in a term, and the least value of à + 2¢ that 
occurs in every term be v, then at is a factor of the residue, and conversely if 
a is a factor of the residue, j + 2¢ raust be at least equal-to v in every term of 
the protomorph expression. 

From the facts above given it will be seen that starting from a seminvariant 
of degree weight (7, w), we can immediately write down the residue of a semin- 
variant of degree-weight (j, w +7); if the former is a member of the weight w 
asyzygetic series, the latter will not necessarily be a member of the weight w+ 7 
series, but, more often than not, will be a linear combination of the members of 
that series; on this principle the ending terms of a weight w series can be derived 
from those of the several series of inferior weight in regular succession. Starting 
from the ending terms of zero weight 

| αρ, αὖ, ab, ad, .. 

by a unit increase of suffixes we derive ending terms aj, aj, aj, . . . of weights 
2, 8, 4...; the ending terms of weight 2 are therefore af, a,a?, aa?,... and 
from these we derive ending terms αὖ, a,a3, aa, .. . of weights 4,5, 6; from 
the ending terms of weight 3, aj, αραῖ, a3aj, ... we derive aj, a,a3, ata’, . . . of 
weights 6, 7,8...; thus the ending terms of weight 4 are af and cj, and of 
weight 5 aj and a,a3, and so forth; we can thus not only derive the ending 
terms of higher weights, but also, to numerical factors prés, the residues of 
certain seminvariants having those ending terms. Ex. gr. 

Suppose we wish to derive the residues of the weight 8 from the semin- 
variants of lower weight; we know that the ending terms of weights 0, 2, 3, 
4, b, 6, 7, are respectively 

(a) (act, aba, aad) al, da, af, eed, dé, αι αἲ, aa); 
whence we derive by a unit increase of suffixes, 


From «aÿ...ai 
C atak... Ga Gy 
o ba... Cae 
g αἲ... & 
" gigi... aĝa? 


4410 .. . Ayah 
2 
az >» 9 αι 
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no other derivation being possible; in fact, if (7, w) be the degree-weight of a 
lower ending term when multiplied by any positive integer including zero power 
of a, then we must have jd w-8; 

the above are the only possible solutions of this equation; so that if we multiply 
a seminvariant of lower weight by such a power of a, that, as regards the ending 
term: jtw=s, 

a unit increase of suffixes will give, to a numerical factor prés, the residue of a’ 
seminvariant of weight 8 and degree 7; if we wish to form the residue of a 
seminvariant of weight w, from a form deg-weight τοι, jj), we multiply the 
latter by απ οι where w,— uw —7, is not less than zero, and then a unit 
increase of suffixes gives, to a numerical factor prés, the required ‘residue of a 
seminvariant of Jegree-weight (w,—~ 25, w); so that the number of forms of 
degree-weight (Jp, w) in the asyzygetic series must be the equal to the number 
of forms of weight w, that it is possible to derive from the weight (w,— Ja) 
asyzygetic series; this is clearly equal to the number of non-unitary partitions 
of 4 —j, which sontain no part greater than j}; this result i$ obviously iden- 
tical with that obtained at the beginning of the paper, viz. that the number is 
equal to the number of non-unitary partitions of w, which contain a part 7, and 
no part greater than 7,. 


Since the operator «ds, + 201 0,, + 8a,0,, +... 
= (doda, + αι Og, + αι Oa, F e η + (aa da, + Gy Oas 十 a3 Oa, Fesa) 
+ (ad, + Ag Oa, F me +... ) -... 
we see. that the seminvariants of the quantic 
(ay dus Og xe (Oh YY, 
can be expressed .n terms of those of the quantics whose type is 


απο F Nampi T + n(n—1)8, ge”? +... 


ASYZYGETIC SEMINVARIANTS. 
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Tables A for Quantics with Binomial Coeficients; tables B for ditto with Derived Coefficients. 


TABLES 1A and 1B. 








TABLE 2A. 
a; | +1 
TABLE 3A. 48,0; | —3 
T $ b 
a | +2 
TABLE 4A, 
TABLE A. 





a [+ | 





à, | +2 
TABLE 2B. 
^ aj | —1 
TABLE 8B. 
a, | +2 
ta; | 一 2 
TABLE 4B. ag | +1 +4 
Aids —4 
af +1 
ds 
dis 
Ώρα, 


TABLE 5B. αἶα. 
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ας dé 

' 04,05 αιας 
(404 ατα, 
ai aj 
aid, aja, 


TABLE 6A. = 019,0; TABLE 6B. αιστᾶ; 


aja; aja, 

ai ai 

αἴαξ a?ai 

aia, aia, 

aj - ai 

ay Le 

αιας NA 

Cols Qs 

G304 ΜΟῚ 

ala; aids 

010504 2,040, 

αιαξ 4,03 

TABLE ΤΑ, αἷα, TABLE 7B. aja, 
aa, aids 
αἴα,ᾶι αἴαναι 

dia aia, 

α:αἳ αιαξ 
αξαξ aja. 

aja, aid. 

αἴ αἴ 
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TABLE 8A. ` TABLE 8B. 
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TABLE ΒΑ. 





Vor. VI. 
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TABLE ΕΒ. 
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TABLE 10A. 


+4 
+82 +48 « H 
—9 +54 —10 


—64 一 60 +4 —3 + | 
440 - +16 +2 --ᾱ +1 | 


ais +20 —12 —1 + 
| aia, +8 ad " E d 3 $ 





αἴαιας +56 +144 +16 +3  —8 # * 
0,0365 —108 —19 +3  —9 8 & 4 
aia? |o | —85 —185 +9 -ᾱ +2 —1 


alas * * +1 te E E 





αἴα;α, H E: --8 # E 


4105030, . |-H80 一 76 --- +i —23 一 6 





aja, +48 一 8 +18 +2 +4 +1 
Ala te ΕἼ 十 1 -- +4 +4 
akada i * +3 一 88 一 8 —3 —8 








atag l | ex +0 +19 
aai : . | —8 —10 
“ata, . 9 x +5 


—1 
[154] 






TABLE 10B. 


+18 +18 


* 





Aitas 
01050304 


31050; 


{1557 
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TABLE 114. 


+100 —100 
一 16 —24 —282 +408 
















0,050505 
αἵακας s E * +112 —288 
aja; 内 +27 +54 —270 
f 0,01 —18 —5 —60 +60 
10,03 +10 +45 +205 —405 
a, aia, —90 +20 
alia, 
aaja, 
40404 
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d,a} | +20 +40 —200 
αἷαῖ 一 ?0 +270 
ajaza, +216 
20,050, ` 一 860 
ataj +160 
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TABLE 11B. 


—144 4-12 +72 
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TaBLE 11B (Continued). 


αρα} +1 +8 —5 | +8 | —9 7 +9 m 





aia? -ῃ 十 9 | +e |+18}]—12 —8 
ataza, = | +6 | 15] -+10 | 一 15 —120 
αἶαναμαι 一 6 | +8 | —16 | +18 +12 

aia} +2 +6 | —18 一 入 

aaa, +6 | +9 | —4 +64 

αιαξαξ | * --ᾱ | —1 | +9 —18 

dits μην —1 --ᾱ 

ajta -+5 十 30 g E 5 

AAAs —1 —6 —14 一 8 +18 k æ 

αἶαξαι ο +3 一 48 +4 十 96 k 

αἶαιαξ +1 +6 39 —12 —63 +135 

ataza, | 10 +19 —80 +08 —96 
a aà +i +2 一 8 +12 —48 —48 
asa, —10 i 
αἶαιαι +10 —42 

aga? -ᾱ +4 +9 一 27 
ataia, --ᾱ +30 —117 +72 
αλαὶ " +1 一 10 十 58 +112 
ala, +6 

a$a505 —6 “+48 —24 
atag +2 —23 —104 
αἷσι —6 +8 
aja? +8 +48 
aia, | —1i 





TABLE 12A. 


0,050505 
αξας 
aja; 


Allil; 






一 880 4-320 
一 200 +8 —64 
+175 一 200 


αιαξᾶς 






01050; 





a, 4,0} 

aids 
adot, 
CAT 
ajaza, 
aidas 


aja; 


aliai 
Ash, 


Q10,03. 


[1601 


ok 


à; 


aae # 
a dia; 
Qiaaas 
αἰαίαι | α 
aja.a,| 3 

αἴας] 3 
αιαῖα, 


A Aaly 
aja, 
atai 

18,04, 

aiaja, 
aja,d, 
alaia, 
aad, 


aa, 





+27 +6 一 162 
—56 + » 6 144 
E * +108 
t fA " 
a E a E # æ 


- +91 —22 —342 +54 

—15 e +445 —15 —360 +54 
—10 +10 +66 —6 

= 45 +80 +486 —180 


—15 —81 +81 

+85 8 + # +1385 -一 87 
° e 180 +108 

E a E —54 


+1 —82 +9 +185 —27 


+20 一 20 —252 +108 
+10 +54 —54 


+80 —64 
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—4 


+2 


--ᾱ 


+2 


+10 





TABLE 198. 





+240] — 
—180 -+225 
200 +100 +200 


+240 一 570 —240 +720 


一 96 +288 +98 一 544 十 88 


= = a e ” # 
= = * E * + 
8. $ EJ y% 
E E E * 
—120 E & * 


—40 +200 s x x +40] 
+100 —50 —100 + 
一 80 +870 —160 —720 * 
一 80 +845 +240 —720 κ 
+40 —245 一 40 +360 * —60 +120 
` 448 一 246 —48 +912 —96 





+8380 s * # * 
一 90 +120 +240 


& 
* 
* 
* 











«© +0 P" 


αἴαιας f # # plié s 5 + * # * * 


aza? i +5  —4 +82 +16 —128 +224 +864 一 96 +32 一 64 +144 
aida «x 十 80 æ * 
10,040. x» +60 —120 «= 








{162} 


^ 


+2 


menm 






* 5 Ei * --Ὁ * + 
e +45 +40 —360 +20 —120 * 
—i4 i" # & —240 —15 +80 +» 


8 de 十 120 —20 +160 s 
d a ih LE LI 处 | -5 --ῃ0 党 
8 t 8 ΕἼ 8 8 * +10 E 


—86 4-978 —192 —1868 4-216 — 8216 +108 





—80  « +90 —120 一 960 +144 —82 +64 —144 
x —15 +60 +182 —12 +108 —54 
& —45 +120 +648 —240 —4 +8 +144 —210| 
8000 —40 —12 +72 —8 +96 —48 +06 
+7» os & +180 —86 +8 —16 +86 
e #8 ° —120 +72 +4 —8 —72 +180 
ao RO —94 +8 —186 +24 —84 
i ES “à "o 08 —1 Ὁ κ. —86 
| o x —2 +64 : +18 
a — κο + 10, s . 
te ΕἼ 8 8 * + * * 8 


--ῃ +81 —405 —81 +81 —81 
+15 一 60 一 258 十 108 —108 +216 
| +20 +36 —86 +4 —48 +86 一 90 


| | +40 一 82 —54 


+9 


+1 一 88 « +86 


TABLE 12B (Continued). 


+4 一 16 +64 一 16 +64 +64 
+6 —48 +24 一 120 —192 

+9 —12 +84 +240 

| | | +2 —26 一 160 
—12 

+1 
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Compound Determinants, 


By C. À. Van Veuzer, University of Wisconsin. 


If a determinant of the order h, say A,, be bordered by p rows and 
columns, thus making a determinant of the order A+ p, then the rows and 
columns forming the border we will call a gnomon of the order p, and the deter- 
minant of the order À + p, obtained by putting on A, a gnomon of the order p, 
we will call a pt gnomonic of A, or a gnomonie of A, of the order h + p, and the 
principal diagonal of the square array at ‘he intersection of the rows and 
columns forming the gnomon we will call the principal diagonal of the gnomon. - 

If from a determinant A, of the order A we strike out p rows and columns 
leaving a’ minor of the order À — p, the rows and columns struck out will be 
called an aphaereton (the part which is taken away) of the order p, and the prin- 
cipal diagonal of the square array at the intersection of the rows and columns 
forming the aphaereton will be called the principal diagonal of the aphaereton. 

It may happen that the very same thing will be designated by the name 
gnomon at one time and aphaereton at another time, but the point of view is 
different in the two cases; thus in Fig. 1, degfbe is a gnomon considered in 
reference to ab as a given determinant, but an aphaereton considered in reference 
to ac as a given determinant. | 

.er 一 





e 





Fig. i. 





9 f c ; 

Now in Fig. 1, suppose ab or A, to contain A, and be to contain s rows and 
columns, so that ac contains A+ s (=n) rows and columns. If we form a 
gnomon of A, of the order p from p of the rows and columns intersecting in 


be, and another gnomon of the order q(— s — p) from the g remaining rows 





^ 
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and columns intersecting in be, these two gnomons will be called complementary 


gnomons. 





d m 


t zeros 





zeros 








36708 











zeros dy 

















: a 
Fig. 3. Fig. 3. 


In Fig. 2, let ac be a determinant of the order x, say A,, and select a minor 
ab or A, of the order h. From this determinant ac we can form another as 
follows. Rewrite the last A rows of ac above the first row and the last% 
columns before the first column, then fill out the vacant upper left-hand corner 
with the determinant 4,, and finally change into zeros all the elements found at 
the same time in any of the first A + p rows and the last 4 columns (1. e. in the 
rectangle /m in Fig. 3), and also al. those elements found at the same time in 
any of the lower n — p rows and the first h columns (i. e. in the rectangle ef in 
Fig. 3). Ν 

We. have now the determinan; ad, Fig. 3, of the order n + ἦν, and if we 
add the first column to the (n+1)™, the second to the (n+ 2)", etc, and then 
subtract the (n + 1)" row from the irst row, the (η + 2) from the second, ete., 
it is evident that the determinant ad = A,.A,, for it will then be the determinant 
A, bordered by h rows and columns of which the square cd is the determinant, 


` A, and all the elements in the rectangle cm are zeros. 


But the determinant ad, before any combination of rows and columns, is ` 
equal to the sum of all minors of the order A + p formed from a given selection 
of A + p rows each into its complementary minor. As a fixed selection of rows 
take the first À + p rows, i. e. all those above the line fl, Fig. 3. Now any one 
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of these minors of the order À + p which does not contain all the first A columns | 
will have for its complementary minor a determinant containing a column of 
. zeros, and therefore the product of the two minors must vanish. Also any one 
of these minors of the order À + p which contains either of the last À columns 
will vanish from containing a column of zeros. Therefore, in applying Laplace's 
' theorem to this case, the only significant terms are those wherein minors formed 
from the first À + p rows necessarily contain all the first 4 columns and the- 
complementary minors necessarily contain all the last A columns. The sigu being 
properly determined,” all these latter described minors of the order n — p are 
gnomonies of A, of the-order n — p, wherein each gnomor contains all the rows 
of the rectangle 5f whether we consider Fig. 2 or Fig. 3. 

Now consider any one of the non-vanishing minors of the order À-F p 
formed above the line fi, Fig. 3, and in that minor pass the first A columns 
bodily over the remaining p.columns and then the first 4 rows bodily over the 
remaining p rows, and we have a determinant obiainable from Fig. 2 by patting 
upon 4, a gnomon of the p? order whose rows and columas intersect in f#.Ÿ 

From this we draw the important conclusion that if we form all possible 
gnomonics of Αι of the order À + p, wherein the gnomons used are formed from 
the rows and columns intersecting in fk, and each of these gnomonics be multi- 
plied by the.gnomonie.of the order 4» — p formed by putting upon A, the 
complementary gnomon, the sum of all these products = 4,. An. | 

If one or more of the rows below the line fl should be identical with one | 
or more of the rows above the line /7, then the sum of the produets of determi- 
nants formed as above will evidently vanish; but we can arrive at this same set 
of determinants without supposing any two of the rows of A, identical as follows. 
Border A, in every: possible way with gnomons of the order.p from a fixed 
selection of p rows, and also in every possible way from a fixed selection of 
(n — À — p) rows wherein the second fixed selection contains one or more rows 
of the first selection. | 

Therefore if we form all possible gnomonies of A, of the order À + p and 
also all possible gnomonies of A, of the order n — p wherein the gnomons used 





* Consider p" and (n—h—p)" gnomonies of A, formed by putting upon 4: complementary 
gnomons, then to all pt gnomonics or gnomanics of the order h-+p give the sign + and to all 
(n. — & — p) gnomonics give the sign + or 一 according as the principal diagonal of the. gnomon used 
in forming the gnomonic into the principal diagonal cf ite complementary gnomon gives a positive or - 
negative term of te. 

. t This would not be the case if it were not for the fact that the elements i in fg, Fig. 3, are the same 
as those i in Uk, in Fig. 2. . 
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in forming the first set of gnomonics are taken from a fixed selection of p rows 
and those used in forming the second set of gnomonics are taken from a fixed 
selection of n — À — p rows, which selection contains one or more rows of the 
first selection, and if each gnomonic of the first set is multiplied by that one o? 
the second set in which the gnomons used in forming the two gnomonics have no 
two columns the same ; then- the sum of all these products must be zero. 

Let us now form a compound determinant whose elements are p gnomonics 
‘of Αγ, the various gnomons being taken from the rows: and columns intersecting 
in be. Suppose the elements of this determinant are denoted by »,,, and the 
whole determinant by P. 

Also form another compound determinant whose elements are (n — 4 — p)™ 
gnomonies of A,, the gnomons being the complements of those used in forming 
the corresponding elements of P. Denote the elements of this determinant by 
Q,,, and the whole determinant by Q. 

From what has been shown above, it follows that P and Q are so related | 
that when the elements of a row of P are multiplied by the corresponding 
elements of the same row of Q, the sum of the products = A,.4, 


bm and if the eleníents of any row of P be multiplied by 
the corresponding elements of a different row of Q, the sum of the products = 0 


1 Se Prise Qv, $77 
Determinants possessing these two properties I shall call reciprocal. Evi- 
- dently this definition includes the ordinary reciprocal determinants formed from 
complementary minors of a given determinant. 
P and Q are therefore reciprocal determinants, and when multiplied together 
by the ordinary rule it follows at once that - 
P. Q= Ag Dr, Anh», 


where (n — A), stands for i oF the number of combinations of n — h 


things taken p at a time. 
Pron this value for the product P. Q it follows that 
im =g. Aj. AX and 
Q Le Ap Me aor, 


Now when p changes into n — À — p, P becomes Q.* Therefore, whatever x is 





* Q has the same value as if all its signs were +, for in every row the signs are the same as in the 
first row or every sign is reversed, and if we change the signs of the elements in every row which 
begins with a — sign, then the signs in every row are the same as in the first row, and then changing 
the signs of all the columns -which have 一 signs, we make the same number of changes of sign oi 
columns as we before made of rows, since originally the number of — signs in the first row were the 
same as in the first column. The determinant has thus been multiplied by —1 an even number of 
times and the final determinant has all its signs +. 
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it must change into its reciprocal when n — À — p is written for p. : Also s and 
5’ change into (n —h), — s and (n — h), — s' respectively. Moreover, whenh=0, 
P becomes the determinant of minors of the p order formed from A, and we 
know that then P —.4?—»—, and when p= 1 it can easily be proved* that then 
P= Αη λα, κ and when A=n—1, P= A. 

From all these results we are led to write » —1, s = (n — h — 1)p, and 
f= (n—h—1),-1-T : 


Hence pus psp Ae eee 
and gegen ci 
since (n — À),— (n — & —1), = (n — A — 1)ρ..ι. 


In exactly the same. manner as in ordinary reciprocal determinants it may 
be shown that if a minor of P of the order m be represented by P,, we have 


ο ο ncn meii Qu 


where Qw- is the complementary minor of Q; and if a minor of Q of the order 
m be represented by Qm, we have 

Q, = ARO OAD Amd P 
where P,,, is the complementary minor of P. Gnomonics of À, are minors of 
A, , and the determinant above represented by P may be considered as the deter- 
minant of minors of A, of the order + p, which result from striking out, in 
every possible way, n — À — p of the rows and columns intersecting in bc. 

The determinant @-may also be considered as the determinant of minors of 
A,, formed by striking out in évery possible way p of the rows and columns 
intersecting in be. ‘ 

Now, sincé P and Q are reciprocal determinants, we have here an exten- 
sion of the notion of reciprocal determinants, formed from minors of a given 
determinant, and these reduce to the ordinary reciprocal determinants when the 
striking out of a certain number of rows and columns is done in every possible 
way throughout the whole determinant An. Ἢ l 

By making 4 = 0 in the above expressions for P, Q, Pm, Qn, and remem- 
bering that a determinant of the zero order = 1, and also that 0!— 1, and 

* See page 169. 

1 This inferring the form of a function from several particular values may be open to some objection 
as a proof, but it seems to me to be as free from objection as Picquet’s method as given in Scoit’s 
Determinants, page 65, wherein an equation is assumed true which we know to be true for a single 


value of one of the letters entering the equation. The theorem was discovered by Professor Sylvester, 
but I have never seen his proof. 
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therefore 7j— 1, we have'the well-known values of these expressions given in 
most books on the subject. 








re 


1 : i Fig. 4. 

















"m g a 


From the determinant ac, Fig. 4, of the order n, say A,, let us form the — 
determinant ad of the order 2n—h by boroering ac with n — À rows and 
columns, as in Fig. 4, wherein all the elements of the gnomon are zeros except 
those marked 1 in the figure. It is evident that this determinant ad = + the 
determinant ab which is of the order A and will be designated by A,; the upper 
or lower sign being used according as n — h is even or odd. 

Let us now form the determinant of first minors of ad, and of the resulting 
determinant take that minor of the otder n — À which contains all the elemerts 
obtained by striking out in every possible way one of the rows and columns 
intersecting in ed. 

If we call this minor D,_, we have by a well-known theorem (Salmon’s 
Higher Algebra, page 29, Art. 33) 

D, ες A27^-1 ας, 
But the elements of D, , are: all possible first gnomonics of A,, where the 
gnomons used are formed from the rowg and columns intersecting inebe, and is 
the very determinant that we have before called Pa, when p—1; and here we 
have the easy proof spoken of on page 168, — 

Now we know that if ad = 0-the first minors of any row are proportional 
to those of any other row (Salmoa's Higher Algebra, page 29, ex. 1). There- 


fore if A, = 0 the first gnomonics in any row are proportional to those in any 
Vor. VI. : 
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other row of the determinant of all first gnomonics, ox the determinant of all 
first gnomonies, and also any minor'atove the first order vanishes. | 

Instead of first we may form p™ minors of ad by striking out p rows and 
columns, and it is evident that every O minor formed by removing an aphaereton 
of the p order whose rows and columns intersect in cd reduces to a pi gno- 
monic of A,, formed by bordering A, with a gnomon of the p™ order whose 
rows and columns intersect in bc. 

Thus we have a means of passing from theorems concerning minors to those 
concerning gnomoniés, but to do so we should always look upon a minor as 
formed by taking away an aphaereton from a given determinant, and not by: 
selecting a square array from a given determinant. | | 

It has before been shown that we may pass from theorems concerning. 
gnomonics to those concerning minors, and we have therefore a principle of 
duality in determinants which may be illustrated by the following dualistic 
theorems placed side by side. 


^A determinant P whose elements ‘A determinant P whose. elements 
are p" -gnomonics of a determinant | are p minors of a determinant A, of 
A, of the order À wherein the various | the order À wherein the various aphae- 
gnomons are formed from the rows | retóns are formed from the rows and 
. and columns intersecting in a given | columns intersecting in a given deter- 
determinant A, of the order s is equal | minant A; of the order s is equal to 
to the original determinant 4, to the ihe original determinant A, to the 
§(s—1), t* power into the §(s—1),_,3™ | $(5—1),1? power into the {(s—1),_,}™ 
power of the determinant obtained by | power of the determinant obtained by 
- bordering A, with all the rows and striking out from A, all the rows and 
columns intersecting in A;. . columns intersecting in Α,. 

A minor of P of the order m is A minor cf P' of the order m is 
equal to the original determinant A, equal to the original determinant A, 
to the power m — (s — 1),_, into the | to the power m — (s—1),_, into the 
im — (s—1),%™" power of the deter- | {m— (s— 1),1* power of the deter- 
minant obtained by bordering A, with | minant obtained by striking out from 
all the rows and columns intersecting | 4, all the rows and columns intersect- 
in A, into the complementary minor | ing in A4, into the complementary ` 
of the reciprocal determinant. minor of the-reciprocal determinant. 

Ifa determinant vanish the elements - Tf a determinant vanish the elements 
in any row of the determinant of first | in any row of the determinant of first 
ghomonics are proportional to the. | minorsare proportional to the elements 

elements in any other row. in any other row. 
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Now consider the determinant ad, Fig. 4, divided by the dotted lines in the 
figure, so that AJ is a square array sey of the order 4(< A). Form two compound 
determinants whose elements are minors formed by removing aphaeretons of the 
orders p and k— p respectively, whose rows and columns intersect in A. 

These two determinants are reciprocal, and we may apply to either one the 
first two theorems given on the right-hand sid» of the line dividing dualistic 
theorems. Denote the elements of the first by p'e, of the second by ¢,,,, the 
first compound determinant by P', and the second by ©. It is evident that the 
elements p’',,, reduce to those determinants formed by striking out p of the & 
right-hand columns of ab and substituting in their stead p of the k right-hand 
columns of bg, while the elements ¢/,,, reduce tc those determinants formed by 
striking out 4 — p of the right-hand columns of ab and substituting in their stead 
&— p of the & right-hand columns of bg, where in forming any element of P 
neither striking out nor substituting affects the same columns as in forming the 
corresponding element of Q' By applying the first theorem on the right of 
the line dividing dualistic theorems it follows that 

P' = (ad)*—!». (Im)*-92—, 
But ad = A, and lm reduces to the determinant formed by striking out the & 
right-hand columns of A, and substituting the Æ right-hand columns of bg in 
their place. l ; í 

Hence the determinant P' equals the original determinant A, to the power 
(5 — 1), into the 1(k — 1), .,1*^ power of the determinant produced by striking 
out and substituting all at once the rows and columns that were struck out and 
substituted piecemeal in forming the elements of P". 

. Now remembering what the elements of P' are we may produce this deter- 
minant in another way, as follows: Take two determinants A, and B,, placed 
side by side, and form a determinant whose elements are those determinants 
cbtained by replacing in every possible wa: p columns from a fixed seléction of 
i: columns of A,, by p columns taken in every possible way from a fixed selection 
of k columns of B,. This determinant, P’, then equals the original determinant 
A, to the power (k— 1), into the. $(k— 1), «ἐπ power of the determinant 
produced by replacing the fixed selection of Æ columns of A, by the fixed 
selection of ὦ columns of B,. | 

Similarly the determinant @ equals the determinant B, to the power (4—1), 
into the 1 (k— 1), ., 4" power of the determinant obtained by replacing the fixed 
Selection of X columns of B, by the fixed selection of Æ columns of 4,. 
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Ifk=h, €. e. if the fixed selection of ὦ columns of A, and B, is in each 
ease the whole determinant, then the determinants P’ and Q' are the determinants 
described in Scott's Determinants, page 56, Art. 4 Moreover, when k<h, . 
these determinants P’ and Q' are minors of the determinants given in Scott’s 
treatise, but they are here expressed entirely independent of a complementary 
minor of another determinant. 

Applying the second of the theorems on the right of the line dividing 
dualistic theorems, it readily follows that a minor of P' of the order m is equal 
to the determinant A, to: the power m — (k— 1),_, into the $m — (%— 1), i 
power of the determinant obtained by replacing the fixed selection of Æ columns 
of A, by the fixed selection of Æ cclumns of B,, into the reciprocal deter- 
minant Q'. 

P.§.—Since writing the above I have received and read an article on 
Compound Determinants by Mr. R. F. Scott, published in the Proceedings of 
the London Mathematical Society, Vol. XIV. page 91. 

I was never satisfied with -Picquet's proof of the theorem discovered by 
Professor Sylvester and tried to find some simple and rigorous proof. Failing 
in this, I wrote out the one given above as one to my own mind preferable to 
Picquet’s, but Mr. Scott's proof, in section 2 of his article, seems to leave nothing 
to be desired either in simplicity or rigor. 

In the determinant which I have called À,, if n = 2h, and if A, is a deter- 
minant formed by putting on A, a gnomon of the order A, wherein the /? 
elements at the intersection of the rows and columns forming the gnomon are all 
zeros, then the theorems given by Mr. Scott, in his article from section 5 on, are 
easily seen to be special cases cf some of the theorems given in this paper. 


Extract from a Letter to Mr. Sylvester from M, Hermite. 


... puisque vous êtes assez bon pour publier mon énoncé sur la fonction 
qui représente le nombre des décompositions d'un entier en deux carrés j'y 
ajouterai quelques observations sur une question voisine en considérant la 
fonction $ (n) égale à la somme des diviseurs de n. J'ai été amené à joindre à 
la fonction E(x) qui désigne l'entier contenu dans α les deux suivantes 
F(z) = E(x ++) -- Β(α) 
et | E, (2) =4[E" (2) + E(@)] 
La premiére qu’on peut aussi exprimer par 
Ei, (a) = E (2x) — 2E (a) 
et dont Gauss a fait usage, a pour principale propriété que : 
B(x -+ 1) = E, (x) 
E,(z--3) = 1— E.) 
et on voit qu'elle est toujours égale à zéro ou à l'unité Elle a pour valeur 
l'unité lorsque cette différence égale ou surpasse +. Cela étant voici une circon- 
stance dans laquelle elle se présente. 
Soit F(n) le nombre des représentations de n par la forme αὖ + 7’, on aura: 
F(2)-- F(6)+... + F(4n 4- 2) — 
N 
LACS +2 CHA +8 CS + ET]. 
Mais c'est surtout de la seconde fonction Zj(x) que je vais m’occuper. 
Soit n un entier impair et $ (n) la somme de ges diviseurs, on aura 


$)-F$(3) +... o Dn) = 
RACE Ray 


ACE) AC (T 
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les deux sommes étant continuées jusqu’a ce τ les quantités sous le signe Æ, 
deviennent moindres que l'unité. 

De cette expression de X9 (n) j'ai tiré les conclusions suivantes. 

Soit A= H(/n); la somme relative aux entieres impaires qui sont 


三 3 mod4,àssvoir φ(8) + (7) +...+çp(4n —1) 


a pour valeur À 9 
ολ ο ο 


La même somme, en considérant les nombres = 1 mod 4, c'est à dire 
Φ(1) +0(5) +... Εφ + 1) 

conduit à considérer deux cas. Je suppose d'abord que 4n + 5 ne soit pas un . 

carré; en faisart 


dus (vibe 


j'obtiens 





Awe] 
(REE 915-- GE +7 
E 2c—1 3 ` 


Mais s'il arrive que 4n + 5 soit un carré le terme algébrique se modifie ; la valeur 
de la somme étant dans ce cas 


2 n— e 2/3 4-4 
>, 2e—1 3 "7 





A Graphic Method of Solving Spherical Triangles. 
By CHARLES H. Surrm, Professor of Mathematics in Bowdoin College. 


AOB and AOR are respectively equal to the sides c and 5 of a spherical 
triangle, OD is the natural cosine of the included angle A, OF is the natural 
cosine of the third side a, and OR is the radius of the natural tables; DC is 





να, ae 


drawn parallel to OA, RC perpendicular to OA, and EC perpendicular to OB. 
It may readily be shown that these three lines meet in ©, which is the ortho- 
graphic projection of the triangular vertex C on the plane of the side c. 

With AOB and AOR given, it is evident that if either OD or OF is known, 
the other may be found, andif both are known together with AOR, the two 
values of AOB then possible may be found by drawing from C tangents to an 
arc which has O as center and the given length of OE as radius. 

(The constructions on OB and OR may be exchanged.) 

Thus a spherical triangle may be solved when there are given three sides, 
two sides and included angle, or two sides and angle opposite one of them ; and 
the three remaining cases of the spherical triangle may be solved through the 
three just named which are polar to them. | 

When great accuracy is not required, it is believed that the method here 
sketched will be found useful, on account ôf its simplicity and the ease with 


` which it may be applied. 
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Thus, to fnd the distance between two places whose latitudes and longi- 
tudes are known, take HOR and HOB the latitudes and OD the cosine of the . 
difference of longitude, then through D draw SC the sine of HOR and CE 
" perpendicular to OB; OE is the cosine of the great circle arc between the 
places. . 

To ν΄ σος a sextant-angle to the horizon, take HOR and HOB the angular 
altitudes of the two points in space, OF the cosine of the measured angle 
between them, and OR the radius of the natural tables, then draw EC perpen- 
dicular to OB, and RC parallel to OH, and CD perpendicular to OH; OD is 
the cosine of the horizontal angle reouired. 

The construction last.mentioned gives also the cosine of the angle between 
an hour circle through a heavenly body whose declination and altitude are 
' known, and the meridian of a place whose latitude is known. In this case OE 
is the sine of the altitude, and of course is zero for an observation at the 
horizon. | | 

Other applications will readily occur. 


Note on Weierstrass’ Methods in the Theory of Elliptic 
Functions. 


By A. L. Danis, Johns Hopkins University. 


The work of Professor Weierstrass in the modern function-theory is of such 
commanding importance that it may not be out of place to give a clear and 
‘elementary account of his somewhat peculiar nomenclature and methods for the 
benefit of those English readers who have not had the opportunity of listening ` 
to his lectures. This is especially desirable in the theory of doubly-periodic 
functions, where his symbols and methods differ not a little from those of Jacobi 
and his predecessors. The only connected and systematic statement of Weier- 
strass’ methods in this field is contained in the “Formeln und Lehrsätze zum 
Gebrauche der elliptischen Functionen. Nach Vorlesungen und Aufzeichnungen des 
Herrn K. Weierstrass bearbeitet und herausgegeben von H. À. Schwarz. Göttingen, 
1882," Professor Schwarz has prezared this little work with infinite pains for 
the use of his own and Weierstrass’ students exclusively. I rely in the following 
chiefly on this work, on a large number of lithographed formule prepared by 
Prof. Schwarz, and on notes of lectures on this topic by Profs. Schwarz and 
Weierstrass. | | 

We commence with the sigma-function, to designate which Weierstrass 

employs a slightly altered form of the Greek sigma. The simplest possible 
analytic function, which for all finite values of the argumént retains the character. 
of an integral function, and which becomes am infinitesimal of the first order 
for u= 0 and w= w, where w= Qua + Qa’, is represented by the formula 
Su= ull, (1 — +) ee Yu 
where-20,20' are the so-called “periods,” and u, w assume all real integral 


values, positive and negative, excepting only the combination μ-Ξ0, wu — 0; 
‘which exception is indicated by the dash at the right of II. The exponential 


factor is to be repeated with each of the factors 1 — =, and is necessary to the 
Vor. VI. . | : l 
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convergence of the infinite product. For 


ν.μ, states] 





` u 1 À 
—lgu—riLd i w+ + 


ui 
the exponential factor ας me last ae terms, which are seen at once to 
be necessary, because xl and 37 - do not converge. 


The remaining terms : all dod Verus, and the formula becomes 


Pet a wl 
Õu 一 ae m 三 
log Ou = log u 3^ z 12% ee 
The function Gu may however be presented in a slightly different form by com- 


bining with every pair of values of u, μ' the corresponding pair with opposite 


signs, and we have instead of I ( 1 — zt from — œ to +», II (1 -) from 


1 to +o, and the formula ο 








ο on w == Puw zm 2 
Gu = ull ae ον τας 
UU, gg m1 3. He Ὅς 
Developed in an infinite series 
ecd voal 
Gu 一 1 = — Rs 
ο 4 Σ wt 6 Σ ws 


The coefficients in this series are integral functions of. e constants, 
1 
r= 2.8.62, 1i ϐ jin 9.5. T XL 
called the invariants of the corresponding sigma-function, ας which are functions 
of course of the half periods a, a’. 


The series for Gu then takes the form 


g 5 7 9 £111 
CS ... ο ον κα giu _ LL Gat i 
u=u t *— a35 33.57 33547 JT 


The sigma function is not an elliptic function, and does not possess an addition- l 
theorem in the usual sense, neither is it periodic; but on increasing the argu- 
ment by one period, 20, we have 





M 





6 (u ds 20) 二 一 F E EX (ue + w) Su 
and in like manner 
S(u+ 20) = — Gy 
Weierstrass writes po + qu'= à, py + qx — ἢ 
oo Gla! fs 
=; 


Go 一 YE 
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so that in general 6 (u + 26) = F eiut o Gy. 


Although Gu does not possess an addition theory, the contrary is the case with 
H 
the second logarithmie derivative ee for which Weierstrass has employed 


6 


again a modified letter . 


æ 
pu = — + log Gu 
Ἐν. ὦ 1 1 
v? ΓΣ. G wy x) 
i 1 LL 22 ,2 
zt gy S 


where g,, gs are the invariants of Gw before mentioned. It is especially to be 
noticed that w occurs in only one term with a negative exponent, and that the 
constant term of the series is null. The function gu is an elliptic function of: 
the second degree, and is moreover the simplest possible doubly-periodic function. 
Among the many interesting relations, we ought to notice that, the half-periods 
of gu being o and a’, if we write o + o! = o" 

| 0-64, po =a, ga’ — G, 
and further ἃ 


(pu) = Α(ρω--- ρω)(ρα — ρω "(gu — ga!) = 4 (pu — epu — e)(gu — es) | 


= Αρ) u — gag! — qa, Whence a X & X @==0, Dee, = — tjs, C1663 = 1 Qs, or, if 
we write gu=s, gw appears as the elliptic function corresponding to the 
integral ds 








dd NA(s— «(s — es — 6)’ 
For the sum of two arguments, the function g(u-- v) is expressible as a 
rational function of gu, ov, gu, gv, for example, 


1 ppu Fg 
e (u 3v) = zc — gu — gv. 


As to the derivatives of gw; the remarkable fact deserves notice that all the 
derivatives of an even order are entire functions of gw itself. For instance 
g'u = bgu — $95; gu 120g'u — (129, — 1842) pu — 12g,. 

Another remarkable relation between the functions g and © is easily 
deduced, namely 
G(u+v)G(u—v) 

Gu Gv 
vu Professor Schwarz is in the habit of calling the ‘pocket edition" of the 
elliptic functions. The following proposition is one of great importance in the 
theery of functions. 


gu— pv = — 
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If gu denotes any elliptic function. of the s degree with the pariods 2a, 
20, and if Gu has the same pair of periods, then we can always determine the 


2r + 1 quantities ij Way oe o Up} Vry Vay Mes U Ὁ 
so that 9(u) -- 0 ο δίατ 6(— Ὁ)... : S (u— w), 
G(u—v)G(u— x)... $(u—v) 
which - - proposition is capable of inversion. An analogous theorem in regard 
to pu is, if Up, Un) Ugy see Up , 
denote n +1 independent variables, then tie dunetion- 
1 Quo pu... p" 7D ug 








Ọ (Uos ο TP toot s 
1 ou gu...g"-"u, ; 
is an elliptic function of the degree n+ 1 of any one of the arguments 
Up, Uy... Uy. In general “every unique elliptic.funerion $(u) is expressible as 


a rational function of gu and the first derivative gu with the same pair of 
periods Ζω, 20! as @(w); and in like manner gu and p'u are expressible as 
rational functions of ou and $'u" 

With the function Ow are closely connected the following 
e" G(u--w) e*G(w—u) 











Su n : Go : = Go 
απο (eu) eG (ou 
x | Gu 一 se paid = ee 
Gui ES (nre) area — v) 
i Ga! 7 Ga 
where a, w are the half period: nd Y Go ΄ δω 
periods, an o oed, ο τη. aot =, gS 


-By inserting in the “pocket edition" for e the values respectively © o", a', we 


have ' gu—e— A): gu— ec (SEY, u— «(Ay 


whereby the following relations are 2stablshed for’ τ differences of the roots. 
Remembering that ga — €, o9" = 65, ρω! = €. | 




















Ga © Gs a χω 

Va a= δω. Va-a= Gyr MS a= ge 

: Go" Gow ᾿ Qo! 
ο a= Gor N €3— e = S Ma —a= Gy 


. / 
where we assume & 7» 6,7» 6. lf now we assume R (=) >0, that is, the real 





. / . 
'. component of the complex Wi > 0, so that in the geometrical representation 
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the point o' lies “above” the right line joining u = 0 and u = o, then 





WV 64 — €, == — iMag; 65 — & = — IN €4— eg; Va a= — VA 0, e. 
If now we denote for convenience by À, u, v the HR 1, 2, 3, and write 





Gu Gu Oru 
_ Gyu m = ba, rae ES i d ui etc. 
remembering that ` ie Ox. Gut. ὂν 
+ p U — — 2 Gu. 6u. Gu 
we easily obtain | 
| dê, deny T dé io 
ie Ξ are aa 本 一 一 (e, — e €) ἕλοξ ον} = 一 — ἕμο ἕνον 





ae (Ξ-γ-. = (i= —«)&)(1— e—a) 5. 
(Se) = aa a+ «—22). 
E (B aee tasse) 


and the four functions | 
Gu 1 Guu 1 Gu 人 . 1 Gau 
Gau’ Meu — ex — €. Gu Gu’ NE, — ϐχ € Ou v! Af à Bu — aM 6, — 6 €. Gu 
satisfy the same differential equation 


(EY = (1— (e, — e)£s)(1— (e, — QUE ya 
But the English reader will desire to know in what connection the system of 


Weierstrass stands to the more widely known systems of Jacobi and Legendre. 
If we define the b of Jacobi by the equation . 


2 — l — 63 














a— 63? 
then the following relations are established sec the sigma-quotients and 


Jacobi’s functions: We give only three as Specimens, replacing the à, u, v by 


1,2,3. ` . 1 
2 sn (We, — e.u, k) 








Gu Va 

4 + 
τ. en (Ve — 6ῃ. w, k) 
- Gat = 
Gan dn (Ve — e;.u, k). 


Not all the sigma-quotients are 80 nearly identical with Jacobi’s functions, but 
in all cases the argument w appears multiplied with the same factor We, — 6 . 
which is the largest of the three Nor Mari ences. 





In the defining equation B=? 5 and the corresponding one I= 2% 


68 
both of these quantities if real dust be greater than zero and less than unity. 
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They will be real if the points in the plane representing e, %,.¢ lie in the same 
straight line, wken mod. ¢ must be intermeciate between mod. οι and mod. e, in 
magnitude. Then if we understand by Æ and Κ' the simplest values of the 


integrals fer da; p S A da 
WI TI Jl — x 1 Fr 
respectively, taking those values of the radicals whose real components are 
positive, we shall have 
Q, / ej — a= K, o4 N/ 2, — eg AIC, 
Q5 = 0 + 93, 
and 2a, ΠΝ are the primitive pair of periods for the before mentioned pu, so 
that as above P01 = δι, por = 65, 905 — 63. 
It ought to be mentioned that Gu, Gu, Gu can also be defined in the same 
simple manner as Gu by means of infinite products. If we write ^ 
w, = (2u + 1)o + 2uo, w= (Qu + 1) e + (2u! + 1) o' 
w= 2ua + (2u + 1)o', — [u, u/— 0, +1, 3-3... ΞΞ 0] 
then in general, for 4 — 1, 2, 3, 
; u Ep oem 


Ow = ο ἀλλά ΤΙ A em, ἃ τος 
LA A 
ΑΝ Wy 


Finally to show tbe relation in which the sigra functions stand to the 3-funotions 
of Jacobi, we find 























20 γω 2 sinur—2hisinSur-L WF sin Bor —... — oa DU) 
= π τ (9h Κωδ, 8 5.2. -.. ΞΕ (0) 
Bote P 2hicosux + 2hteos Bur + Dh cos ur p... nn A) c 
m p Ελ 十 One eene. 0 CET RO 
6 dw 1 F 2h cos 2υπ + 2h* cos 4υπ + 2h? cos bux τοι — gm d,(v) 
prem CIFOR. I3 Jr 3 Em d (0) 
"e 1— 2h cos 2ux + 2h cos dur — 2h? cos buz +... — gne v (v) 
PT) BN: ds —336 UST Zlo) 
πὶ w 
where ἧττον , vege 4S ea 


The functions Φο(υ), ϑι(υ), 3, (v), 9,(v) as here uen coincide respect- 
_ ively with Jacobi's 3,(ag), 34 (xg), S:(xg), ϑ(πῃ), i? we write vx — x and  — q, 

But anything more than a slight account of Weierstrass’ system, showing in 
particular its main points of contact with Jacobi's, would be beyond the intention 
of this paper. It is to be hoped that Weierstrass’ ideas in ihe function-theory 
will soon find that widespread recognition which they undoubtedly merit. Ina 
future paper I Lope to exhibit the system in greater detail, in particular the 
formule of transformation, showing their analogies to the formule of Jacobi.. 


On Quadrupie Theta-Functions. 


By Tuomas Crate, Johns Hopkins University. 


Parr II. 


In the following I employ ihe notation used by Schottky in his “Abriss 
einer Theorie der Abelschen Functionen von drei Variabein.” On page 18, Schottky 
gives the fundamental theorem bearing upon his particular notation ; it is as 
follows: “Es ist möglich, ein System primitiver Indices 

νν 7η 

und einen ausgezeichneten e so zw wählen, dass ea ein grader Index ist, wenn die 
Anzahl der primitiven Indices, aus denen a zusammengesetzt ist — p oder p + 1 
mod. 4 ist, dagegen cin ungrader, wenn diese Anzahl = p + 2 oder p — 1 mod. 4 ist.” 

= For p—4 the “primitive indices” are nine in number, and they may in 
general be denoted by the letters 

k,l,m,n,p,q,m ει t. 

All of the characteristics of the quadruple theta-functions, with the exception 
of (0), may be represented by certain combinations of these letters, viz. by 
taking them one at a time, two at a time, three ata time and four at a time. 
Webhavethus: © -~ i 


Number of cases, 


The index (0) . . . . . . . ο κ 


The primitive indices taking one at a dion fe ote ο, cer 9 
" s “o two s$ . ον αν e ο oe 206 
a n “three “ BO we wow ὦν 84 
E s “ four “ ε.α cem a^ soo eb 


The, even functions, 136 in number, are given by the first, second and fifth of 
these cases, and the odd functions, 120 in number, by the third and fourth cases. 


- That is, the even functions wil have the suffixes o, k and klmn, and the odd 
` functions will have the suffixes Al and kim. In the numbers of the Annales de 
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l École Normale for June, July and August, 1883, M. Brunel has investigated the 
relations similar to the Gópel and Kummer relations for the double theta- ` 
functions which exist in the case of the triple theta-functions, I propose in 
what follows to employ Brunel's method in working out the corresponding 
relations connecting the quadruple functions. Brunel starts out from certain 
relations given by Schottky in the Nachtrag zo the above mentioned book‘ Ueber 
. die hyperelliptischen Functionen dreier Variabeln,” and uses a method which is 
fundamentally the same as that employed by Brioschi in his paper already 
referred to in Part I of this article,* but the manner in which he develops it is. 
simpler than would be possible had he employed, without alteration, the method 
` indicated by Brioschi. 

I shall use almost without change the notation employed by Brunel, only 
altering it when the greater complexity of the present case makes it desirable. 
Following Schottky, write first : | 





Le | is | . 
Dj (r — W) (Am — A) (n Aa) (hp — Me) Ag — Ar) (y — eu) (ts — Ar) (04 — αν) 
Lin mes m : —1 j 





Ij | (Gm — ax (a, — Ae) (Oy — ty.) (Gy — ακ]ία,--- σν)(α:--- Ap) (Ge — 0x) 
X (a, — αὐ(α;-- σ)(α»-- ei) (as — αὐία, -- Oz) (4g — oa) — αι) 
Ih» - ' | eed i A | 
Li = (an — Mp) (Gp — Ar) (Gq — αι)(α, — A.) (Ae — az)(a«— ἄν) 
| X (a, — Gy) Gy — αι)ίαι--- αιζαν--- αὐ(α:-- Ay} — a) ` 
tX (4. “à Am (y =. m)(&,— Om )( — On) (Cs = Am Xe 一 m) 











Damn | = 
1 ^C[ (a, — Gy) (tg — mu — ex)(a — ax)(en — αι) 
| x (a, Ex αιίαι--- αγία, e αι) ία, en )(a,— αι) . 
X (wo 一 Am) (ay — a (Ar — Am (As 一 — Gn) ίαι--- Am) 


X (ap E &, (ag — αρα, — a, (a — - d, (84 — ἄν) 


Now ως. the functions P defined by the equations 








E L, Or 
; dm AUI ng 
Day _ “ki La θεν 
ἜΤΗ & T— Py = FE 
Lus ERR ns 
p Priiman = CA J 





*Brioschi.—La relazione di Gópel per funzicni iperellittiche d'ordine qualunque. Annali di Mate- 
matica, Serie IT", Tomo X*. | 
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then, following Weierstrass and Schottky, and writing 
R (a) = (a — ω)(αι--- 2) (Gy, — αγία, — α)(α» — &) (yg — α)(α. — WG — at) (ay — x) - 

















` $ (x) =(@— a)(a — My) (x — a) (a — αι) | fe 
we have 
Pia ek hk de, REA AR e ee ὁ κα Seton. Pi 
P= (ax — ELS 95) Cty — 23) (4 — Ὁ vo. . .. 9 functions P, 
m A/ B (v;) ; 
3. P PP : 2... s. . . 86 functions Py. 
ος Σο e (n) | T 
t= 和 , E f 
Prim Py Pi Pm si . . . . . 84 functions Pym 
! 2 (a,— 2) Ti Xa, — wi) (Gin, 一 v) g'(x) A ὦ 
a Toss) í 
Pia REP: : ..,126 functions Pr 
" ὡς > (a4 — r)a eX (as. — t an — i) (αι) : " 


making i in all 256 Pandos replacing the 256 O-functions. In these equations ` 
the letters b, 1, m and » are all different from each other. We have now to 
determine the linear relations existing between the squares of these P-functions 
and those existing between their products taken two and two. Write. 

4. Zara, 20,0; = B. 20,0 — y, Wy Lo Xg Ws ὃ. 

The summations to be taken from 1 to 4 and t, J, kall having different values. 
Further write 


(ar, — 2%) (a, — Xa)(%1 一 2, (25 — αρ)(αν — o) (Ks — αι-----θ, 
that is: 
cj αἳ a$ c 
c oo wd g 
T i a NN 6; E 
πι Ὁ. Ws Wy 
1 1 1 1 
and in general write 
WO y yz 
UF y? ye TA 
. . . =| 1% ->Yn | " 
2h Ye In 
1 1 1 
that is i 
6. : | £i Xo 2525, | = — 0. 


Vou. VI. 
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The P-functions can now be written in the following manner, 
P,=1, P= [oso |[asons aellar] 








E / | axecsijers || one] rone] cl] tes 
ο, A/R) ee ee eee 
m [as | ~ F | Cuat | Μ .. |i | 








7. Pon = Les Ha) R (a) AAC CA 











[ewe] | eses]] anal] sns | | 
e | ries |^ Ἔαωω] τον | E 
P. kimn 一 | 
Taman αγορας | Ea Ri (a) y Leta see lil nl nl. 
PETI dis LEACAN CARA || sns | 


— | xg | ν΄ + denos | 4/ — [ones | v 


It is of course perfectly obvious how to fill up the empty radical signs. The 
above forms for the P-functions are retained for the same reason that Brunel 
gives in the case of the triple theta-functions, that is, although the denominators 
under the radical signs are actually factors of .R(a,), R(a,), (ο) and R (æ), 
it is more convenient in ‘the following VXDSIQEBAHONS to retain the fractional 
form. | 

LINEAR RELATIONS BETWEEN THE SQUARES OF THE Ζ-ΕΌΝΟΤΙΟΝΒ. 

Take first the case of the funetions with a single index, 4. e. P,, δι, ete. 

We have 


CB 7 Pj = | am llar taller la]; 
expanding this and using the notation givan above, we have : 
9. P= a$— aai + 00; — ya, + ὃ. 


‘As this is linear in the quantities a, 8, y, ὃ, and as % is any one of the primitive 
indices, we can, by assuming any five such relations, eliminate a, 8, y and δ; 
-the result of the elimination is obviously | 

Pia, P—d, δια, Pi — a, Pi — αἲ 


n n1 p Ῥ 
[46 aj ` a, a3 αὖ 
10. ad^ œ a, d ad =0,. 
ay, : & Um Qn | αρ 
1 1 - 1 1 1 
or expanding this we have li 
11. Pi | Qram Gy Ay | + P1 | On Ge Ay Ar| + P2, |a, ty 0,4; | 





FP |a, 02,0, | APS | 056, a, | = | αι an An αρ | P 
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Since P,==1, this factor may be introduced solely for the sake of symmetry. 
If instead of eliminating a, 8, y and à between five. relations of the form (9) 
we eliminate a, β, y, ὃ and 1 between six such relations, we have obviously 

R P P, PL 5 P 
di αἱ αι αἱ « d, 
d; α αἳ OO & d 


12. ; . =0 
‘|G È dà È (o ^C i 





αι r Um n y Q 
ji 1 1 1 1 1 





or expanding 
‘18. Pi | ram Un, Ep Lg | — Pi | Chin, En ἂρ Cog Cr | + Pela, y Chg Cn Cty | 
— P. |a, ig yb, Om | + P2 | bg ey Am a, | — P? | ey On Gy a, | = 0. 

We have thus found the linear relations existing between the squares of the 
P-functions possessing a single suffix, or index, 4. e. between the functions whose 
indices are Okimnpqrvst, 
. and it is seen that these functions form a group of ten such that any i being 
given the square of any oné of the remaining fve can be expressed as a linear 
function of the squares of the chosen five. Following Brunel I shall call this 
the group 0. l | 

Consider next the case of the P-functions with two suffixes: for the square 
of any one of them, say Pu, we have 


14. P= | agora |. R (αι) seat +. 





fuites, |? 
一 3]αγαχοι] ρα] ~ E (a) E (ox) | ets] ] yg} | uoa] ae | 

+ 2 | aon] | ngos | 7 R (ων) R (x3) | any CEA uos || a | 

— 2 | axgoegar,||araryarg | vA R (αι) E (arg) | areallar], | 

— 2 | axo; || ngang | a” Fi (at) B (23) | axons || tain] | euo || e| 

+ 2 | aso; || anos | ^ R(x) R (as) | Cry lala || aes | 

— 2 | run, later | ^ Ft (ats) FE (x) | das [ases ol ons | 1. 

It is possible to find a linear relation between four of these P-functions with 
two suffixes which is entirely rational, that is, a relation which shall not contain 
any of the quantities V R(a,)R(a;). Take four of the functions P,, which have 
the first suffix b in common, say Py, Pim, Pens Pip, then in order that the 








radicals V R(%) R(a,) may disappear we must find a series of multipliers A, B, 
C, D, satisfying the equation 
15. A | es] | aus] — B [anrallante| + Ola, sels | — D |a, allapa] — 0. 


188 Orate: On Quadruple Theta-Functions. 


Giving A, B, Cand D the following values, 
p | A =| amant], B= | anapa! 
OE aan, Ο.--]αιάμαι| 
it is easy to see that equation 15 is satisfied. Assuming then; four equations of 
the same form as 14, we have . 
| tta | Pr — | attt | Pim + | aetas] Pin — | stats | Prp = 

[125.2 | [2o | R (a) E: ETE SA + sae | 
,| Qvale |ακοι|]αγιῶςε| Grit] (nts | Si E | 
[asellus] us 
T + 

| exeillasa | U 
— |a, | | [eean]? R(x) | das re NES | 1. | 

Introducing the values of Rea); R(x), etċ., it is not difficult to see that the 
first line of this equation may be thrown into the following form, | 
1 |ακαραρ]]ακαι]]α.αι]]άραι | [ axele ela heo so ool loca |] δν 
— at land ess Lens | I cd LG RC EU 18 
*jewlenlanleni " " " " " " a *]6 
: —|eaalememdemi[ " " * * * *" * «13 
where A= | x,257,||a,2,||a,05||a,2,|— |exallazdl|em)lax | 

+ [αρ] laillese; | — | osse laslas] 

and B, @ and A are obtained by changing è into m, n and p respectively. We 
have then à —30—(6—30—|zxza|- say A. 
Write for convenience 
(eweli mlan lala lenses] | = I, 





[ets |? 


ds | — | apapa | | [ανα |? BR (ary 








+ [aptam] | | oc, kal (x) | dts 





lue |? 


then this becomes. 
ΔΤ 


ορ | cites |n ness |=- | aby lin lacs s | 


+ | tet lt lect, | — | ts nensis] - 
The term in the [li is easily seen to bé equal to |a; LIE Equation 17 

thus takes the form, | 

| Abn Qh | Pi; | 0.059; | Pia + | uitis, | Pin — | adman 1 | Pip ES 

see cal [Γι-- Ta 十 工 :一 Τι] 7 


18. 
| avg, 
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Remembering to pay attention to the signs, we may write the term in ü as XI 
then writing 
19. Xa, A, Eagt, = u, EAA =V, Xa, = TR, 
we have : 
20. XT =F lan | (t — 2v + οἳ — ah A + ad) (a$— ab (αν + ay + 24) . 
+ Gy, (aos 十 ons + ἄφαρ) 一 ass). 
Now writing as above (008 — rx | | 
and introducing the abbreviations a, B, y, à and A, u, v, πι, it is not difficult to 
see that | | | 
21. 6-|ayxyxyz, | {ai — ata + a; B — ey + 6 — ai + A — du + a v — 7x}; 
referring now to equation 9.we have 
93, 0 = |ατανακαχ| 1.Ρ}--- | araplara arasia Pot. 
Expanding equation 18 it becomes 
RS HEX, | wary Qty | — δι ae | + UD | axe, | — Ai ὶ 

— a$ LT (rot as αὐ | To0304 | — vox (as ws F αι) ares | + uXa (tagte) | ay, | 

— λΣα] (arg + ats + 24) | αγαφαι|--- Sart (x + s + αἱ) | ass 1 

+ αν $ EE, (Xag + Laly + Laa) | os | — Va, (aas 十 an + σφι) [rose | 

+ af (xg 十 αρ 十 203224) | argo | — λδαῖ (ass + Lalo + Raa) | Lagta | 

+ Xo (ts + aus + o4) | tots | ? — } TE Logg [αγορι] 

rar || + una Day, | Latala | — Lors, Xo | Tava | 

+ iris, Sart | Lot ta | {= 








| antanty | Phy — | au ats | Pin + | Gp) Pin — | atte | Pip- 
Of course in all these summations particular care must be taken to give the 
right signs to each term; for example, X |αχακοι] means i 
| Lagta | — | eggs | + |αιᾳιαα|--- αι]. 

Using now equations 19 to 2i inclusive, we have, after simple reductions, 
for the reduced form of equation 18, 
| dio bp | Pir — | tts | Pim F | ad, | Pin — | trinan | Pip = 
| Cn Vay | {P 一 |αχαρ|]σκαρ|]αια;]|άκαἑ]]αια, |P 针 . 
The factor P= 1 being introduced simply for the sake of symmetry. 

‘Now advance all the letters after Æ, that is, change l, m, n, p, q, v, s, t into 
m,n, p,q, 7,5, t, l, and 23 becomes 


23. 


[2,504 | Ph, — | e,0,0, | Pin + | αι ΟΝ | Phy — | Gad | Pig = 


24, 
| Om ly Uppy | Pi— TT | αμαρ]|αχα;]]ακαρ]]αμαι]]αμαι | P5} of ‘ 
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The coefficients of P? in 23 and 24 are respectively 
RCA NE On) Gm —a,)(a. — aa: — -αρ)ίαν-- a r) (Ge Ge) (Ge — a,)] 
ο Ant — 0aj(o 一 d, (Ge — dy) 
and — [(a,— ΤΟΝ — αργία. — αρ)ίαν--- a) ay, — a,)(ay — αν)ίαι--- a;)] 
EY) l (am — Gq) (Gu — ao) (s — Gad — αι). 
Multiplying lisa 28 by the factor i 
(am — By) (Gn. — ag)(ay — aX. — αι), 
and 24 by the factor (a, — a4)(a, — a,)(a — ap (dx — ἄρ), 
and subtracting one result from the other we eliminate P, and have ΄ 
Pi | dyn Uy 








a | 
2 Phi | dy aya; asas]. ἀρ||αραρ|]ακαι| F |α,αγα͵]|ακα,]|αγα,]|ανα ho || | ? 
+ Pink | αραιαι]]α.αρ]]α,αα|]αραφ]αιαι | + | αραρ[αναα/αιαι/]αιαρ]]αναρ | 3 
EE Pii | Ga a, || Antal | alaa alt | 十 [agas lle |a] Iss lass | ὶ 
sp Pia} KA αμα, MM ley, |a, [αιαρ | [Es : 
P} ct ee ly en — | ttt alert lc | 
This reduces to ἽΝ. 











PH; | αμαιαραρίίοιαι | — P |a, 0: | PY dla Ge | 
25. — P, | aqoa, |n, | + Pha nn rt = 
P3 αιαακαραπ|.. 
If we here make again the substitution | 
ὑπ n pq v sit 
mn p qrstl 
we get a new relation connesting the squares of P,, Pim, Pi Piws Prai Paro 
The coefficient of P? will be | any ey gy | : 
multiplying this equation then by the factor 
| ellen, lans lens ] 
and multiplying 25 by | Oty loc, lla, a.a.o. |, 
and subtracting one result from the other, we eliminate P, and have a linear 
relation between the squares of i 
Par Pimi Pras Prp: Pegi Pori VIZ. | 
; P 名 | Ay Uy ig gy UNUS | a Pi lem | An ga ss] Keats, | 
26. 00 + Pon plotra: am] rtn | — Pry | dm dal | 
+ Pi|a,aa,ral Arte | — Pre | ej... Mpg] |, ] 
It is obvicus that we.might have eliminated P$ between 23 and 24, and so 
have found a linear relation connecting the squares of 
Py : Pas Poms Pins Pips Py; 
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and by making the above .substitution and eliminating P? between the two 
equations thus formed we would again arrive at 26. Itis then clear that the 
functions with the indices 

ο, k, kl, km, kn, kp, kq, kr, ks, kt, 
form a group of ten, such that any five being selected the squares of any of the 
remaining five can be expressed as a linear function of the squares of the chosen 
five. There are of course in all nine such. groups, and these may be tabulated 
as follows: ο k hl. km kn hp kq kr ks kt 
D lk im n p d r de & 
m mk mi mn mp mg mr ms mt 
n ne mi mm np mq mr ms n 
.pk pl pm pn pq pr ps pt 
q gk qi qm qn qp qg qs l qi 
r rk rtl vm m rp τα τε rt 
8 
i 


‘Occ oo co Oo 
NS 


sk εἰ sm sn sp sq sr st 
0 th tl tm nm tp tg tr ds 
and the groups will be called the k-group, the /-group, ete. 

We will now take up the case of three indices, which, as will be seen, 
divides into two sub-cases, according to the choice of the index. The two sub- 
cases give rise to two tables, the first containing 36 groups and the second 
containing 84 groups. As the method of working out these groups by Brunel’s 
method has already been sufficiently indicated, I shall, in what follows, leave 
out as much as possible the purely algebraical processes of reduction, as they 
now become very long and wholly uninteresting. Squaring the function Prim 
we have 


3 disces 
27, Ph, 一 





1 Qaod ||| go, || 7 lala Valamo Imta s 
mr eeu |* B (a)! Ill] "l ee WP m a 
ES 2e | Ra) R (αν) | aos |auens] soa] ta nad ess au | επ΄ 
The radicals / E (z;) ται), etc., may be eliminated between any six equations of 
‘the form 27, or between five equations of this form, having each a common 
index, say b, or between four equations having each two indices, say Æ and J, 
common. Choose multipliers A, B, C and D, such that the coefficient of 
α) Στ (αι) R(æ) (and in consequence the coefficients of all the other radicals) shall 
be zero in the sum AP iin t+ BP + ΟΡ] + DP. 
This coefficient is easily seen to be 
A | yes | eoa || sons en | || ns | + Β]ακ]]ακομ|αιαρ|]αιαι]ακαρ|]ακαι|᾽ 
+Clarllurllumllardllaxllas|+ D | aes] auos cs onn; | 
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Striking out the common factor 
. PACA cs] tan 
the condition to be satisfied is ws : 
28. . À | ases] aon | + B | anella] + C |ases|] aso. | + D = 0; 
this is equivalent to A+B+C=0, E 
nA + GB + a, 0 = 0, 
and + a2 B + a0 -- D—90. t 
These are easily seen to be satisfied by the values ' 
29. A=|a,a,|, B=|a,a,|, C-|a,a,], D= —|a,aa, i 
Introducing then these values of 4, B, C and D, we have 
[σιαρ | Phim + lad. PE. F | amt, | Ph — | gg ly | Ph = 
1 | la, MIEL R (αν) yes πμ dee e] 














[ere |? | 2255] ] ains] | 
i | artyllarva larta n 3 aima oss] η 
αμα | tongs R (ce 
十 | | ses] δ (ο) [ctr Le ο] 
nella] cts ol rael] ona || ons ||| nz | 
30. Ann | ma R {x | ae οἷς J 
十 | | | T «| ( 1) a |αχοι]]ατοι]αρτι] x À 








— | Ann || | ayes | 


p (ax) ve wr er QS jazalaw, | ir Ἴ | 


| ans Qi : 
This is to be reduced just as in the case of two dieen; viz. expense 30, so 
` that the first line becomes | 
p { | a || 20964], ety |. . [auos lens decl zou] sns |. . feat } 
81. X| |x lla | — [srt || ant] ons] ss | t.. 
Pu ls EE mijt.. 

There are three more terms similar to this to-be obtained by ΠΝ 
advancing certain of the subscripts. The remaining three lines in 30 are to be 
expanded-in a similar manner, and then the terms which have been introduced | 
will disappear by aid of equations 28 and 29. The right-hand side of 30 is now 
. easily reduced by aid of the following identities: 


























η a 
m 34 | “ae 


Reel — |αφορο | + | aos | — (ere = 0, 


(wz + wat m) | see | 一 (xs 十 ma 十 25) stat | 
32. + (au + αι + 23) | oss | ται ανα) vue | = 0, 
(aos + anie, + ons) [ance | — (aye + angry + ang) | worse | 
+ (een + asas + ανα) | ngos | — (0t + eins + wga) (xxe = 0, 





argo | Laga | 一 23204201 | xg | 十 moe, | a | — anos | onse | E y |αιαχομοι]. 
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This last equation written out in full is 


mM si cy αν a Lly αφ Tail «γα. 
33. - d xu du. d d d d 
Ti Vy Wa αι dU)! Ὁ : ο αι 
»p dp SE Pus 1 1 1. 1 


which is clearly true, as each of the determinants is equal to the product of 
differences of the α)β. | | 
Another form of expressing [aa | is obviously 








$5. 855v 8 3 1 1 1 1 
Tj ` 9$ Wa T4 ---- ση a E 
Í 2 2 : : 8, Ta fg Ta i 
αἳ α wb αἩ | ᾿ 3 .9 .3 .8 
34. i a πανό 1 1.» N e^t ] 

i i t "i | K i " 

1 1 1 1 

2 ae ᾱ F ὦ 





For the general case of n variables a, a... Xa, it is not difficult to see that 
[2,, %...%,| satisfies the identity i 


Log à Wry BBa e ne Caly se + à Eg ee Bni | 








n—1 get "m its cs n ae 
5M a n—? ai ^ ac been nne 1 Wn ° 
Ti 99 + Wn nm —3 n B n8 
E REM Sipe à EAE ne 1 Cm 
i ! a z Tis; my X" La 
ee: 1 Lr E X 1 
or 1 1 
ap, aTi aa a cu pe EM 
apo, ag? ATUM . Es x H 
36 les... — (—)\r—1 MAT LES, t = 
2 Ey. We . 
T d'est 1 1 1 
. art αι tt gai 
The following identities are also very important in the sequence, viz. writing 
37. Α--[αιαραρ], B=—|aaa,l, C=|aa.a,l, D=—|aa,a,|, 
we have. | A+B+C+D=0, ` 
38. - AnA taB + a, 0 + a,D = 0, 


AA +B ++ aD = 0. 


Von VI. : 
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. À similar group of identities may easily be written down for the general case. 
Using these last identities and taking the four functions 

Pis Ph, Pi. Pho; 
we can, by multiplying the first by A, thé second by B, etc., and taking «hes sum, 
eliminate the radicals V E (æi) R («;), VEER), ete. Forming this sum it i is 
only necessary to show that 


39. A| anisl an| + B| ansant] + C [auos lla pal tobaka 
and this equation of condition is at once seen to be satisfied by the values 
39. Α--|αιαραρ], B=—|aaa,l, C= [Agata |, D=—|a,a,a,|. 


We have now 
ία, αρα a | μον LEAM | P3, + | a2, | Ph — | 05,2,, | Ph, = 
1 {i -ᾱ tha | [jag Ce ο eetallaneallaetalas μασ 











E |e le A 

49 一 lm a4. | asina |" Raj) αιαν]]αμοι]ἱαμ: alealea enlra] ix] 

|g | τ ΕΕ ΞΘ ds] 
are κ απ) |... nendum +... 


This may be briefly written in the form . E 
[αιαραρ| Pi, — | ἀρᾶρᾶ., | Phan + | «40.9, | Ph, — | amanto | Ph = 


1 : [σε, αι, Om ] [3 wa, 24] 
一 一 一 一 一 4 jaaa | Lodel |? R(x- E 
s | Itl [ lel) Pl t 4 


| e : 9 [ats αι, Gn] [ον Zs; οι] 
41. | | @ aan EZA R (ox) DON WIN + 
y Don; αι, G | [3 Hy, 24] 
Tr, αυ αρ][οι] . + ` ] 
[αε, αι; αι] [23; 8; x] | 
[ars αι, A] [2] - dee ] 
Expanding this just as in the case of two indices and the case of equation 
30, we have for the first line on the right-hand side of the equation 
{ | 6,0, || aser, [co 1 Ag, rs As, αι] [αι] [ae αι] [α», T3, αι] } 
X {|ακοκο| [Gn] [es, ος, ie |æ | la] [2 , 94, ad | 
十 [ans [αι] [245 23; d 一 [oa ΤΙ Can] ται, αχ, " de 











[ago] | | eyes |? B (ns) 





— |an αμα 282 E (2) 


+ three similar terms. . 
The remaining three lines of 41 are to be me in the same manner, 
and then it will at once be seen that the extra terms which have been introduced 
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will vanish on account of the relations 39 and 39’. Consider now the terms 
` containing the factor Ὦ (αι): they have obviously ihe common factor 
Jar | [α,, Qe; αι] [a]. [αι, ki: [ω, 8; αμ] ` 
and the remaining factor is 
[α.αραρ][α,, ἄρ, e] [四 一 | po | [ᾱρ, ἄρ, τ [αι] 
+ |αζαπαὶ| [qs ἄρ, nm | [21] — | Em An wire 1 On, Ap] [21] =, say À. 
Expanding Æ and using the identities 32 aad 33, we have 
-42. -Κ----|ακαιαμαρ]. | 
"The first line on the right-hand side of equatións 40 or 41 contains four 
terms, the first of which contains the factor already mentioned, viz. 
43. [ax | Can] [oe we, 25] — {ar | [om | [o ; Tis αι] + oro | [a | [zs αι, 23] 

— [axes | [dm] [αι ανν wa]; 
the factor in each of the remaining terms is derived from this by changing m into 
n, p, q respectively. The same is true for the remaining ihren lines on the 
right-hand side of 40 or 41. This factor is independent of αρ, and the others 
not written down are equally independent of n, p, or q; for writing 48 out in 
full it is er || sens || 5 [| oca | — | rwm || sons On, || sns | 

| + [orsus] sons] |— Forts) ant ears || On | 
and this is equal to 
aÈ, X | oos; αι] + a2, Z (a + 2 + τη, 
- 2,4, Σ ίαχαι + αι 十 πρ) [σοι] + Bta | anges]. 
The first three terms of this vanish by virtue of the identities 32, and the 


fourth term by 33 becomes = — amd |: 
The right-hand side of 40 and 41 thus contains the factor | 
| — |a,2,0,0, |. — | 2242090030, | = | ama op | 25257, |. 


The right-hand member of 41 takes now, the fimo 


Tam] |an Qa pt, | È | tarte | Ca, ας, αι] [αι] [a,, αι] [25, 905, αι]. 
The X of course refers only to the cyclic permutations of the suffixes 1, 2, 8, 4. 
We have now to determine the value of the quantity under the summation sign, 
viz. X | vong, ||; || soo; || aus || ens || aeos] aes ooa a s e 2 | 
in order to find the relation connecting the squares of Pim, P, Pry, Pug: 
For greater generality and completeness, however, it is better to go back to 
- equation 30 and reduce it, 4. e. find the linear relation: connecting the squares of 
Pym Prins Pap, Pu». It will then be.seen that by making the substitution 


kimnpaqrst 
Imnpgrstxk 
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and eliminating one quantity, we arrive at what we might obtain directly by 
completing the reduction of equation 40. | | 
The second factor in 31 is ΘΗ seen to be 
44. — | eos, |, 
and the same is true for the AORE factors in the remaining three lines 
of 30. Now adding together the first factors of the four lines in 30, viz. those 
similar to the first factor in 31, we have - 
| anay rte, | [α,, a pe e e a [2] [02] Ct ει σι][ωι] l, Lg, La] 
- [ase llenos | [co αμ. +My, es] [0] [0] ce x3, $4] [0] [ o, Xe, 2a] 
.十 | Op || 00 | [Gms Gp... %] [m] [0] [2 οι, ey] [0] [0 zs a]. 
The fourth line néed not be written down, as its second factor is zero. 
Adding these terms we have , 
E { | ases, | [ao α,, αι, %] [αι] [αι] [2 2, a] [αι] [25 ae, a] 
x [αμα aas lla, a+ ]αραμ|]αγαι]]ακαι | + | esl llaszi])- - 


Now anap] -Γ [αμάν] αμα, |= 0, ~ 
| (ας e a, | + (a; + απ) | poule "| 二 0， 
and αρ | a.a | + Apam | Gy A. | + dat, | on a, | == αμα, αρ], 
so that the Ae reduces to 
45. lea, | E | | [a . α,, αρ, αι] [αι] [αι] Fate, 25, 24] [αι] [ss 23, 24]; 


the summation referring to the subscripts 1, 2, 3, 4. Equation 30, or equation 
` 81, becomes now, by taking into acecount 44 and 45, i 


[α,αρ | Pain + [ases | Phan + | aes | Ph — | ditty | P= 
: Tasas] lento nne [ec Ge, della] [02] [e Ts, as | [ay] [os , wa, αἰ]. 
For brevity write as before | 
“Σαλ, Σαμ, San, =v, Ag Gy = πε, 
the summations extending over the subscripts g, 7, s, ¢. We have now 
Elan] [ᾱρ, a, e, et] [arr [0] [ores τε, a] [o] [9 de, x] 
=3 aya, | (n—av alu riata) d (a 0 (ty berg αι) Hale otre) are) 
X (ad — αἲ {αν + αι + αι) + (ones + sona + ae) — osos) À 
=F || (x — ayy + αἷμ — αἲλ + a) ai αἲ — e ai (ag + en) (a H H a4) 
+ aia i (a Tx ay H ayn (a + αἲ) (xxs + σφι + qx) ; 
47. — aat (au + Cy) (aq + tg + wa (vrs ἅψαι + ο) + ua (yg + as + mo, 
+ (ai + ai (2s 十 os 十 La) Cott — (αχ + αιωνας] mots + 04973) ams 
= (αἳ - E Q1) LaLa + axo; À. i 


* 
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The identities given above and a number of similar ones serve for the 
reduction of this. Paying attention to the signs we have, for a few of the 
identities, the following: ` 
Zai | ayer, | = — 0 

. Z (ad + o3 + sam] = + ϐ 
. Σαραφοι] xe |= — 0 
Σα (ανα 十 og, + ao) | twe] = + ϐ 
Sx} | mwg |= — ba 
Exi (αρ 十 x + αι) | m, | — 0 
ΣαῚ (αὖ + αἲ + αἲ)]αφοκοι|Ξ- θα, ete., ete., ete. 
It is easy to write down any number of these. | 

In the expansion of 47 the term containing the factor x is, on multiplying 

both sides of the equation by |a, αι) 


z [asc] 1αξαἲσ age, | — aa? (ar + αὐ) X (ay + a + αλ) η | 
: — aia; X (as + ds + αχ) | Lolay | 
+ aralar + a1) (x23 + ss + 23) | αγοκο] 
5 ese arilar + αι) & (2 + og + GLX 十 oon, + au) | rogos | 
— aad, (as + cu 十 a) αι] 
— (a + a1) Zara (2 + x3 + 4) | args | — (ar + αἲ) Σ aye. (L383 + σοι F προ) | Lagata | 
— (ai + ai) Σώοι | eye, | + X odori | vocan, | te 
Now we have E] rw = 0, ui + omg t x) lewa = 0, 
X (xy 十 四 十 a) ael = Pi + 23 + a) | aso, | + 25 (as 十 ng, + Was | onu] 
it is easy to see that X (o + a3 + ad) |a, | = 0, and we know that 





I (Xg a0, + ασ) | yg, | = 0, 
Σ (αν + a dem | 2X304 Ie Ds 
also - δ (ανα + cgo, + am) | aso, | — 0, 
E XXt | trw = — 0, 
See (ts ++ ag + αι) 2202304 | = — ab, 
Ex gy (ass + Lawa αν) | rogo, | = — BO, 


Ecrans, | = 74. 
We have now after easy reductions 
πθ! a, — «a, + Bai — γαι + δὶ 
— nhat — aaj + Bai — γαι + 9l, 
the δ’ being introduced simply for symmetry. In the following the terms 
marked by the asterisk are all introduced simply for symmetry, and obviously: 
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cancel each other. Making reductions for the remaining terms similar to those 
just made for the term containing x wé find 
| yO, X lama [ao ars a, 02] [ory] [aer] [ee ον, alla], te, αι] 
= tan, | ot (a — aa + Bat— ya, + ὁ) 
--π(αξ — aa + Bo? — ya, + ὁ) 
— vey (a, — aa; + Da; — γαι + ὃ) 
+ va, (at — aa? + Bat — γαὶ + ὃ) 
+ μαῖ (a, — aak + Ca — γαι + ὃ) 
— pat (αἱ — aa? + Gay — γαι + δ) 
— Aaj (a& —ao$ + o3 — γαι + 9) 
+ Aaj, (aj — aa? + Εα]--- γαι + ὃ) 
ai (a — aa + Cag— γαι + ὃ) 
. 一 (ai — aa, + Ea? — ya + 0) 
or = [ινα] i(m— vat μαῖ — Aaj + af)iat— oxi + Be — yar + ὃ) 
— (rt — va, + uat — Aa + ai) ai — aal + Bai — ya + 8)1. 


From equation'9 however we have ` 








a — aa, + Bai — yar + ô= Pi, =| aller larzalar] 
aj — «aj + Baj—ya, ὃΞ- Pi, = allalla] 


similarly we have : 
zt — va; + ua; — Aaj + ai = | alla, allas allaa] 
n — va + ua — Aaz t αἲξς [αιαι]αμαμ]]α,σι]]αναι | 
and therefore finally 
| aza] § anap | Phan + | d αν] Prin + | mtn | PP ry à 
= = lat, αρ] i [axe | Ph + alle, allasæl|asa | P — lala, Arlas alla | PH. 
Effect upon this the substitution 


48. 


and we arrive at a new relation . - 
[aset] $ Γαφας| Piin + | att] Piip |t | Pigs | 
= [αναφας | i | ae | Pha + | asellus] Pi — |αναι]αναι]αιαι]ακαχ|.ΡῚ ἡ. 
Eliminating Pi, between 48 and 49 and we find a linear relation connecting 
Plans Pis; Pip: Piu: Pi, Phu 
viz., after dropping out a common factor: |a, αρ], 
Jaya] $ | int | Plan — | aste | Phin + | tint | Pos — | tt | Phal 


= ]αμαμαγας] $ |ανα]αιι]αιαε] P? — | es audaci ace P3. 


49. 


50. 
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If instead of eliminating P2, between 48 and 49 we had eliminated Pi, we would 
arrive at a linear relation connecting 
| Pon Pi, Php; Pings Ph, Bi, 


say 
51. A Pin + BPY, + OP? tp + DPin + BPh+ FPS 0. 


Now effect upon 50 the substitution 
mnpgqrst 
npqrstm 

then we will obviously obtain a relation of the form, 

52. AP + Β' Ph, + Ο' Ph, + D'Py, HE ‘Pi t+ F'Pi= 0. 

Eliminating P?, between 51 and 52 and we have a linear relation connecting five 

of the P-functions possessing triple indices, and one possessing a single index, 

| viz, & τ, of the form 

53. ! Ph + BY Phy, + CUP ip + D" Pi, + E" Ph, + "P= 0. 

Or, if P ue been eliminated, we would have a relation απο ης five P- 

functions with triple indices, and one with a double index, viz. ` 


= say Q; 


54, A" Py + B" Pn + OW Pin + D" Pr, + E" Pi + ps, 一 0 3 
Effecting the substituticn Q upon 54 and there results an equation of the form, 
55. A" Phin 十 BY Phi 十 ON Pin 十 DY Phy 本 EP, 十 FY P= 0. 


Now finally eliminating P} between 54 and ὅδ and we arrive at a linear relation 
connecting the squares of six P-functions with triple indices, viz. 


56. AY Pim 十 B" Phin 十 CY Pip + DY Pin + E” Pi, p EV Pi, = =Q. 
Of course, the substitution Q performed upon 58 would give 
57. AY Pin + BU PL, + OU Pi, + DUPE, + EY Ph, + FP P1,—0. 


We arrive thus at the eee that the ten functions 

Pi, Pr: Py, Pus, Pus, Pups Pugs Pies Pror Pru 
form a group such that selecting any five of them the square of any one of the 
remaining five is linearly expressible in terms of the squares of the chosen five. 
There are in all 36 such groups, and they are given in the following table : 


k ἶ kl kim kin klp μα kr kls klt 


k m km kmi kmn kmp. kmg kmr kms kmt 
k n In lm lmm  knp ng nr lns kn 
k kp kpl kpm kpn — kpg kpr kps kpt 


dev krl hrm km krp: krg krs krt 


P 

k q kq kql kom kan kap’ kgr kgs οι 
1 
8 ks. kel ksm ken ksp : ksq ksr kat 
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k t á kt ktl kim kin ktp kig kir kts 
l m lm ink inn lmp mg Imr ims lm 
lon in Ink inm (πρ ing’ mr (ns Int 
i p lp lpk lm lpn log ‘Wr [ρε lpt 
l q4 dq lk gm qn gp lr l ἴα 
l r Ir lrk rm ln rp irq vs > bt 
i 8 ls Usk ἴδηι lsn lsp Isq lsr lst 
l t UU k lm ln ltp lig lr Us 
m n mn mk mù -mup  mng manar mns mn 
m p mp mpk mpl mpn mpg mpr mps mpi 
m q mq mh mi mn mp mr mgs mgt 
m v mr mk ml mm mrp my mrs -mri 
m 8 ms msk msl msn msp msg msr mst 
m t mi mk mth min mip mg mtr mts 
n np  mpk npl npm npg npr nps npt 
n ng ngk ngl ngm παρ ngr nge ng 
n nr è nrk mil nrm — nrp nrq nrs mrt 
n ns nsk nsl mm nsp NQ nsr nsi 
né nik ntl nim nip nq nir — nis 


"rq pge pal pam pgn par pgs pg 

pr pré prů prm prn pro pre prt 

ps psk psl psm psn psg psr pst 

p 2 pl | pim pin piq pir. pts 

qr qk qd gm gn gp që qt 

gs gsk κα gsm qn gsp gs | qs 
- gt qik qii qim qin qtp qir gts 

78 rsk rsl TSM ren rsp πα το. 

at rth atl vim rin . vip ro τίς 

‘st stk sil — sim sin stp stg _ str 

Consider now the functions with four indices and find values of A, B, σ, D, 
such that the radicals V R(x) R (æ), etc. shall vanish in the sum 
A Py 一 BP 十 COPYmg — DPianr- 

The coefficient of V R(x) 1 (αι) in this sum is, leaving out the common factor 
25 wll wa |, 

A (ay, 05, ams Oy, | [v] [a αι, Om ,a,] [24] — B [a5, dy, αν, αρ ] [2] [055 αι, my αρ] [ο] 
FO [ety a an, tg] [s] [dn αμα, ag) [0] —D[ ay αι, 0, Uy ] [5] [Gs αι, Om Ar | [4] — 9. 


R 
HR c9 © ox HH 9 ο % Ὁ Ὁ κα Τὸ 
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Taking out the common factor 


[ας, αι Am] [og] [Gy Qj, Onn | [αι] : 


H . ! 
A | Gy asl]. 2| — B | as asas ea] + C | aqnas | — D | as ral], 4] = 0, 


and this becomes 


giving A=|a,aa,|, B=|aa,a,|l; 
ΟΞ-[α-αιαρ], D Ξ-]ακαραρ]. 
Introducing here the values . 

R(x) = [αει oz Om: ἄμ, ἄρ, ἄρ, Aps ἄρ, as ] [m], ete. 
we ought to be able to show that the squares of any six of the functions whose | 
indices are kl im mk kim klmn klmp klmq kimr kims klmt 
are connected by a linear relation. We would then have a table of 84 groups 
‘similar to the above, and such that the squares of any. six functions in a given 
group are connected by a linear relation. In the case of quadruple indices there 
would also be a second table containing 126 groups, of. which 

kim Imn mnk nkl klmn pars grst rstp Stpg tpqr 
is the first, and the squares of any six of these functions should also be connected 
by & linear relation. 

We would thus have in all 256 groups giving loss relations ee the 
squares of six P-functions. There would be 840 relations of this kind, but not 
all, of course, asyzygetic. 

These 256 groups of ten functions each might be called the 256 decads, and 
they would obviously correspond to the 16 Kummer hexads in the case of the 
double theta-functions, viz. between the squares of any four theta-functions of a 
Kummer hexad there exists a linear relation, and between the squares of any 
six of the P-functions belonging to a given decad there exists a linear relation, 
the same kind of relation will obviously exist between the squares of the six 
~ corresponding quadruple theta-functions. . We have thus hexads of double theta- 
functions of which the squares of any four are connected by a linear relation ; 
octads of triple theta-functions of which the squares of any five are connected 
by a linear relation ; decads of quadruple theta-functions of which the squares 
of any six are connected by a linear relation, and in general 2( p+ 1)-ads of 
p-tuple theta-functions of which the squares of any p+ 2 are connected by a 
linear relation. It seems highly probable that this ΕΠ is true, but I 
have not as yet been able to prove it. 

Vou. VI. 
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In order to show the linear relations between the squares of the P-functions 
with quadruple indices, we will begin with the 84 groups, of which 
| | — kl ἴπι mk klm klmn klmp klmg klmr Elms klmt 
is the first. Take the functions 
| + Prim: Primm Pine Pring: . 
and find the values of A, B, C, D, so that the radicals V (a;) Βίας), etc., shall 
vanish in the sum A Piu + BP + OP timp + D Ping: 
Dropping out a common factor 
[as] [za αι] [e] [s wa] [ss] Les x] 
the necessary condition is easily seen to be 
A  B[o,] [zs αι] + € [as]; αἱ) + Dalles, αι] = 0; 
this is equivalent to : | B+0++D=0, 
tt, B + yO + aD 
À + à, B + αν C + a; D = 
and these are e easily seen to be satisfied by the values 
A= — [aa 'p ἄχ]; B= | ty |, C= lat |, D — |a,a, |. 
Introducing these values in the above sum we have 
— |a, dy ας | Piim + | αν ol Pim + | etta | Phamy + |t Gp} Pine 


^ 


E 1 

v A lid 

{---{αιαραμ] | voces | [05 , ap, αρ» ἄν ἄν, alle ds; tlale, ος, οἱ] LARS 25, Ta] +. 1 
十 | aya] [| osos | Γαρ, ἄρ Ory ας ar [ens ) ss οὐ 2a Es ον talam] [Er o Wa] An ων ων 24] +] 


+ [αμα | | zs | Tay Gy, ας αμ aile] e [£4 (€ 1 «€ “ a xt ] 十 .| 
+ [aas] [| GUSTA | Tap (ss Qy Ans ap] [αι] ές € € & “ [14 e _ ] 十 1 j 
The right-hand side of this equation may be written in the form 
1 


quy Laden] (a, αν, αι, Op, Agea] tas σε, af, Las dame, οὐ; 4] 
Fate | 


X {fr | [An] [ae, aa a] | sts | [αν [rs αν, Zi] | emo] [a] [25 Φα, 24] 
— | xy | [an] [t ον, 93]] +... 

+ (two similar terms containing [αμ, e] fan], [an a ρ][ωι] respectively) 
— |a, by & | [Gps ἄν, αι, Ans ἄρ, as [o5] [a] [s de, o4] [05] [x2, ανν a] [An] [m ds, 94] 
X $ 252524 — | 25242; |+ | 225] — | tss | $+. - -] 
The omitted terms are easily supplied by symmetry. Now 

Σ]αγῶφαι[Ξθ, Σ|αγαεαι][ας][αν, xg, 24] = | 0o 297] . 
The fourth line of the last equation vanishes and the first terms of the first three 
l | aig ars 4 | [a,, αι, αι] [o3 ] as] [2 ας, 2] [0] [s wa, w] [Gn] (x, 25, 2] 
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for a common factor; similar factors exist of course: for the remaining nine 
terms (taken three at a time) of the first three lines. This factor is to be multi- 


plied by | 
[αρ αρ]ίαρ αι]]ας αι | 十 | clé ele | 十 ja, a, Île, alla, αι | ;一 | dn by a, | 
We have then for the right-hand side of 58 the value | 
1 - 
59. | A, aa [X | anos | [αν αρ 04] [0a ] E] [s La a] [αι] [s ἅν ta] [os ] [ts 923,24] 
|Φιαχοκοι| 


Ii is quite easy to show that the quantity under the sign of summation contains 
In fact replacing a, ἄγ, M by a, b, ο respectively | 
Oy — Le F Xz + αμ, 
Gy = Lata + ἄραι + Wars, 
: Yi = Tg lg da 
with similar expressions for ας, Bz, 72, ete. Stained by advancing the suffixes of 
the a’s, we have for the expansion of [a,][a, a, %4] [αι] [2 , 25, (δε Jos] Las, Wg, οι] 


0, i. e. [num as a factor. 
and writing 


the following 





+ sve | | 















































[ 



































1 8, y, |— Sab} 
" — Ya bc? aly: —Sa?b? 
a + Σα b’? a (BF Zabe 
Bi + Xab?e? Bs 十 abe 
a? . | —a'b'e? À + Sal 
5 Σο. αιβιγι] + Sab? 
αιβι | — Sabie? By | Sab 
ĝi + Xabó ay} = Es 
αιγι | + Xv B P Xa 
αἲβθι | + Zabe 


columns. 














The second columns here are the coefficients of the quantities in the first 
Form now the sum 


> | a, Xs 24] [αι] [25, 23 αι] (a [2,, Q5; αι] ο [ate , CEE αι]. 
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Neglecting the coefficients depending upon a, b, c, we have the identities 


E |r xa |= 0 Ea yi | yy, | = að 
Σαι|αγωρωι]ΞΞ 0 . Sat b| ttn = — af 
X, ras | — 0 X8 yi | Etg = — BO 
.B02 | aq ag, | = 0 Lai ys 25252, 一 rx 00 
Dai | as arg] Ξ---0 Xo, Bi | xxw = 80 
Iyi | xxx] = — 0 and so on to | 

Σαι Bi asas v, | — — 0 Iyi | xxs | = — (y? — 280) 6 

X8|2,252,| = — a 


It is obvious then that 6 is a factor of the quantity under the summation sign in 
59. Beyond this point I have not, as yet, been able to go. On reducing 59, we 
ought, if the general theorem stated above be true, to find that it is equal to the 
sum of the squares of two of the functions Py, Pm, Pme, each multiplied by a | 
constant coefficient depending upon the quantities a. But from the symmetry 
of the thing we can see & priort that there is no reason why any particular pair 
of these functions should come in more than any other pair. I have made two 
or three reductions of 59, but have not as yet been able to arrive at any inter- 
pretable result. i | 


1 
1 


On certain Groups of Relations satisfied by the 
Quadruple Theia-Functions. 


By Tuomas Crate, Johns Hopkins University. 





If Mm, Mm, Mm, m, denote even integers, positive or negative, and if we 
write Ma 十 Oy, Mo + ἄγ, Mat ag, M+ +) 
. | vu τῷ + Bay Us + fe t4 + By 
=F = (an, die, + «αμἷπ Han.. m t αι) 
+ ἐπύ[(πι + οί 十 By 十 .. E (m, + o4) Qu, + βλ] 
we have for the definition of the quadruple Ret: functions the equation 


G4 Ay Og Q4 


B SA) ea 
EY 252008 m + 04, m; 十 dy, Mat Os, m+ 2) 
m+ By, ἝΝ Bo. Us + Bs, Ut Ba 
AS m + a 
or briefly (g Ju) = X EXP. (wt g Jr 
_ where the summations E over all positive and negative even integer values 
of m, M, mg and ma. Suppose now we write 
an= loggi da= logga, da4- loge, ay= log qi, 
y= log qu, as 710g Qu, Au log gu, das log gus, ete. 
gies E usc LN 
K, gu HET Κι’ 
and replace the m,, m,, Mmg, m, by 2m, etc.; then the summations will extend 
over all positive and negative values of the m's, and it is easy to see that we have 


9 (2 Ay Cs La 


B BaBa Ba) (a) = 


20x - » —) exp. ped aloggt... ο 


+2 (2m, + a (2m, + αὐ) log gm 
+... +2 (2m; + ag (m, + a) log qu] 


d E: “(amt a) + ΠΝ + (2m + αὐ E) f 


and also Wu — =) wy re 
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The true periods are obviously 


οι |4ΚΙ| 0 | 0 o | 


Ug 0 4k, 0 0 











v; | 0.1 Ὁ |46| 0 











v, | O0 | O | 0 ια, 














The quasi-periods are easily written down, but it is not worth while to give 
them here. 
Write the exponent in the ος manner: 


(2m, + αι) log q+ ΞΕ T (2m + αι) 


+ {1 (2m; + a4 log go + $ (2m + αφ) log gs + 3 (2m, + a) log gs 
T 2 (2m + a)(2m, + αν) log Qu + 2(2m, + o4)(2m; + αφ) log qis 
+ 2 (2m, + a;)(2m, + αι) log qu 
+ 2 (2m; + ay)(2m, + a) log qs + 2 (2m, + as) (2m, + αι) log gy, 
i + 2(2m; + xs)(272 + αι) log qu 
ag, Cru + a)}. 


ΜΙ im, 


ag, 2m + αν) LIS Ἐν (2e + a) +o 
ee now 


log Ge 一 es ax log Por lue UT T ra = log Pu log qu 一 ων: ac log p 7]4 
and 





2m, 十 αι 
2 


2m, + α 2m, + a : 
Uy — W 一 me log py, v = w; — log pig, v, = w, — mm log Pu. 


Taking the terms which contain log os and v, and combine them after making 
these substitutions and we have 


i. 2(2m + as) (2m; + αν) log gu + 2E (2m, + αν) 
: iz όπιο, ἐπ  2m,-La 
= 4.2 (2m +a)(2m, + αρ) 25, log pis + (2m; + αν) Ge — 3E. + * log p») 
. {πω 
= = x, (2m, 十 αρ). 
Similar results are obtained for the terms containing log σι, and vy, log qu and o. 


Combining all these and the new exponent is: 
i; das 


1 (2m, + αι)’ log q + aK, (2m, + αι) 
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1 (2m, + αν) log gy + 1 (2m; + as) log gs + t(2m44- αι) log qa . 
+ 2 (2m; + as) (2m; + αρ) 108 gzs + 2 (2m; + as)(2m, + αι) log qui 
+ 2(2m + as) (2m, a4) log qu 
xc (2m, o) + ge (my a) + Set aue (2m + αὐ | 
The ie in τ } obviously form the exponent i a pus ro: viz. 
o ( 9 9s Oa (www), or simply (和 


| & 830, 
understanding that here th the suffixes are 2, 3,4. We B A finally 


1. (ove) = > (mae 3 ma + an) Joe + ger Om, Han) q S (ads) mm) 
1i 2i" 3j 


For brevity write this in the form 


TI 








invi μη τ) 


a0 ολ, yoe, q (m+ 2 eu. 


or substituting for w;, ws, p their values 


Os (wg 0507) , 


j TA im, EN 
3. Θι (οι Va Vs U4) — > (—)m* qı (αι 5 ; X (πι 3 ) 


mı 








7 mpa 9m 2 
O (o, + ES Log ps, vo H TET log pa, οι + PE log pu), 
the summation extending from m—— to m= + œ. Expand this by 
giving to m; all of its values and grouping together the terms corresponding to 
equal positive and negative values of m;, l 
4, O; (v vy v5 v,) = qı μα "Os (ni log pias oS logpa seb LE g-logpu) 
| CHa) 


T(—-»*q E | cos (2 M az| 6; (ο + E log Pre . κ, 


«ue log Pi.. 3] 
一 log ps . - | | 


utak X 
十 (一 eg à | cos (4 + αι) τ] e (ο 十 are P . d 
+ q "(cos 2a,« + à sin 2a,7) 3 (w—4 = log py . )] 
TA log: Pr Di > | | 





十 φ-'“(ο08 2a,7 + $ sin 2a,7)O, (ον-- 
- e 9 ^ 
--isin (2+ a) v [6s (v + Tu log Pu.. 3 


— q ™ cos (2a,7 + i sin 2047), (» d 

















+ 2 sin (4 + αὐ)τ[Θι(ον + at αἱ log ps . . ) 


πο q "(cos 24,7 + a sin 20,7) 9, (n— 





+ etc. 
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where for brevity I have written v, = ie 
i 


The single theta-function 9( 9 ο on being expanded takes the form 


+ αι) 


5. (和 3r = eun £1 m ως ~ga 
οι --- ET 十 (一 )aoi {cos (2--αι)τι[1 ae ! (eos 2am- sin 2αιτι)] 
+ ésin (2 + αι) σι [1— 97 ™ (cos 2a, 7, + isin 2a,7,)]} 


Uto)? , 
+(—) qg * feos (4+ a)ri [1+ q^ (cos 2a, + i sin 2a471)] 
-+ isin (4 + a)r [1— 97 (cos 2a,¢ + isin 2a,7,)]} 
+ eto. 


Giving (&) the values ( : Ji ( . ) ( : , ( i ) this general form gives 


the four known equations 
ϑ(ο γοὺ = = 1+ 29 cos a 








AT 
? cos 6 NA +. 








4 cos 

















$(5 )(e) = 1 — 29, cos 2 5. 7 - + 20 COS 4 x cha — 8g! cos 6 = ο aa 
da cos Bot 
$G γον = 9ᾳξ ος aK de 20. ET 


2 is(1 ) 人 四 = = 29i sin -> 一 二 — 9η cos 8a xt 29; sin 5 IE TE 





- For convenience write (3 8, ) (vi) as "E Θι(οι) and bear in mind that 
1 


— o fy as αρ Oy 
O, (veo) 3 ( "o gg (vvv) 











1038387 
and | O; (v, v4v,) = ὃ (2 p 2) (vs Vs V4). 
3 Bababa ^? : 
Now by aid of 5, equation 4 may be thrown. into the form 
6. e ae Us, 2 vj) = τ (Ua, Var v4). Sa) 
R8 add. 2K; 2K, 
| aa E * log gu 5— ES Es log 8 913 5- ae dn s -= log Tu gy, 3E O; (Vo, Vs, V4) 
» ΗΛ τ. à 2K; à 
"c ο seo ος log = ag oe Kg Ds Gy, Lost. s, Us) 
Κιν dE) (9E, ᾿ d , 9K, 
一 于 (全 A | ~ log q wet E 3 Gy, iP κα. au vs, Va) 


+ ete. : 
| Or symbolically this may be written, 


; 27 =4 d? 
E F5 log Qin. KK 
7. O, = =e Pr =1 tr du dus .加 | Θ;, 


and obviously by transforming 6, i in the same manner we have 
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a's flog qu Ks Ki πρός ar 9 
8. Q= e Mase Ted; u 
where T Su = 0, (v) € (ον) Os (vs) O4 (v4), 


and in the double a n and lare always to have different values. The 
generalization of 8 for the p-tuple theta-functions is 


ϱ nmp l= 20 — =p 
9. ©, = 6 wet te Les an En KE Go duy , ΤΠ On. 
t= 1: 


po 8 written out in full is 
αι αρ Ag ας 


(BB Bq By) st) 


ee qe asi (g )e25 (5 ods (2) Joos DO 
The quantities X, K,, Ka, K, may be taken as the complete elliptic 

integrals of the first kind corresponding to moduli 7, hs, keg, b; similarly Ej, Es, 

18, E, may be taken as the complete elliptic integrals ‘of the second kind corres- 


10. 


ponding to the same moduli. Now writing 3=3($ )(0) we have (Cayley’s 
Elliptic Functions, page 227), 


14 
Ti wei LT 0 
or letting $ denote either 1, 2, 3, or : 
. d, .. EN dh dà, a 
Ho . "dac 2 — e Ὡς + hall? Ge = ο. 
Now αμ page 102) we have 


dK, | 1 
dk, — kjk? ( 
so that 11 may be written in the form 
13 d, 21 de, dd, 
᾿ dv? K, dk, v: dv, 
Differentiating this s times with respect to v; and we VM 
Ë ἆ ὃ 2,4? dK, d dà, ο d dà, 
dà da E dk, ^ dw, del SUE LPs a 
Now so far as x and %, are concerned the general term in 8 is a numerical 


multiple of Ke 2 a say Qu; 


E, — E), ` 


t 


+ ag οι A gd: 


12. 








14. 





二 0. 


then 
15. 








d'e,, Qh? dK, deg, — Ë do, NK? aK, dd, 
dv K, dh dv, dé αν K, d de 
*For what immediately follows I am indebted to Mr. Sees paper on Theta Functions: Phil. 


Trans., 1882. 
Vou, VI. 


τ =x; | 





. 20. 
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and 

dg, πι! d Ph, s dK, d) 
ae πα. | πι dt WE al: 
Hence . 

] d Pi 9t, k? 1 aK, y E 9 ag _ 

17. "dum 十 一 二 一 二 a, + 2, E 一 一 dk 


and now since ©, is the sum of the ee p; we have 








PO, , 2 AK, 有 T 
18. b EA LUE 
or 
19. TH — Qn, (m -55 ο. iie 


There are of course oe equations of this oni. Now from 8 we have 
ἀ 2 doi, 


=... 
dq a de, dv, Gni 





and consequently 


m dO,  2K,K, dO, — 


dui dnt T πὸ dede 

There are obviously six equations of this type. The quadruple theta-functions 
therefore satisfv in all ten derent equations of the second order; written out 
in full these are 

















qim (m— 六 - uU 

APA ( 码 一 H Te + ale η. ΓΝ = 0 

一 20, (14 — 5 PIED ας -0. 
dé, , 2K, K, PO, _ 





qe dqu NE z dede — 
dO, ,9K,EK, dO, 
dis dus | πὶ dudes — 
dO, | 2K,K, PO, 
qu dqu T nm dede — 





II 





ἆθ, ι Άικ, PO, _ 
029 les T S dv dry ~ 
"dé, , 2EQE, dO. 





dgu + n? dv, dv, τ 
2K, K, ËO 
E ds du a πὶ dudy — 
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These equations can be obtained at once from te general definition of ©,; 
this is 


ono a)? Qm, + 04)? 
22. O,,—$ (& 6. β' 3) (mm vv), ΞΣΣΣΣ CT ἫΝ 





£183 Ba Ba My M Mg Ms 
‘em, πα ασ ; MET REL 
X du * Qs 
Xe 3 (2m, + a) 党 mt: ,二 (9m, 中 ex us a}. 
The general term in ©, is a multiple of 


(Cm a)? inv 
Gi * .e?k genta, say ἄφι, 


the coefficient of i being independent of v; and 4. Now 


don (2m 4 - αι go izv; (2m, 十 a) dk, ds, 
38 P $——1 8— πα 5 ο 
d? (2m, + αι) a* 
24. ag B= — um de 
d αν . tary, (Qa, + αι) αρ. 
25. "cg B= — gg ὅθε; i 
from these we derive ， | 
du Æ ἃ 1 dE ἆ ᾳ 
26. po m UM σι do em KE, dq τ πο Bi. 
: We have also EE: 
Gime, κι) 
and therefore 
aK ak; 
27 — α dy . ira, Ba, | 
: qı dk, nd K? 
=— ο ο + RU] 
一 9h, E i 


since K,#/+ Ki E, — K,k/= > Multiply 26 by Ÿ --- and substitute from 27 


and we have d 4 ,= 1 dag 1 dK, | 1 αρ 
dh, 2 — DER ἂν ιτ E ας τὰς 5» 
and hence ©, which is the sum of the quantities RR, satisfies the aayon 
PO, , 2h11 dK, 40, sd 
κακὰ ae 


or — PO, 


de — 20 (a di πια a= 
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For the constants K, ὦ we have of pis the following relations : 
K= $ o dp κ dg &= f? dp- ᾿ 
"a ο V1— lisin'g!. A/1— ki sino’ 
| Ele oll: -da 
Ej o MI 一 三 sinsp 总 三 ? Vi Hey 


or in the notation of hypergsomet ic series, 
B= ELA), EcLF à, 1, 18), 

K,— T, 41,28), Ko—LFG +, 1,8). 
and for the corstants B we have 

E, —.F(—i, 4i 1, E) E, = 

E= zT τι 1, 18), A= = 
‘Also for the K’s | 

AP —1 + 2g + 39415 2 + 20) 


nf PH 1+ 29, + 9j + 208 + 29 +. ΄. 
LEE 1+ 29, + 29 + 2 +24} + 


APE = 1 + Age + 298 + 29 + 3 LN 

and ᾿ 00007 04, LL gl 29i H- 299 + 29% +... 
“Ὁ τε a} 
| =| it Ta... 3 
> m" 





1+ 2g, + 295 + 293+ 2q +... 
. § 248 + 29 + 2009 + 29% ^ 
Fu li 十 293 + 293+ 24] + 293 +... 
7 sit 2g? + 295 + 298 +... E 
UCL ut 24s 3ο + 2934... 
We-have seen that it is possible to derive a quadruple theta-function by 
operating upon the product of a single and of a triple theta-function, and generally 


that a p-tuple theta-function is derived by performing a certain operation upon . 
the product of a single and of a p-1-tuple theta-function ; and finally that the 





‘theta-functions; 1. 6, calling the operator y we have 


| 
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p-tuple function can be obtained by operating upon|the product of p single 


ο (Zp Jom 


. It seems to me that it ought to be possible to obtain a theta-function of any 
order p by performing a proper operation upon certain combinations of theta- 
functions of any lower order. For example, cannot the quadruple funcion 


Ay Ay (cs Hy 


"V8 B, BaB) osa) 


i 


` be obtained by an operation performed upon a certain combination of the double 


theta-functions 


(Boum). Saem oit 
(a Jos 23), 3 (2 8. Jo va), Sg à): οὐ οι) ? 


It is possible that some such expression may be known, but I have not seen 
it nor does it seem easy to obtain. It is, of course, perfectly simple to split up 





the right-hand members of equations 2 or 3 so that the double theta-function 


shall be brought in, but that reduction would obviously be of no value, as taking 
one further step we should arrive at an equation of the same form as 8. The 
question seems an interesting one and one worthy of investigation, 

The theta-function under consideration may be written in the.form 





(πει + 21)? Rm, + a}? 
αι Ag Œg αι > 
3 β β β AX οι 004 ,) = ΣΣΣΣί--) meq, 14 oan Qi 4 s 
1228) My Mo Mg M4 
(2m, + em + ag) (πια 十 ema + αι) 
X dhe , | 
gg; Cru + ant D REDE 
x e? 


The summations of course extend from — to + for all of the letters 
Mi, Ma, Ms, and m,. This summation can be divided up into five parts: first, 
where all of the m’s are zero, giving one term; second, where any three m's are 
zéro while the fourth takes all values other ilias zero, giving four terms; third, 
where any two of the m’s are zero and the other two take any values other than - 
zero, giving six terms; fourth, where one of the m’s is zero and the other three 
are not zero, giving four terms; and fifth, where none!of the m’s are zero, giving | 
“one term, | | 
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This gives us 








a αἲ ei ay 05 aight tr Partis, p αν ὃν 
(5) ai QE 05d Qu ον OR τᾶς " n x 
az ai Oy d. 4 d, üza, ag Ὁ. αι Ὁ, 
οἳ LA 2 ἄρ y 4 θα 293... p 2494 
+ QE. gaT. φῶ. Qu ? «Qu ? Qu * a j5- x 
m,—-4o a 
nd imi ay) salm ta) T εἴπ (9m, 十 04) 0, 
=) di du cou * το 
Ke 


oy neg similar terms) 
su αι Gg Ug au] 
十 qs. qui. Qu * HE à 


m= M=% 


RTT. (2m, a)! Pis Esa (m; 十 auto ef ση) ag (234 路 αι) 
x) > C ees me Go ce Fy * 


| y umi namatay ame ἄρ) * (om tan + eret eam] 
Ta Qs ^ -Qu + : 
+ (five similar terms) + ete. Š 
The remaining terms are formed in the manner idad above, but it is dot 
worth while writing them down, as the formula is too complicated to deal with 
in the general case. There is one class of cases, or rather one group of functions, 
sixteen in number, for which this formula may be very much simplified—these 
are the functions for which all of the indices a are zero. The five sets of terms 
in the general formula correspond to the following values of the a’s. 



































ay ση ay [71 

I 0 0 0 0 

1 0 0 1.0 

I 0 1 0 0 
I 0 0 1 0 

0 0 0 1 

1 1 0 0 

0 1 1 0 

0 0 1: 1 

Mi oo! 
1 0 1 0 

0 1 0 1 

1 1 1 0 

0 1 1 1 

2d 1 0 1 1 
1 1 0 1 

- v 1 1 1 1 








I 
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Combining each of these 16 groups of the values of oa . . . αρ with the corres- 
- ponding 16 groups for the values of 6,...@, we have the whole 256 functions, 
The simplest way of representing each of these functions by a formula similar 
to the general one given above would be to work it cut ab initio, assuming the 
particular characteristic and developing for that special case, but a table of that 
magnitude could hardly have any practical value. We may take, however, the 
case where (a4 05.504) = (0000) 

` and give the 8-row all of its values—we thus have the sixteen, functions referred 
to above. Substitute these values of the α in the general formula and make 








also (81858584) = (0000) 
then we have 0000 | 
5 0000) vy, Vg, V4) =, SAY So(v) = 
T3" ME τς +... +2) DLE 
4 


my, ==] Mal 


M νι + Ma Va 


n2 m ir 
+) | 》 PAT TTC L3 





2] t (five lied ter ms) 
πνχΞ----οο M_==— οὐ | 
Ma 一 十 om Mao Hg 二 十 多 
m 
T > sa > d ight 20% κκ. [ yo + Tota Puts 
MER 了 1 二 一 o Ίμη----ου 
十 (three similar terms) 


My —-d- My fo mgm--em, 4-9 











My 


25,4. 
gm. gp zl gro]. 





ma 


TN De ο ο asit 
2 一 一 üQ4z-—900 Mao, τος 
In this last term the values m,, Mma, m3, m,== 0 are excluded. 
The first line in the right-hand member of this equation is, in the ordinary 


- notation, 0 0 /0 "0 
notamom S) +8 (6 Je) - $( ϱ Je) +3 (5 )οῶ--. 
The first term in the group of double summations is the double theta-function 


3 (00 Jw. 


' Transforming this in the same manner we have (see Forsyth's memoir, page 809) 


Tn; =% My © 


(oo Je) xd 1) qos > + 2 a cos της πηπὸν 


m=1 mal 








My =% Des 


one rete) ΟΙ 
4 qr * COS zt x) tas! 2 COS 7t | V UE 








mol ma=1 
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0.0 0 0 | 
or 3 (Go (mo) = 3 (6 Jen) + 5 (0 ο) —1 
MX ; — / T, Vy Eu Ma Ve Vang My — DU 
+1}, 2 quis E cos (rye Ke) τρ cos zr | E 一 区) 上 
The remaining five terms under the double summation are at cnce obtained 
from this. | 
Take now the terms under the triple summation sign. The first of these is 


(ορ 0 0 mme). 


We reduce this just as we reduced the quadruple function, and we have 





My =H My = 00 
ολ. (vy vv) Ξ- 1 + 2 gyri cos — TE . +2 qti cos ~~ 
m,=1 Marl 


=o MeO 
πι) Ὅν p Mode 
γαῖ origin me πᾳ (two similar terms) 


MAS Mg — 





MER Ms 二 % Mmg=% 


M V- Mo Vo Mav 
oe > D qz i grigt m gium gia msg di cus ντ ΕΝ 


Th; —— 39 ΠιαΞ---οο My 











In this last term the values m,, my, m,— 0 are excluded. | 
The first five terms on the right-hand side of this equation are 


=3 (0 Je) 3 ($909) - S (ρω —2. : 


The terms under the double summation sign are 


(no) = 8 (90) + 3 (0 Jeo) — 


Tm; =% My =% 


i Ma Va 十 Mats . MY Moto 
9 m ym 14 “tie πο cos À ) 2m, Mo COs 7t = 
"e > ) 91°93 gT K, + gs A K, 


m,=1 ms 二 1 








and two similar ones. Collecting together all our results we have now 


* (Hoon een) = 7 [5 (+5 (εδ (eo tea 一 3 


Here 


M 一 oo My =% 


=a mt IM, My ne /Ma Ὁ. = —Im,m WU, My Vy 
ολλ Tui i gg IE: COST | er Set ο δρα T Tt) 


ές. Ml 


-+ (five similar terms) ` 
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My 200 My 08 


"m mt. Mat E fmit, Mat 
+25 aa {a arm cos me (“at Tx n uc 


My] Mg=1 
{ 


+ (eleven similar terms) | 


ποθ... of. Pas 
eor] 


oo eo œ% x 1 
! / pt | tr 
十 》 > > gi... gigi... gimme LE 


WO Mo Mg — 0 | 3 
` | ` mv 
+ > > » X mi d AT 。 $t gp P DEC k men] ς 
Th, —--o0 "icm Ma — Ma o | ` : 
The accented Z means that the values m =0 are to be left out in forming 
the sum. 


We proceed now to a more complete reduction of the quantity À. The 
terms under the double summation sign require only to be added together, no 

` further reduction being necessary. The terms under each of the triple sum- - 
mation signs divide up into four groups, viz., taking the first case where the sum- 


. mations refer to πη, m, and m; we have 





I. m, πι», ms all positive . , A . One term. 
IL. Any two of these positive and the third nimio . Three terms. 
. III. Any one positive and the remaining two negative . Three terms. 
IV. Allthree negative . ; x ῇ ; | . ‘One term. 
Inal . . . . . . . . ‘Eight terms. 


For the quadruple summations we have similarly Sixteen terms. Taking 
now the case of the triple summations and we find the following values, in. 
which for convenience I have written | | 


v 
=o" Um 
. Q= gi qi igs , K 
L mi, πι», m all positive. | 
ou ΣΣΣ QR mi Mg Gis" Mg gists, git nu, + mg tha + mg Us). 
. a ! à 
IL Any two positive and the third negative. E 
ο, Gn" Ma qu Ms ο” My . ei" (my tijt- Ma tg de Mg. ως) 
Qu qi; My Gis" My on™ ms ght (My thy — Ma tg F- ma us) 


! 
RMI Ma py MN Ta ΥΠ Ms is (moa Mig ta 一 M. ua) 
QU Pa gg Ma gus as, g (m, + 2 hg 188 Ua 


Mg -Μ8 - Me 
κ M8 “ΜΒ mme 
M48 τῳ -Ma 


Vor. VI. 
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III. Any two negative and the third positive. 


Qi gi? Ma dis 21, ms qas ama, eit m; icm Aa -]- Mas) 


-Ms-oMs^-4Me 


ο w 
ΣΣ 
11 
œ oo 
ΣΣΩ, qi; i Gs ™ gas Pme Mg em Sak Matamata) 
11 . , 
wo oo 

-RM Me y M Ms AM My pTM, U, — Mo Ua — My τὲς) 
"im 4012 is qog? € . 


IV. All thr ee negative. 


Oo" co oo 


5 > > Qı gis Ma qu Ms gaa. eg * (my wy maus E Was) 
111 | | 


The summations are of .course for m,, m, and mi. 


Adding groups I and IV and we have obviously 
SiS Mym Mi Mg 2ma ms T, 0. Ms 05 
2z£2ZQqs 1 Ma gma ms οὓς cos x (“Te “十 KT x). 


The first of group II added to the third of group III gives - 
23 > À Qu" "agis me gigas eos À qe + τ + ui 
The second of IT added to the second of III gives 
2 = 2M My on, ms re Mg Ma ~ = Mg Vg 
3330,g5 agum gr cos x (^ 2+ x) 
The third of ‘I added to the first of III gives 


> imag Gm Ma y~ Ma Ma T4 0, Me Vz m 
23% ΣΣΘιοῦ am cos n (^ + x X 


Combining all of these we have for the first term under the triple summa- 
tion sign | 





My Vy 











to 





9m ma M, ms ma ma (Ma Va Ma Vo T) 
4012 ^qu' ‘Qu osa cbe 


My Vy à Mava | Made 
TE 十 x) 

Qa —2m, Mg QU ggm cos a (“it — T + τ) 
MU, Moto Mots 
Kk EX R 
The remaining three terms are of course obtained by replacing the suffixes 
` (1, 2, 3) by (2, 8, 4), (3, 4, 1) and (4, 1, 2). 

Take up now the quadruple summation. ‘As already remarked there are, 
in this case, sixteen groups of térms, these combine however into eight. The 
process of reduction is exactly the same as in the case of the triple summation, 





十 
bo 

M8 M8 “Me - Me 

eo © 


Wn gu om qi ama COS qt (— 





a 





Meg =v - Mes - Mes 
"Meals “Μα Με 


+2 + 


Qs du Ma Pr Ma ann COS 7 
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so it is not necessary to go further into it. We have, in fact, for the quadruple 
summation the following value, where for brevity I have written 
Q πας 
SES SN nm Bim my Mets Q^ Mot 3) 


m 
+ 9 ΣΣΣΣ Q qu ga gia gas" "oM VW cos π(--- T4 V, + Mg Va +. Es Us ze 2) 
K, 











K, Kı 

LIN Moy yM Ma 3784 y MaMy git, ΠΑΤΕ. mv Mats oe SIM 
十 SES gu ia eq gag me gr ges COS 7t X . K, T K, ES 

2mm, 2M Mg mm, Mo yM Ma mam, a im TT -- Ὃς) 
+ 2 3333 Qg gna γα gag gan οι cos x (7 T E KĘ m K, 


Mots , Mag My Vy 


E E Ἢ 





T 2 XXXxQguq gig gas πάσι cos (^ 1*1 十 











4 95555 Q ging, gy τ οκ Peden ως cos 1 ατα + HEO 
1 4 

+ 25555 Q qa gig gig MaMa qii ΤΩ COS 7t (-- 2 to ice = κ *) 
K Kg 4 
. "n a 1*5. τὰς Magy ey Mav Tav ἘΌΝ Mat 

+ 2 EST Q qu ga ος a ga g COS zr (一 党 ERE x) 


The limits of the summations in the last seven terms are of course the same 
as in the first term. We have now merely to add together all of our results in 
order to obtain the value of the quantity A. Notice that in the above given 
value of À of the “(eleven similar terms)” one is identical in form and value with 
the one written down, and the remaining ten terms reduce to five each of which 
is repeated once. We have then finally 


* (ano) (nime [8 (e) + 5 (5) +3(G Jom) + C0) — 14 


TX me mà 2m; mg MU 十 ΤΘ --2m,m 5 T Ma 0 
+ 42208 qid cos a (“tt m+ σορτς σας) | 








+ (five similar terms) 


My My DU My , Oma My My Vy My Va ‘Mg Ug 

+2555Q | of ' dis qu COs 7t E + ja 十 x) 
"t Pad, Mots , Ma 

+ θῶ" qme ms opem cos æ ( e t 7 十 c) 


T gen qim qa ^: COS 7t (S — Res 2) 











K | Kk, 
9 My Ὁ, Malo ^ MgVs 
IM, Ma py— BM, My yo Wg Ms; 17i 292 5. 
cq g5 dis cos a (o + ja K ) | 


+ (three similar terms) 
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πιο Vo 


十 25555 Q | gam qim qm qa qim. qim cos x Cx vi E di ees Mg Vg F T 
1111 K, K, 





202 Mg y — 2M, ms ,,—2m, m, Ma Mg pMa My pMa My car Tuv, , Moto | Mats men 
+ od Qa Qu ° "gas? Qu^ σοι 十 E T EU E, 


+ T, un) 
Κι 
Mo τ T Ug Ma Va 


21 Mo ~— 2M, My 2M 9ma Ma Ma m, py Ma M My 0 
+ gia” ^ dia 1 qu 7^ O53 Ma ‘qu a ! Qai s ag A x bue -+ K, 





MY w 


Ts Ὁ MeV 
IM Ma yM Ma 3m, m, 2m, My -- omama, MaMa COS H x A2 K 3 
+ gu gig "a σπα ga ira gig E ETK 








+ qu My qim gar ma qipim. qs; a quito COS 7t c» d La ‘Mg Vg e) 


和 


Wt Mav Megs , Myv 
moet ete) 


| mv Mot Ms Ὁ. mau 
— 2M, Ma QM, Ma py— MN Ms 90a MaMa y — LM a Ms cosa | — 14 23 CE] 4 Ua 
+ Ge qu Qu Q3 Qu^ "Qa uc UC Es ERZ 


BR 一 = v Ma V Ma Us My 04 ᾽ 
2M, Ma 2m, Mg Dm, Mg ne Mg La m, 9mg My Cos π(-- n: 1 202 quu ) ; 
+ di Gis qu’ 'Qu' Qu σε c4 ja 十 E E 


“Tn this formula and in those preceding it is of course not strictly accurate to 
write the quadruple function in the form 


0000 m 
3 ( (οι Vo Vg v4) 3 








+ ga Ma mom ‘qu 2m, m, Gan Ms qu Ma qem cos x (一 








0000 
it really should be written 


ΙΙ (Uy Uy Us 04) , 


but as the quantities σι, v, v3, v4 appear in the right-hand members of the 
equations I have written them in the left-hand members also. The equations — 
connecting the v’s and the w’s are as above | | 
Ru, Noa, Ru, ιτ τοι. 

The remaining 255 quadruple theta-functions may be thrown into forms similar 
to the one just examined, but as the formulæ are so very long and as the process 
has been already sufficiently indicated, it is not worth while to work out any 
more of them, s , 

It would not be difficult to extend the above procésses to the case of p-tuple 
theta-functions, but it is not the object of the present paper to do so. Still it | 
may be remarked that the term in the p-tuple theta-function corresponding to 
the term À just computed will consist of a group of terms inivolving double 
summations, another group involving triple summations, and so on until we come 
to a single term which involves a p-tuple summation. The method of computing 
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these terms is identical with that above given for the quadruple functions. Take 
for example r< p, then the 7-tuple summations are divided up as follows: 


Suppose first.r even, say r= 2p. 
Nunee OF CASES. 





«(1) ΑΠ the m’s positive, oa ”1 
(1), All the m's but one positive, , ME 2p 
(1), ΑἹ the m’s but two positive, RG 3) 
(1),41 All the ms butp positive, , . = T. ida 
(1), 1 All the ms negative but two . ου 
(1), All the ms negative but one . | -2p 
(1)e,4.1 All the ms negative, . . . La | 


Here the first and last terms are to be nes also the second and the last but : 
one, and so on until we come to the middle term; ; this term is made up of 
PRE cr E AT A 





(an even number) of simple terms, and the first half of these simple terms is to 


‘be combined with the second half in order to obtain forms similar to those given 


in the case of the quadruple theta-functions, The case where’r is odd follows at , 
once from the case of 7 even. 


On the Absolute Classification of Quadratic Loci, and | 
on their Intersections with each other and 
with Linear Loci. | 


By WILLIAN E. STORY. ` 


By the absolute classification of loci I mean that classification which is not 
altered by any real linear transformation, and which is identical with the ordinary 
classification in so far as the latter is independent of all consideration of the. 
nature of the infinite elements of the loci. Many of the results here obtained 
are well known, but I believe some of them -are new, and the collection of the 
criteria in such a form that they can be applied to any real forms of the equa-: 
tions of quadratic and linear loci will probably not be without a practical interest. 
The geometrical conditions are'combinations of contact and real and imaginary 
intersection ; the -corresponding algebraical criteria can be put into a form in 
which certain invariants or combinations of the coefficients of covariants are 
distinguished as zero or positive or negative. -A part of this classification has 
been made in essence by Professor Sylvester in a communieation to the Philo- 
sophical Magazine, in February, 1851, namely that part which relates to the 
contacts of two loci of the second order, but the form of the investigation is 
necessarily quite different from that here, adopted, where a distinction has to be | 
made between cases in which the relations as to reality as well as contact are 
different, and where the conditions are required explicitly in terms of the coeffi- 
cients of the equations of the loci. Homogeneous coordinates are employed 
throughout the paper; it is assumed that real elements (points, lines and planes) 
have real coordinates, and that the equations of the loci have real coefficients. 
"Each locus is considered as belonging to a space of the smallest number of 
dimensions in which it can exist. 

1. The equation of a pair of points on a given straight line is 

| U — aa? + hay + by? = 0, | 


= — y Ap = — y (abe)p, say; hence, by I, 
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and the discriminant of U is Azab— = (ab), Say; “Ἢ 


if (ab) > 0,- the points are conjugate imaginary,  . 
if (αὖ) <0, the points are real and distinct; 
if (ab) = 0, the points are real and coincident. 
XL The equations of a conic and a straight line in a given plane : are 
U zz ao? + by? + οἳ + 2fya + Ώφεω + 2hxy = 0, 
Pzzaz- By+yz=0. 
The intersections of U and P satisfy the equation 


(a? — 2gay + ca?) a? + 2 (foy? — fay — gBy + caB) xy + (b? — χθθγ +e) = 0, 


found by eliminating z between U=0 and P= 0, the discriminant of which is 


"E E | ahga 
az? — 2gay + co? 1 Ay — fay — gBy + cab | = Abfe 
hy! — fay — gBy + caB, by’ — 9fBy + o? d Vigfey 

| US a By 0 


_if (abc), 0, U and P intersect in imaginary points, 

‘if (abc), > 0, U and P intersect in distinct real points, 

if (abc)p== 0, U and P intersect in coincident real points. 

If y = 0 the above discriminant vanishes identically, but eliminating 22 org 
instead of z, the diseriminant of the resultant equation is — Kap or — BA, 
and the criteria are the same as those just given. | 

A, = 0 is in general the condition. that P is tangent to U (i e. is the tan- 
gential equation of U), but if U consists of two straight lines, Ap 一 0 is the 


- condition that P passes through the double point of es. 


ΤΠ. The nature of the conie U, where 
U = ax + by? 十 ορ) + 2fyz + 2gzæ + hay, 
is found by considering its intersections with a real line rotating about a fixed 
point, namely: if the intersections are imaginary for all positions of the rotating 


line, U is an imaginary true conic; if the intersections are imaginary for all 


positions but one, U consists of a pair of conjugate imaginary straight lines 
whose intersection lies on the rotating line in that one position; if the intersec- 
tions are real for an infinite succession of positions, and imaginary for an infinite 
succession, U is a real true conic; and if the intersections are real for all positions, 


U is either a real true conic or consists of a pair of real or ARE straight 


lines, 
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The case in which U consists of two straight lines meeting in the fixed point 
. of the rotating line is the only case in which this method does not fully determine ` 
the nature of the curve, and this uncertainty as to the reality of the lines in this 
case is removed by considering the intersections with two lines rotating about 
different points. Of course the pair of lines is distinguished from the true conic 
by the vanishing of the discriminant. For convenience- I consider the intersec- 
tions of U with three lines rotating about the vertices of the vines of reference. 

' Let 
ahg 
hbf 
gfe 
and let z= pat be one of the rotating lines; then the intersections of U with this 
‘line for any given value of p satisfy the EM 

| (a + 239p + eg?) a? + 2(h + fp)ey + by’ = 0, 
- the κας of which is 
=b (a + 2gp + cp) — (A + f= 0 — 2Gp + Αρ’. 
df AS 0, Visa ee conic: 
if AS £0, AQ= (Ap — Gy + AC—@= isse GF + 5^, and Q will be 
ο. for every real value of p if bA > 0, and A 7 0, and only then; 
if 4=0, Q— C — 2Gp, and Q will be of the same sign for every real value 

of p if G —0, but then 5A — AC — G*— 0, i.e. b — 0, and hence C= 

αὖ — i? = — 15, ἡ. e. CZ 0, hence Q cannot be positive for every real value 

of f. 


A= , let A= (bc), B= (ac), C= (αὖ), F, G, H be the first minors of A, 








Hence J is an imaginary true conic if bA > 0 and À `> 0, and a real true conic ` 
if ASO and either BAZ0 or 40. IfbA>0 and 4 7 0, then evidently also 
aA>0,cA>0,B>0, C> B and the conditions DA 7 0 and À > 0 may be 
replaced by aA > 0 and C > 0. l | 
If A=0, U consists of a pair of straight lines: 
if AS0, AQ=(dAp— ΩΣ > 0, hence Q > 0 for all real values of p but one, 
and the lines of U are imaginary, if 4 >0; 
if A=0, but either BSO or CSO, U will consist of imaginary lines if those 
of the quantities B, 6 which do not vanish are positive ; . : 


if 4—B- 0-0, ἡ ὁ. bo— f*—0, ac— P= 0, ab. — I —0;ifat0,oc— ΕΣ 
2 272 272 f : 
tn = +t; then A=2 (41-1), 1. 6, if g $0 and 


ο Αν 
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ASO the upper sign must be given to f, and U= (ax + by + ge), - i e. U 

consists of two coincident real lines; if «$0 and A —0, then b= f= 0, 

and U=aa? + 2gzx + cz, where ac—g’=0, i. e. U consists of two coinci- 

dent real lines; similarly ifa$0 and g=0; ifa=0, and either 050 or 

$0, then g = eso, U= by? + 2fyz + eg, where be —f?=0, i.e. U still 
ane of two coincident real lines; if a =b =c = 0, then f= =g=A=0 
and there is no conic. 
The criteria for the conic U are then the following: 
- (abe) $0, a (abc) > 0, (ab) > 0, U is an imaginary true conic; 

(abe) $0, and either a(abe)= 0 or (ab) ΞΟ, U is a real true conics 

(abe) — 0, and either (bo) ee or (ac) >0 or 9 > 0, U is a pair of imagi- 
nary lines ; p 

(abc) = 0, and either (be) < 0 or r (ao) <0 or (ab) << 0, U is a pair of distino 
real lines; 

(abe) = 0, and (bc) = (ac) = (ab) =0, U is a pair of coincident real lines. 

IV. If U and V are two conics, where 


OS a + by? + οὗ + 2 fys + "€ 
Va + by rog] 2f' yet 29 gx + 9M ay, 
among the conics AU + u V —0 passing through the intersections of U and V 
are three pairs of lines for which 4:4 is determined by the equation A,, — 0, 
where i 


Aa + ud, Ah-F uk, àg + ug 
Ay =| Ah F uk, Ab+ ub, "AF + uf IE 

ag Hug, Af+uf, Aoc uc 
` if the intersections of U, V are all real, the three pairs of lines are real; if two 
of the intersections of U, V are real and two imaginary, the lines of one pair 
are real and those of each of the two other pairs are non-conjugate imaginary; 
if the intersections of U; V are all imaginary, the lines of one pair are real and 
those of each of the other pairs are conjugate imaginary. Hence if the four 
intersections of U, V are all real or all imaginary the three roots of A, = 0 are 
real, but if U and V have two real and two imaginary intersections, one of the 
roots of A,,— 0 is real and two are (of course conjugate) imaginary. Putting 
then* § R-—6'6?-- 18AA/00 — 27A? A? — 4AO? — 4A O5, 





* Salmon’s Conic Sections, ¢ 872. 
Vor. VI. ; 
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- Ay ,=0 will have thrée distinct real roots if R > 0, two imaginary roots and 
one real root if R«0, and three real roots of whieh two at least are equal if 
R=O. | 
If R<0, U and V have two distinct real intersections and two imaginary 
intersections. . 
If 120: σ and y have four distinct real intersections or four, “tro 


ὃν imaginary intersections, and it remains to distinguish between these two cases, * 


For then the roots of A — 0 are all real and ‘distinct, and hence the reduction 
to “the common polar ae is real, 4. e. by a real linear transformation U and 
V can be brought at once to the forms 

Uy zz aat + βγῇ + γιὰ, Vy = a'o + Oo + y'a. 
Now the intersections will be all imaginary if an imaginar 2 conic whose equation 
is real can be found passing through these intersections, 4. e. if AU + uV = 0 
represents an imaginary conic for any real values of A, u; by the criteria of III 
‘this will happen for any values of A, u, if λα + ual, AB + μβ', Άγ + uy have 
the same sign, 4. e. if À, u, p, p, q, r can be determined as real quantities such. 


that λα + uo! = pp, AB + uf" pq’, Ay + uy! = pr, 

i. e. if real quantities p, qg, r can be so determined that . 
a o p ) ; E an | ΜΙ 
B 8 e —(By — By) p t (yo! — yat + (a8 -- ap) =o, 
Qm 


which will be possible if (Cy — By), (ya — y'a), (a 8’ —a/8) are not. all of the 
same sign, and only then, 4. ο. U and V will have four real intersections if 
(By! — Bly), (yo! — y'a), («B' — aĝ) are all of the same sign. Now let F be the 
quadratic covariant of U and V, 1. e. 
F(BO'F.B'O-— 2FP)a + (CA + 0'A—2G6)y' +(4B'+ AB —2HH)# 
+ “(GH + G'H — ΑΡ'--- A'F)ys--2(HF'4- H'F— BG'— Β' 0) xx . 
T2(FG + F'G—CH-—C'H)sy, 
where A, B, C, F, G, H and A’, B', C', F', G', H' are the first minors of A 
and A, the diseriminants of U and Y: respectively. This covariant formed for’ 
`U, and i is 
= aa! (By + yB’) 08 + BB (ya! + αγ) à + yy (aB + Bal) 2; 
the roots P A,, = 0 formed ἘΣ U, V, and for U,, V, are evidently the same, and 
ifthe eoafficiénta a, D, y, al, β', γ' are so taken in absolute value that the two 








: * Salmon says they ‘ have not been distingiieed by any simple criterion.” 
t Salmon’s Conic Sooliong, ἃ 878. 
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equations A,, = 0 are not simply equivalent but identical, 2. e. if the determinant 
of sibstitmüon is unity, then; as in Salmon's Geometry of Three Dimensions, 


8$ 215, 234, 
Δ--αβγ, A'= αβΎ', USU, V= Mo ΕΞΞΕΙ, 
which gives the three equation for 2 Yes 5 

axi + Byi + y= U, 
α'αἳ + θ1ῇ + a= V, . 
ax (By + 7B) a+ 88 (yw + dS d (αβ' + Ba) ΞΕ, 


. . from which follow 


U, D; | Y 
αὖ: Ya: αῦ = V, B, y : ete. 
F, BB'(yo + αγ), yy (a8 + θα) 
= (By — y8')(— αθγ' U— «By V+ F): ete. 
一 ! ol- -ᾱ ar a 
= (By — y8 )( 一 “ap A Us a ΑΥΤ F) : ete. 
N á al h ` fl de x + 


. i V | 
or, introducing the roots of A,,=0, — = ——; = , £= — L, and 
| μι a μα’ B 4 r 





putting ; 
I AUD LATER faut AV +F= E faut AV + ΕΕ 2, 


we have 23:90: dz (Αγ. — y8) X: oa — ay) Y: (af — Ba’) Z 
‘from which it is evident that (85/— 8’), (va'— ay"), (a8’ — Bo!) have respectively . 
the signs of X, Y, Z, or their opposites, 9. e. the intersections of U, V will be 
all four real if the three last mentioned quantities have the same signs, and only 
then. But X, Y, Z are real, since the roots of A,,—— 0 are real, hence they 
will have the same sign if their sum δι and product s, ms the same sign and 
the sum of their binary products s, is positive. 


Let σι be the sum, o; the product, c, the sum of binary products of 一 A, A a 


μι p Ps τ 
then we have, writing AZA AHO. Xu + ©. A + Δ΄. μὸ, 
A.n = — O, A.05 — O', À. o= — ΔΙ, 
ge a+ o,A.V+3F — — 0.U—0.V+3F, 


1 σισο 


8 = δες 


+ 26,A.VF h 3p 
—NO.U*-ri (60! — 3AA UY + AQ. y? — 20’. UF — 20.VF + 5Ε’, 


πε AM. UV + oA Vh 2% AUF 
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— 2a, 


IA. U* A RIA ? AA, oy + TAA AA UVH o, A. Y? 


+ SANTE + a gm AN UVE-E oA VFA AUP 
+ + PAP = AA, U? + (2ΔΘ' — - 9 A’, py 
4 (3Δ'.Θ — 0?) A.UY? — WAV? + ΔΘ, UF + 1 (009 — 2500 UVF 
. + AO’, mE 9. UT? —0.VF*? + F’, 
where” 
ΞΕ Aa! + BU + C + 2Ff + 2Gg' + 2H, 
= A'a + B'b + Cc + 2Ff-F2Gg-rF2HAÀ. 
If then s,s, 50 Me δ)» 0 for all values of the variables, U and V have four | 
distinct real intersections, otherwise they have four distinct imaginary intersec- 
tions. It may be remarked that we cannot have s= 0 if s > 0, and s, == 0 only 


for those values of the variables for which à, = 0, yQ,— 0, or %=0, i. e. for 
points on the sides of the common self-conjugate triangle. 

If R=0, U and V have contact, i. e: two of their intersections are coin- 
cident, If the other two are distinct from each other and from the double inter- 
section, this is real and the distinct intersections may be real or conjugate 
imaginary ; in the former case the three pairs of lines are real and two of them. 
coincide, in the latter case the lines of one pair are real and those of the other 
pairs (which coincide) conjugate imaginary. In either case Δ,, = 0 has three 
real roots, two of which are coincident. These cases may be distinguished by'a 
method similar: to that employed above for R>0, namely, U and V cannot be 
put into the canonical form before used, but they can be brought by a real linear 
transformation into the formst | 

U= ax + Bio + ot, VE alot + Bai + 27/2020. 
The equation A,,— 0 formed for Up, V, is : | 
λα + ua’, 0 aytuy 


o=| 0 ,λβ!{µβ, 0 |= (B + uB Oy ΕΥ. ， 
Ay + αγ, 0 ; 0 ` 1 
a. e, if A is the double and -一 h the single root, À = of DE. 


7 Pa β 
The pairs of straight lines through the mo are then ; 

(yal — ay’) a8 — (By! — 8!) yy =0 and (a8! — Bo!) e — 2 (By! — y) sa — 0, 
and the former is the double pair. This double pair will be real or imaginary 





' *Salmon’s Conic Sections, 3870. 1 Clebsch's Vorlesungen über Geometrie, I, p. 187. 
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according as βγ'--- γβ' and ya’ — αγ’ are of like or unlike signs, i. e. the distinct 
intersections of U, V will be real or imaginary in these cases a Now 
the eet F formed for %, V, is 
F= — (ay? + y aB) a — 2878 y vy — 2yy (BY + γθ 22, 
and, if the determinant of substitution for passing from U, V to Uo, V, is unity, 
A=— By’, A= -一 Bly’, 
ax + By» + aymm 三 U, 
wm + Dus + 2y ενας V, 
— (ay + y^ θη αἳ — 28787 à — 2yy (BY + 78) oy =F, 
AY 


from which follows = that here e Jt 
8 a FA 


Xz zz wut Aart P (By Eye ay), 

Y= κ A. U- LA. P= (By — ye R 
hence Υ͂ΞΟ and X=Z50 or Ξο according as (8y —yß') and (ya! — B have. 
like. or unlike signs, 1. e. according as the distinct intersections-of U and V are 
real.or imaginary ; also, using δι, $, δι as above, 

& (By — yB')[2 (yo! — ay’) + (By — yB’) 41, 

& (BY —yB'y (ya eye — ay!) at ή = 78) fl οὔ ὃν 

sz (By! — γβΎ(γα'-- ay αγ) ay; 


de $20,520, 850 for all real values of the variables if the distet infersec- ` 


tions of U and Y are real, and only then (s, = 0 only for the. point of contact, 
8,— 0 only for a point on. the double common tangent, and s,— 0 only fora 
point on the double common tangent or on the common polar with respect to 
U and V of the intersection of that tangent with the common chord joining 
the distinct intersections); 4. e. (noticing that 6. Ξ0 for all real values of the 
variables) if any set of real values of the variables exists for which either δις 0 
or 5, « 0, the distinct intersections of U and V are i imaginary. 

If U and V have two distinct pairs of coincident intersections, i. e. if they 
have two distinct contacts, we may employ the canonical forms* 

U= By + 204g dto , VE Bi + 20/223; 


then A=— a8, A=— a, ου... R=0, 
Men ὃς += 
hfe a ru op 一 Pek 








* Clebsch, Vorlesungen über Geometrie, I, p. 189. 
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and a! 0—aV=”,U + u, V —0 represents a double straight line (the chord of 
contact), while SU—BV=AU+ u, V — 0 represents the tangents at the con- 
tacts, ï. e. a pair of distinct straight lines, real or imaginary according as the two 
contacts are real or imaginary. Now in this case ` 

F = — 2ao/ [BB + (a9 + Ba!) mx] =—aal (BU 4- BV), 
' and, using X= Z τ Υ as before, 


z=% -A. UA -A.V + Pad (BU + BV) —aa (BU + BV)=0, 
yu 5 Δ. Ut “AV + F= o U + fO. V— ad (BU + BY) 
= (ag! — Ba Ya U — a V)z — (a8 — βαγ νᾶ, 
n=2X + Y= Y, s X? -E2 XY a0, sz X^ Yz0; 
so that for all values of the variables s, = Y Z0. The double root of 
A, = A. + O. Vu HO. A + A! u$ = 0 








fi p 
is given by h  2(440—0" _ 944—900 NES 
m 944—860 — 3,340 — 6) 

so that ^ À __840— 6? | 

ὦ 7 348 — & ? 
and the distinct root is given by 

À 0 44 | (340—998) 

m 4i ABAO—G*)' 


` and therefore the contacts will be real or imaginary according as 
A (340! — 9) U— A(8A'0 — 9*5 y = 0 
represents a pair of real or imaginary straight lines, 1. e., by the criteri ia obtained 
in i according as those of the three quantities 
= 4^ (840 — 85 A — 44 (840 — (34 0 — Θ.(δο + c) — Yf + (84/8 — OPA, 
pu 4^ (346 — PY B— 44 (340! — PBL 9 — 0?)(ca'+ ad — 29g)-- Z^ (34/6 — O" PB’, 
N = 4^ (840 — 8 0— 44 (340 — 6" 34 0— Or)ab ba — 9h )4- (340 — ΘΟ 
~ which do not vanish are negative or positive (namely, we have préred above 
that such of them as do not vanish are of the same sign, and evidently they 
will all vanish only when the tangents at the contacts coincide, 1. e. when U and 
V have four-point contact). 
If three of the intersections of U and V coincide, i eif U and V have 
three-point contact, the three roots of A,, = 0 are equal, ὁ. e. 


ad —— Ta À | A my Ay ΗΝ λα 
e = V£= ΕΙ fy Bs 
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(and of course R==0), and AU + 4 V —0, i ε. V ANNU — V AV —0, where the 
real cube roots are to be taken, represents a pair of lines consisting of the 
common tangent at the triple intersection and the line joining this point with 
the isolated intersection. The equation of these lines may be written in either 
of the forms SA U— €/'V —0, G^U—GY —0 or GU —3AV —0, but either of 
these forms becomes illusory in some case (namely, the first two if A'— 0, and 
` the last two if A=0, for then © — 0 and O'— 0), but the form above used is 
always definite." In this case the canonical forms 
U= By + Άγειαι, V-pBwo + 29/25 + 2a! Lp Yo - 

may be employed then 

A= --- A = pp An = — BY (a+ up}, A= ——p 

y Laas = 29° 8? y — dp Dry — 2pBo mo yil 

| y [aad — 98 (pT + V)], | 
i D Wd 


= 335? a? α΄ 235; & = 334 alt at; zm αν Mn $ 


| 4.6. $50, m. 8350. 


If all four intersections of U and V coincide, ἡ. e. if U and Y have four- 
. point contact, the three roots of A,, — 0 are equal, ἡ. e. 
j | 
CRC a re 

(and of course = i /AU—/AV=0 represents double the tangent 
at the quadruple intersection, 4. e. by III, 

VJ ΔΊΑ — SAA (be + cb! — 24) + JRA = 0, 

V A? B 一 VAA (ca! + ac — 2gg') + YB =0, 

N'AËC — VAL (ab + ba'— 2hh') T V'ÆC'=0. 
` Convenient canonical forms of U and V are* 

, UZE aa + βγὲ + 27%0%0 + 202,2, VE ga + c (B + 2yas9o4- 232923) ; ; 

then 


A—— BP, A= — oY, A m AP (+ po), em 
1 à 
-F=— σβδ' [(p + o) ααὖ + 208 yp + 406253 十 4σγαοφο) 
E σβδ (60+ Ex. 


X= Y¥=Z=o068(0U + V)+F=0, a M: 


$,220, 690, 64Ξ0. 





* Clebsch, Geometrie, p. 141. 
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If U and V have a straight line in common, the conic AU -- u Y. contains 

this line, whatever the values of À, u; hence A,,==0, à e. 
A=0, 0-0, O=0, A’=0. 

If the second lines of U and V are distinct from each other and from the 
first line, and the double points are also distinct, we may write 

| U= 20259»; = 2y agg, F= Py i αὖ, 
i. e, F30 for all real values of the variables. ‘ 

If the second lines of U and V are distinct from each other and from the 
first line, but the double points coincident, we may write: 

Uzz20«y,, Va + Pty FEO, 

but, since the lines of each pair are distinct and real, either A< 0 or as 0 or 
C<0, and either A'« 0 or B'« 0 or σ« 0. 

If the second line of U coincides with the line common to U and V, we . 
may write Uzzaaà, Vzz90'my, F=0, 
and then A= B= C=0, and either A'«0 or BO or C'« 0. 

Finally, if U and V are e 

d νυ d jf g MH 
a D ce. fg A 

Collecting these results, the criteria for the intersections of the tue conics - 
U and V are as follows: 

1. R<0; two real and distinct and two conjugate imaginary intersections. 

2. R>0, 8330, 4850; four distinct real intersections. 

3. E>0, but not at once, δρ» 0 and s8330; four distinct 1 imaginary inter- 
sections. : 





| 34 6. 
pizca 太一 万 二 条 . 


4. 450, $z0[5, 20]; two coincident rea] and two distinct real intersections. 
5. Not at once 5,20 and s30, nor $20, [s 20] ;. two coincident real and 
two distinct imaginary intersections. | 
6. 420, %=0 [s= 0], and either L «0ου M«C0 or N «0; two distinct 
pairs of coincident real intersections. : 
7. 6120, $250 [5,220], and either L7» 0 or M>0 or N>0; two Une 
conjugate pairs of coincident i νὰ intersections. 
== but not A=O=9=A—0. 
: 8. 850[s50, $20]; is coincident and one isolated intersections, all real. 
9. 5 三 0[e% 三 0， a= 0]; four coincident real intersections. 
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A=0=0'=A'=0, but not Č sot tt ση. 

10. P0; straight line common, ET line of each pair distinct from the 
other and from the common line, double points distinet. 

11. F=0, either A<0 or B<0 or C« 0, either 4’< 0 or B« 0c or O'< 0; 
straight line common, second line of each pair distinct from the other and from 
the common line, double points coincident. 

12. F=0, A=B=C=0, either A< 0 or B<00 or C'« 0; | 

or F=0, A = B'= C'=0, either A< 0 or BK 0 or C «0; 
straight line common which is a double line of one pair and MESS line of the 
other pair. 

13. € == — --- Z= X, conics coincident. 

The Se cos in brackets are superfluous. 

The cases for which R = 0 but not = t= zi can be distinguished from 
. each other also without the use of δι, δ», s. In these cases A, = 0 has a double 


À : À 
root x and a single root —-. For these roots we have 
1 





La 
à: 2(840— 07) 944—00 ἃ BAO θ" 
| [4 . 944—909 . — 9(840—60) y 340 E 
Oh α d (840— e) kr we Ñ 
h 4 [Ioe 


and A,U + μι V —0 may be written 
(9AA — 00) U — 2(3A0' — 6?) V=0 or 2(3A/60 — e?— (9AA' — 66)Y-0 
the nature of which is determined by the principal first minors of its determinant, 
which are, by virtue of the equation R= 0, 

2(3A0! — 99)7 2(8ΔΘ' 一 935, 2(3A@ — P) K 
or 2(3A'0 — O”)I, 2(38A'O — 6*)J, 2(8ΔΘ — 0?) K, 
where ME i 
I= 2(384' O — 0”) A — (9AA' — OO Do + cb’ —92/f") + 2(8A0' — OA, 

J= 2(34' O — 6”) B— (9AA — OO)(ca + ac — 2ff") + 2 (8ΔΘ'--- €?) B", 
K=2(34'0—0”)0— (9A! —@0)(ab! + ba! — 2hh') + 2(8A0' — 9?) 0"; 
namely, the first form of the principal minors must be employed if A= Θ'--0; 

the second if A = O = 0, but otherwise either. 
The criteria for cases 4-7 may then be stated thus: 
: 4. Some one of the quantities I, J, K has the same sign as 3AO! — ΘΡ or 
3A 0 — 6”, 


Vor. V1. 
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5 Some one of the quantities J, J, :EK has a different sign from 83A0/— ©? 
or 3A'O — 9”, 
6, f= J= K= 0 and either L< 0 or M< 0 or N« 0. 
| 7. I=J=K= 0 and either L 7 0 or M>0 or N>0. 
In all of these criteria a vanishing end is regarded as having no sign. 
34 — 0 a! Ul e k 
Ü ο = yy but DD “5 réel h 
may also be distinguished thus: 
8. Fnot=0; ‘9. F=0: 
Or again by the nature of WAU—WAV— 0, d. €. whether it consists 
of two uc or- two coincident lines, t. e. if 
= V/A? A — IN AN (bd + cl — Off) +V MA, 
"s A A? B — 2A AN! (cal + ad — 2gg') +L? B, 
K = SR? O — 8A KN (al) + ba! — 23) + A AE 0», 
then the criteria are : 
8. l'00rJ'« 0 or K' «0; 
9. =J= K=. . 
V. The nature of the intersection of a quadric surface U and a straight 
line given as the intersections of two planes P and P', where ; : 
U zz aa? + by? + οὐ) + dae? + 2 γα + 2φχω + æy + Blew + 2nyw + Anz, 
P= as + By +yz + du, PE ale + B'y + ye + 02, 
is determined by the nature of the roots of the quadratic obtained by eliminating 
two of the variables from the equations U— 0, P=0, P'—0, but a more 
symmetrical method may be employed. Let αι, Yı, δι, w, and ay, Y, %, t» 
be the coordinates of any two different points on the line P=0, P'—0, then 
the coordinates of any point of this line will be 
Oy TU, SCY; Vy, CBT, COWL TU, | 
and for the intersections of the line with the quadric, 
o Un + 207 Un + Uy, = 0, 
where Un and Up are the results of substituting in U the coordinates αι, yi, Zi, tj 
and %, Yo: Zes We e and 


QU, U, OÙ, Οζ, 
Uy zz 9 slag et ng T dx ta ) 


_1/ 0,, OU, QU, OU 
=a (a ru. th ὃς + Ie) 








The cases in which 
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The nature of the intersections, as is evident from I. , depends upon the value of 
Un Uy», — UR, which contains the coor dinates only in determinants of the second 
order ; writing for convenience | 

Y — Yat = (na), οἷο, By — Bly = (8). etc., 
we have* . 
(gi z) _ (a μα (αι Yo) = (2 We) (y ο) (zu) 
| (αὖ) ~~ (80) ^ (09) ^ (Br)  (αὴ (af) 
= p, say, where P is a non-evanescent real quantity. Now 
U, U; U, QU, QU, QU, U, QU, 
X os n on + Wh δ; Ta Ba, tH LEN 7 
3U, , QU, OU, OU, οὗ, οὗ QU, 
B CEP LE os Ts 1 Ov, ? om, LE ? Ow, 
ae +] (yrs) RION 2) + (% 22) RIOT Va) 2 (αι Yo) Ο(αι, Ys) T (x w) Q(m,, we) 
O(U,, Us) a(U,, U) 
| + Ga) Seay + (9 aera) ]' 
where Pau aU, 








Uy Us —Ui-—i 























Q(U,U). |:Om da | 
0 (ys 2) QU, QU, 
E i O^ da 
à. €. | T U) _ ha + by, t+ fat Mw, , σαι + fy, + om, + mae, 
* Qv, z) hæ, + bye t+ Pet mw, gos + Syst ce + nw 
Te PR — f(y, za) + (fg — eh)(n23) + (fh — OCUA) + (An — gm)( ws) i 
+ (bn — fm) w) + (fn — em) (zw) | 
=p [(be — f Kad) + (fg — ek (B9) + (fh — bg)(y8!) + (in — gm)(B7)  - 
l + (bn som) + (n — em)(a8")] 


, etc. 











hgac 
bf BE 
feyy?P etc. 
m ned à 
and substituting the values of (y,%), etc., and + Q(U., U) ; etc., we find 
; CICR 为) 
hgaa| . agad 
b FBE. Af Be 
| Uy Un— Ub p (a8) feyy | (9 gey yf. 
mn ὃ à In 8 à | 
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aha α΄ a lad LECT. 
A b gg hm β β' | bm β β' 
/ / / 

+ (yd) afyy + (BY). gnyy + (y) fnuyy 

Im à ὃ idée πι ἆ ὃ ὃ 
ahgtiad 
gt αα | hob / πβ β' 
fm 6 g g fen : 

+ (αβ)) κος | =p Are, where App = (abed)pp =| mm nd as , 

nd ὁ ð a By & 00 
a! β' γ' P 00 








i. e. A, the determinant of U, bordered by the coefficients of P and P ; So that 
Uy, Un — UB and App- have always the same sign when not evanescent, and vanish 


together. 
The intersections of U and the line PP’ are then real and distinct, real and 
coincident, or conjugate imaginary according as App <, =, or > 0. 


The condition that the line PP’ touches U is then App = 0.3 
VI The nature of the intersection of a quadric surface U with a plane P, 
defined as in V., can be determined by eliminating one variable and examining the 
nature of the conic represented by the resultant. Eliminating w the- resultant is 
(a? — ad + do?)a? + (bF — 2mBd + d£?) y? + (cd — 2nyà + d?) - 
+ 2(/09 — myà — πβὸ + dBy) ya + 2(g0 — ἰγὸ — nad + day) aa 
+ 2 (A0 — 1βδ — mad + daB) ay = 0,. | 
the determinant of which is 


að — 3]αὸ + da’, 0, ᾖδδ--- ἱβὸ--- mad + daB, gh — ys — nad + day 


A — (88 — mad + ἄαβ, | 5 — 2mBd + dP’, JF — πιγὸ — πβὸ + ἆβγ 
gè — lyà --- nað + day, — f& — πιγὸ--- πβὸ -- ἄβγ, c — 2nyà + d? 
= — d'A, 
where a kg lt a 
í | ; hb f mg 
Ap=(abed)p=|g9 f c n y 
| m n d ὃ 
a By à 0 
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fhamely any determinant with the suffix P is.bordered by the coefficients of P]; 
the principal first minors are — (bed), — &(acd)p, — Ò (abd), where 


CC- agla ah ἶ α 
(te κα δι HF κα a) RTT μα 
er ays oj | ja B à 0 
and the principal constituents are 一 (ad),, — (bd),, — ~ (ed), where 
ata b mg ο ny 
(ad), —| 1 d ὃ (bj —|m d δ.], (ἀθρ-ε!π d δ 
α ὃ 0 β ὃ οἱ γ ὃ 0 




















The results of eliminating x, y, or z, instead of w, from U = 0 and P= 0 
are evident from the above; then’ by LIL. if we introduce also 




















d gue b fg aga aha 
(abe) p= hb fB ; (be), = fey, (ac)p=| 9 cy , (ab); | b B 
a By 0 | | 


the intersection of P with U will be: 
an imaginary true conic, if (ab) (abcd), > 0 and (abc), < 0; 

a real true conic, if (ab),(abcd),7 0 or (abc), 0, but (abcd) pS 0; 
a pair of conjugate imaginary lines, if (abed), — 0 and either (bed), < 0 or 
(ασ), «C 0 or (abd), < 0 or (abe)p < 0; | 
a pair of distinct real lines, if es =0 aad either (bed) » > 0 or (ay > 0 or 

~ (abd) > 0 or (abc), > 0; 
a pair of coincident real uo if (abed), — 0, ang (bed) p = (acd), = (abd), 
= (abc), = 0. 
The. condition that P touches U is then (abcd), = 0. E 
um: (ab), Ap > 0 ‘and (abc), < 0, then . also (ac)p Ap > 0, (ad)» Δ, 0, 
(be) Ap > 0, (bd)pAp >-0, (ed)p Ap > 0, (bed) «0, (acd)» «0, and (abd), «0; 
and if A, = 0, then those of the determinants (bcd), (acd)p, (abd), and (abe)p, 
which do not vanish have the same sign. | 
"VIL The nature of a quadric U is determined by a method analogous to 
that of ITI., i. e. by considering the nature of the-intersections of U with the 
planes 
x + gw — 0, y pw = 0, m y+ ez —0, TE er, 
- for all real values of p. Namely, in-order to avoid the consequences of a special 
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relation of U to the tetrahedron of reference, it is. necessary to consider the 
intersections of at least five of these pencils of planes. The results for all these 
pencils can be obtained from those for any one by an interchange of letters. Let — 
U= ααῦ + by? + οὗ + dw? + 2fya + Άθω + δαν + law + 2myw + 2ngw, 
ah gl. : 


hb fm b.f m 
À = (aed) = gf on | À = (bed) = Jonu.. 
i πι η ὦ "none 
agl Ps jah 1 | jahg 
B-(ad)-—|gomn|, C-(ad)—|hb mj, Dcz(ab)-—|hbfi|, 
Und i md gfe 
3 ahi ho fl 
F=—jgf n|, L--—|gf ο |, οἷο, - 
| , I md lmn) 
: i b b ; : 2 
(oa) =|" ὦ | =|?” |, (ed) =| 2], (be) =| 27, (ao)=| 5? , œ=] 24). 














. The nature of its 1o MR of U with the plane œ + pw is ER. i 
the criteria of VI. We haye here 

= x + ρω, (abed)p = — (A + 2pL + g? D), (bod), = — g'(be), (abc), = — (bc), 

— (acd), = (ed) + 2p (gn — cl) + p(ac), 
— (abd), = (bd) + 2p (hm — - bl) + AD (ab) p= — b. 

1. The intersection with every real plane x + pw is then an imaginary true 
conic if b(A + 2pL + gD) 7» 0 for every real value of p and (bc)7» 0. Then 
AD — = (bc) 7 0, so that neither A nor D vanishes, and 5D 7 0. The 
conditions are therefore ΄ | 

(abed) > 0, babe) > 0, (bé) > 0: 

2. The intersection is an imaginary true conic for every real plane x + pw 
but one, and a pair of imaginary lines for this one, if b(A + 201, + gD)z0 for . 
` every real value of p.and (bc)>0. Then AD — I? — (be) A = 0, but neither 
A ποτ D vanishes, and 8D > 0. The conditions are therefore 

(abed) = 0, b(abc) > 0, (bc) > 0. 

3. The intersection is a real true conic for every real plane c " pw if 
b(A + 901 + fD)T 0 for every real value of p or (bc) 20, but not A + 2pL 
+ D = 0 for any real value of p. "Then AD — L = (be) A > 0, so that neither 
A nor D vanishes; also, if b(A+ 2pL +pD)70, then bDT0. There are two 


C 
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possible sets of conditions: 
either | | (abed) > 0, b(abec)z 0, (bc) > 0, 
or -> | (abed) < 0, be<0. 
4, The intersection is a real true conic for every real plane æ + pw but one, 
say P,=a+ pw, and a pair of distinct real lines for this one, if A+ 2pL+ pD — 0 
only for p = pı, and either b(A + 2pL + p°D)=0 for every real value of.p and 
(bc) = 0 and either — (abd), < 0 or — (acd)p, < 0, or (bc) << 0. Then AD— 1? 
= (be) A=0. If (bc) = = 0 it is found that p, 一 一 4: 二 一 = goi, whence” 
— (ch — fg (acd), = (ch — Jg [(ed) + 2p. (gm — el) + gi (ac)] = — d'A, 
— (ch — fg (abd), = (ch — fg)? [(bd) + 2p (fan — 0) + gi (aD)] = — BA, 
thus A7» 0;t also; since b(A + 2pL + D) Z0, bAZO and bDZ 0, but not at ` 
once, A= D- 0, since A+ 2pL + pD — 0 QUE for p= = Pr. There are two 
possible sets of conditions: either 


(abcd) > 0, b(abc)Z0, b(bed)z0, but not at once (abe) = (bed) = = 0, oz = 0; 


` or {abed) = 0, (be) <0, but not at once (abc) = (bed) = 0. 


5. The intersection is a real true conic for every real plane « + pw but one, 
say P,=a-+ pw, and a pair of imaginary lines for this one, if A+ 29L+@D = 0 
only for p= p,, and either b(A + 201, + PD)T0 for every real value of p and 
(bc) = 0 and either — (abd); > 0 or — (acd), > 0, or (bc) >0. Then AD-— D? 


=(bc)A=0. If (6c)=0, we have, as in 4, p= on a, — (ch — fg (acd) p, 


= — CA, — (ch — fg (abd), = — PA, n A< E. zs as in 4, bATO and 
bD=0, but not at once A= D= 0. There are two sets of D either 

(abed) < 0, b (abc) Z0, b(bed) z 0, but not at once (abc) = (bod) —0, (be) =0, ' 
or (abcd) = 0, b (abe) Z 0, b(bed) = 0, but not at once (abc) = (bed) = 0, (bc) > 0. 


*' The cases in which (bc) —0 and either c—0, or b —0, or ος 0 and eh—fg — 0 require special 
consideration, but they" lead to the same conditions as the general case. i 
- Ife=0, then f=0, a=G, (acd)p,=0, — (abd) p, =- SOAM, Αξξ-- br, D=— bg, 
bA=— Bin’, bD=— bg . | d 
_. If b—0, we have conditions Pr to those for ς--θ. 


If c $0 and ch —fg—0, then b=, hz, p=, (ab) = % (ae), — (abd) p, and — (acd) p, are ` 








1 





of the same sign as (ac), .". (ao) <0, A=— (ao). (fn 一 em)? >0, A zz — d- (fn — cm}, D=0, 
ba=— (fn—em)?Z0. ' 


T It cannot be that b= e — 0, for then 4 = D—0, which is excluded by the next line. 
{See also the first footnote to 4. 
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6. The intersection is a real true conic for every real plane æ + pw but one, 
say P,=% + pw, and a pair of coincident real lines for this one, if A+ 901, 
+ pD = 0 only for p =p, and b(A + 201 + PD)T0 for every real value of p, 
(bc) = 0, (abd), = (aed); = 0. Then AD— L= (b) A0, p= a 
= —(ch— fgy (acd), = — CA, — (ch — Jg} (abd)  — UA, ^. A=0;* also bAZO 
and 6D20, but not at once 4 — D — 0. The conditions are - Í 

(abcd) = 0, b(abc) z 0, b(bed) Z0, but not at once (abc) = (bed) = 0, (bc) — 0. 

7. The intersection is a real true conic for every real plane x + pw but two 
if A + 2pL + g*D — 0 for two real values of ρ' and either b (A + 201, + pD) ZU 
- for every real value of p or (bc) «C0. Then AD — P = (bc) A< 0, and hence 
(bc) $0. Since A+ 2pL + pD changes sign for real values of p, b(A + 2pL 
+ pD)= : only if b = 0, but then (bc) << 0. The conditions are therefore 

(abed) > 0, (bc) < 0. 

8. The intersection is an imaginary true conie for an infinite succession of 
real planes «+ pw, a real true conic for an infinite succession of real planes 
x + pw, and a pair of imaginary straight lines for each of the two real planes 
which separaté these successions, if AD — I? — (bc) A «C0 and (bc) » 0, d. e. if 

(abed) «0, (be) > 0. | 

9. The intersection is a pair of imaginary lines for every real plane x + pw 
if A= L = D=0 and either (bc) > 0, or (be) = 0, ---(αοὖ)ρΞ 0 and — (abd), 50 
for every real value of p, but not at once (abd)p=(acd)p=0. Hence, if 
(bc) = 0, (ae)(ed) — (gn — elf = eB Z0 and (ab) (bd) — (km — bI? = b03 ο, 
(ab) > 0 or (ac) > 0 or (bd) >0 or (ed) 7» 0, together with such other conditions 
as shall ensure the inequality of the values of p for which (abd)p and (acd); 
vanish, if the latter are both perfect squares, 1. e. neither of them can be a finite 
- (or vanishing) multiple of the other if bO — cB = 0. Now if = =0 and 


A= D —0, we have, ifeS0, pal, A=—~(om—fn), D=— (ch— fg}, 





=F, mE, (a) (uo), (bd) = À (ea), hin — 58 = É (gn — el), 
| 
(abd), = À (αοθ)»; ife=0, we have f—0, A= — br, D= — bg’, .. 9 一 % 一 0 


(since b—c—0 makes (ab)z0, (ac)z0, (bd)T0, (cd)T0), (ac)=(cd) = 0, 
gn — cl — 0, (acd), 0; in each of these cases one of the quantities (abd), and 
(acd)p is a finite (or vanishing) multiple of the other, therefore we cannot have at 





* See also the first footnote to 4. , 
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once bO - eB —90, but must have either 60 >0 or cB >0. If either of the 
above sets of conditions are satisfied it will be found that A= 0; also, if A= D 
=0 and either A=0 or (be) — 0, then L=0. The conditions for this species 
of intersection are then TR i 
either (abed) = 0, (abe) = (bed) = 0, (bc) >0; 
or (abed) = 0, (abc) = (bed) = 0, b(abd) > 0 or e(aed) 20, (bc) — 0, 

(ab) > 0 or (ac) >0 or (bd) > 0 or (cd) >0. 

_ 10. The intersection is a pair of imaginary lines for every real plane ο + pw - 
but one, and a pair of coincident real lines for that one, if 4 =D=L=0, 
(bc) ΞΞ0, — (acd)p50 and — (abd),50 for every real value of p, namely (abd); 
= (acd)p»= 0 for one and only one real value ofp. Then, as is evident from the 
treatment of the preceding case; the conditions for this species of intersection are 

(abed) — 0, (abe) = (bed) = 0, b(abd) = c(acd) = 9, (bc) — 0, (ab) >0 or 

(ac) >0 or (bd) >0 or (cd) > 0. . 

11. The intersection is a pair of distinct real lines for every real plane 
x + gw, if d=D=L=0 and either (bc) «0, or (bc) —'0 and — (abd), z0 
. and — (eed), Z0 for every real value of p, but not at once (abd)p==(acd)p=0. : 
If (be) — 0, the conditions are the same as in 9, excepting that here (ab) < 0 
. or (ac) « 0 or (bd) « 0 or (cd) «0, and hence b=c=/=0 is possible; if then ` 
b=c=f=0, — (acd) =— (n— ggy, — (abd)p=—(m— ph), and we must 
have gm — hn £0,.but we also have A= (gm — hn, hence A70. Thé con- 
ditions for this species of intersection are then 
“either *  (abed) =0, (abc) = (bed) = 0, (bc) « 0; 
or (abcd) = 0, (abe) = (bod) = 0, b(abd) > 0 or c(acd) >0, (bc) — 0, 

l (αὐ) « 0 - or (ac) <0 or (bd) <0 or (ed) < 0j 
or (gabcd) >0, (abc) = (bed) = 0, (bc) —0. 

12. The intersection is a pair of distinct real lines for every real plane x + pw 
but one, and a.pair of coincident real lines for that one, if A = D=L=0, 
(bc) =0, — (abd)»70 and — (acd)pZ0 for every real value of p, namely (abd), 
= (acd), — 0 for one and only one real value of p. The conditions are then 

(abcd) — 0, (abc) = (bed) — 0, b(abd) — e(acd) 一 0， (59) — —0, (ab) « 0 or 
` (ac) < 0 or (bd) <0 or (cd) «0. . 

13. The intersection is a pair of imaginary finds for an infinite succession 
of real planes x + pw, a pair of distinct real lines for' an infinite succession of 
real planes x + pw, and a pair of coincident real lines for each of the two real 

Vor. VI. 


2 
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planes which separate these successions, if A=D=L= 0, (bc)=0, bC m or 
Then, as in 9, since b and c cannot both vanish, A —90. 


ἐς «0. 
conditions are 


(abed) = =ò, (dbc) = (bed) = 0, b(abd) <0 ore (acd) «ο, (be) — 0. 
14. The intersection is a pair of coincident real lines for every real plane 
αἼ-ρω, if dA=D=L=0, (bc)=0, b(abd)=c(acd)=0, (ab)— τ (bd) 
Then A — 0, and the conditions are 


= (cd) = 0. 
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(abcd) = 0, (abc) = (bed) = 0, b ος — e(acd) — 0, (bc) — =0, (ab) = 


= (bd) = (ed) — 0. 


These results tabulated are : 















































b (abe) ` δ (abd) 
b (bed), e (aed) 
either > 0 
either z 0 . 8 
f 7 
= either T 0 4 
‘| both=0 -11 
| >0 ] 8 
ΗΝ 
<0 | <0 8 
= - 5 
either > 0 | 2 
>0 | either=0 | either ~ 0 5 
both == 0 9. 
either ` 0 4 
<0 
both == 0 11 
either > 0 | 6 
一 0 Y j either > 0 9 
uS either > 0 ————— — 
N ii either < 0 | 11. | 
=0 both = 0 | either < 0 | ` 13 
either > 0 10 
both = 0 | either «0 12 
all=0 
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The interchanges of letters by which this table is made to give the conditions 
for the different species of intersections with planes through either edge of the 
tetrahedron of reference are evident. 

There are the following eight absolute classes of dinde surfaces (surfaces 
of the second order given by real ο. in 有 

imaginary true quadrics, - : 

convex quadrics (real true quadrics with imaginary generators), 

real quadric scrolls (with real generators), 

imaginary quadric cones (with real vertices), 

real quadric cones, 

pairs of imaginary planes (with real double edges), 

pairs of distinct real planes, 

pairs of coincident real planes. 

For an imaginary true quadric the intersections are of the species 1 ist each - 
edge of the tetrahedron, and the necessary and sufficient conditions for this class 

-of quadrics may be written 
j (abed) >0, (ab)>0, a(abe) 0. 

A convex quadrie may be cut by either edge of the tetrahedron in distinot 
real points, in coincident real points (case of tangency), or in imaginary points ; 
the intersections by a plane rotating about the edge are of the. Spares 3,5 or 8, 
which concur only. if ~ (abed) «0, 
which is therefore the condition for this class. 

A real quadrie scroll may be cut by either edge in distinct real points, in ` 
coincident real points (case of tangency), or in imaginary points, or it may 
contain the edge as generator; the intersections by the rotating plane may be 
of the species 7, 4, 3 or 11, which concur only if (abed) >, but the other 
conditions for 1 must not all be satisfied, i. e. the conditions Fa this class are ᾿ 

(abed) > 0, and either (ab) ZO or a(abc) = 0 

An imaginary quadric cone may be cut by either edge of the tetrahedron 
in imaginary points or in coincident real points (the edge passing through the 
vertex of the cone), but not more than three edges can have the latter position ; 
the intersections by the revolving plane are of the species 2 or 9; and, 
conversely, if the intersections are of the species 2 for either edge, the quadric 
is evidently an imaginary cone. The conditions are therefore ` | 

(abed) — 0, and either a(abe)>0 and (ab) >0, or a(abd)>0 and (ab)>0, : 
or c(acd)>0 and (cd) >0, or e(bed)>0'and (cd) >0. 
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A real cone is met by any edge of the tetrahedron in imaginary points, in 
distinct real points, or in coincident real points so that the edge is tangent to the 
cone or passes through the vertex, or the cone contains the edge as a generator; - 
the intersections with the revolving plane are of the species, 5, 4, 6, 18,.11 or 
12, namely, of the species 12 for at most three edges meeting in one point.. Now 
by a real linear transformation which does not alter the value of A, any tangent 
to the cone can be made an edge of the tetrahedron of reference, hence 人 一 0. 
Then the conditions are evidently 

(abed) =0, either (ab)Z0, or-a(abc)z 0 and a(abd)=0, 
and either (cd)=0, or c(acd) Z0, and c(bed)z0. | 

A pair of imaginary planes is met by any edge of the tetrahedron in two: 
imaginary points, or in two coincident real points, or the edge lies entirely in 
the quadric (is.the double line of the pair of planes), but only one edge can 
have the latter position; the intersections with the revolving plane are of the 
species 9, 10 or 14, namely, of the species 9 for at least one edge, and of the 
species 14 for at most one edge. The conditions are therefore — 

(abcd) = 0, (bed) = (acd) = (abd) = (abc) — 0, and either (ab) >0 
or (ac) >0 or (ad) >0 or (bc) >0 or (bd) >0 or (cd) > 0. 

A pair of distinct real planes is met by any edge of the tetrahedron in two 
distinct real points, or in two coincident real points, or the edge lies in one or: 
both of the planes of the pair, and at least one edge must have the first position 
and at most one edge can have the last position (coincident with the double line . 
of the pair of planes); the intersections with the revolving plane are of the 
species 11, 12 or 14, namely, of the species’11 for at least one edge, and of the 
species 14 for at-most one edge. By a real linear transformation which does not 
alter the value of A, the double line of the pair of planes can be made an edge 
of the tetrahedron, hence A=0. The conditions are then | 

(abed) =0, (bed) = (acd) = (abd) = (abc) — 0, and either (ab) «0 
or (ac) «C0 or (ad) «Z0 or (be) «C0 or (bd) «C0 or (cd) 0. 

: A pair of coincident real planes is met by any edge of the tetrahedron in 
two coincident real points; the intersections with the revolving plane are of the 
species 14 for every edge. ‘The conditions are therefore 

(abed) — 0, (bed) = (acd) = (abd) = (abc) = 0, 
(ab) = (ac) = (ad) = (be) = (bd) = (od) —0. . 

The conditions here given for the different classes are mutually exclusive 
- and therefore not only necessary but sufficient, They can be put into a somewhat 


πη. - 


" 
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simpler form. Any succession of principal minors of A (including A itself) of 
which each'is a principal first minor-of the preceding may be called a sequence 


- of principal minors of A, and the minors themselves may be denoted by (4), (3), 


(2), (1) respectively, the number enclosed in parentheses denoting the order 
of the determinant constituting the minor; thus there is a sequence in which 
(4) = (abed), (3) — (abd), (2) — (bd), (1)= b; (4) is always (abed), and every (1) 


“is a principal constituent of (abed). The conditions for the different classes are 


then the following: 

if (4) >0 and there is a sequence in which (1) (3) >0 and (2)>0, U is an 
imaginary true quadric ; 

if (4) 20 and there is no sequence in which (1) (3). 0 and (2}750, U is a 
quadric scroll ; 

if (4)<0, Uis a convex quadric; > 

if (4)— 0 and there is a sequence in which (1) (3) >0 and (2)>0, U is an 

- imaginary cone; 

if (4) = 0-and there is a sequence in which either ω (8) 0 or QE <0, but not 
(3) = 0, Uis a real cone; 

if (4) = 0 and in every sequence (3) = 0, and in at least one sequence (2) 0, 
U is a pair of imaginary planes ; 


if (4) = 0 and in every sequence (3) = 0, and in at least one sequence (2) «0, 


U is a pair of distinct real planes ; 

if (4) = 0 and in every sequence (3) = 0 and (2) -- 0, Tis is a pair of eomiotuent 
^ real planes. 

(TO BE CONTINUED.) 


The Imaginary Period in Elliptic Finctions. 


Br W. W. Jounsow, U. S. Naval Academy, Annapolis, Md. 


1. The object of this papér is to present a proof of the imaginary period of 
the elliptic functions, which appears more in. accordance, than that usually given, 
with the manner in which the notion of a function of an imaginary variable 
naturally presents itself after the study of the function of the real argument. 
In doing this I shall employ, and to some extent develope, a notation which I < 
have found useful in simplifying the processes and abridging the Supremum of 
results in the elementary treatment of the elliptic functions. 

ld snus) fag, ua 
| n n n 
we. may consider the ratios of s, c, d and'n which are functions of u, without 
defining. the actual values of these quantities as functions of w;* all equations 
involving these quantities being thus homogeneous. For example, the relations 
. between the squares of sn u, cn u, and dn u are expressed by 


Spa ^os o£ ND 

and τ 159 + P=; ΝΣ s (2) 
whence, by elimination, we have also Pl δ. s 

BÓ Meg, | (8): 

and e+e =P, . ^ (4) 


of which (3) expresses the relation between the squares of en u and dn αι. 

3. In accordance with this notation the first letter of the functional sign 
sn, cn, or dn points out the numerator, and the second the denominator.of the 
ratio, and accordingly we are also led to put 

$ ΒΩ U 


| n 1 
SCU—=————, DSW 二 一 二 —, ete, 
e ena - 8 Sn u 





* The quantities, s, ο, d and n of course may be taken as differing from the theta functions only by 
certain multipliers involving k, in fact they may be taken to be the actual values of the tabular theta 
functions ©,, 92, 9s, and ©, whose logarithms will be given in the forthcoming tables of the theta 
functions. 
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a notation already employed by Mr. Glaisher, who has pointed out” the advantage 
of considering the twelve elliptic functions, sn, en, dn, their six ratios and three 
reciprocals, instead of supplementing sn, cn and dn with the functions of the 
coamplitude. In the present notation, these twelve functions are the ratios of 
the several pairs of quantities which can be formed from the four quantities 
s, c, d and n, and equations (1)-(4) express the linear relations which exist 
νο. the squares of any two functions which have-a common denominator, 
thus the relation between sc w.and dew is given by (4), which may be written 
in the form 1 + X? scu — deu. | E 

4. The twelve functions of a special value of w are of course all given at 
once, when the ratios of s, c, d and n are given; for example, we have 


for u= 0, sie:d:n=0:1:1:1, 

for u= K, s:e:din=1:0:#:1, 

for u = 2K, ο se:cidin—=0:—1:1:1, 
and for u= 38K, Ἢ s:e:din = — 1101111} 


and when this is done nothing prevents our taking the values of the proportional 
numbers as the actual values of the letters; the values given above for instance 
satisfy equations (1)-(4). | 

5, The quantities s, c, d, n, when considered as functions of w, must be 
regarded as containing a common undetermined multiplier; their logarithms 


` therefore contain a common undetermined part, namely, the logarithm of the ` 


undetermined multiplier, which must be regarded as an arbitrary function of u, 
and their logarithmic derivatives will likewise contain a common undetermined 
part. Hence, although neither the derivatives nor the logarithmic derivatives of 
the quantities s, ο, d and n have determinate values, yet the differences of the 
logarithmic derivatives have determinate values. Thus, the definition of the 


function sn gives d 
— sn u = n u dn v, 
. du 
or | d 8 ed 


一 一 一 :一 一 
dun w 








*See Messenger of Mathematics, Vol. XI (Oct. 1881), P 81 and p. 120. 
ΠΕ; like manner we have 
for u = ik’, : ste:din—=t:1:k:0, 
and for u= Κ--ἠΚ', s'c:din=1l:—K%:0:k; 

the four quantities vanishing for the respective values of u, 0, K, K4 iK', iK'; so that for each of these 
values three of the twelve functions become infinite. It is hardly necessary to remark that the want of 
analogy between the relations of iK’ to the elliptic functions and those of K and of K-]- iK ' (see Cayley's 
Elliptic Functions, p. 18, ** only it must be borne in mind that K, K4-iK' have, K, iK' have riot, analogous 
relations to the elliptic functions ”) disappears when the twelve functions are considered. 


4 
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which, putting D for x ; may be written in the form 


Ds Dn ' ο. d | 
s n $n. i | (5) 
To obtain the difference between the logarithmic derivatives of c aud n, We 
have, by differentiating equation (1), 
sDs + cDe = nDn, 
and eliminating Ds hereby from equation (5), we find 
.nDn—cDe Dn ο.ἆ 











g CUN C ani 
or ; . W—s Dn De  c.d. 
S ^m sg sn 
whence, since #—s 6, De Dn ^ sd (6) 
ο n C.N i 


In like r manner, eliminating Ds from equation (5) by m means of 
I? sDs + dDd — nDn, 
the derivative of equation (2), we find 





Dd Dn _ 9 8.0 : | 
LN NEQU (7) 
The other differences are now readily obtained from these by subtraction, 
they are E LL LN 9% (8) 
; -8 6 8&6’ 
Ds Dd  e.n - 
s a sd’ | (9) 
De Dd _ ο EN- | ; | 
yr ET à no 


6. Equations (5)-(10) give in fact the logarithmic derivatives of the twelve 
‘functions, and from them we at once have the derivatives of the functions 


. themselves as follows: E E oe " (11). 

du πι 

ἆ sd 

Pee conn d : (12) 
d 8.6 : 

uu eae (13) 
d. e.n | 

du sd u = TP’ (14) 
d V jj 8.11 

E 一 一 太一， 1 
gause (15) 
d 85.6 


πο BAZ, P (16) - 


Neo 


JOHNSON: The Imaginary Period in Elliptic Functions. 249 





Z um" ae (17) 
deu pig (18) 
wun He. ad (19) 
H esu zs — T, | E | (20) 
du, c (21) 
ο... (22) 


7. From these equations we readily derive the derivatives of the inverse 
functions, arg cn æ, arg se, οἷο, 


Thus, put u = arg ena, 
then genus, 
n 
PS dx s.d 
and from (12) dam = CU 
expressing s and d in terms of c and n, by means of equations (1) and (3), 
de  απξ-- σα + kw) š ; 
z= — evi — αὖ, lo + kh"), 
ne du VE ο J  — BL) 
Again, if u= arg scx, 
| v= u= 二 : 
and from (17) i dx _ d.n 


du^ ὃ 


. Expressing d aie n in terms of s and c, by means of equations (4) and (1), 


e = SV mate +) | = y (Pa + 1.9? + 1), 


ἂν 8 C= PIGH 


The complete set of derivatives is as follows : 


d 1 

da V8 Mem eae (23) 
ς |l f | ; 

Ὥς. arg πα - A/(—a Ba EF) ἃ (24) 
νων | 

d; UE dn g = cmm (25) 


Vou. VI. 
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p arg sdg = 


da 
d : outs 
d, 918 eda = — 


.d : 
ds 28 nd dm 


d 
. —— arg scam 


dx 
ἆ . 
Ge 818 MeS 


5 arg neq = 
ds g 名 一 、 


es 
que SE 


d 
Ge 318 ds a = — 


2 arg ns 
dq M8 nse = 
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1. 
VA Fe Bt Τ᾽ 
1 ; 
A/ (0 — 2.1 — Xa) 
1-- 








NF. —1)' 





1 i 
A/ (e+ 1. 3a? -- 1) 
1 
VW (3 —1.23—1)' 
1 
M i QI 
ud 


EN us ape 
VETE eo. 


JC c 一 而 


(26) 


(27) 
(28) 

(29) 
(30) 
(31) 
(32) 
(33) 


(84) 


in each of which the radical is UR for values of the inverse function. 


between 0 and K. 


8. These formule give the following expressions for the twelve inverse 


functions as integr als : 


da 





arg sno 一 (en 


dæ 





arg mac 


A/ (1 — a. a $B)’ 
da 





arg dna = fs —ps 


da 





ο former 


- da 





arg cd = — 


J M=) 


dx 


arg nde = Lx 


arg seo = J 


da 





(e+ 1.483 TT) 


dæ 


arg de ὦ = Le 


dx 


arg nea = Le 


(85) 
(86) 
(sr) 
(88) 
(39) 
(40) 


Ὁ 


(42) 


(43) 
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MUS AE oe Sart #5". 
dv . ， 
arg doof JE Fe PF) 


四 da ; 
arg ma— f eT 
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- (44) 


(45) 


(46) 


| 9. It will be noticed that the expressions under the integral sign form six 
pairs the members of which are either identical or become so when ὦ in one of 


them is μας by Wæ, thus we have 
arg snc +arg οἷα =K, . 
' arg cna + arg sd = K, s 


arg dniw + arg nd y K, 
arg sc œ -+ arg es Eo — K, 
arg dcx + arg nsw =K, 
arg ne æ + arg ds ἴω — K. l 


The six corresponding expressions for K as a definite aena are 


E [ray 
i 


E dz 
K= o (eke --- ky’ 
i de 
K= ta (1 — oa? — μ᾽ 
í τ dx 
--ν (PRISES. 
: 5 do. f 
: M 1/(e@—1.e—P)’ 


dz 
fer A) ， 





Κο; 
(48) 


(49) 
(50) 
(51) 
(52) 


(53) 


(84) 
(85). 
(86) 

στ (BT) 
(88) 


10. The denominators in the six different forms among the integrals (35)- 


(46) consist of all the combinations of two radicals of the forms | 


A/ (à — a”), (x — αἲ) and y (αἳ + a’) 


where the two radicals may have the same form. As formule for integration. it 
‘seems best to retain equations (35)- (37) and (41)-(43), which is the selection 
analogous to the choice of the forms arc sin c, arc tan æ, and arc sec x in inte- 


grungy radicals of the second degree ee. - 
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11. [πμ (47)-(52) obviously give the functions of the coamplitude . 
K—u, thus the Get three give . 
sn (K— ues ed v, 

en (€ — u)= K sdu, 
dn (K — wu) — ndu, : 
and the others give consistent results, all of which may be expressed thus : 


. ifw=K—u, ¢:¢:d:n'=e:ks:kn:d. NM (59) 
It is readily inferred that ; | : | 
| ifw= K+u, s:c:din=e—Ws:kn:d. | (60) 


32. Let us now consider the functions of a pure imaginary quantity u= v. 
Let a= sn u = sn w, since the function sn is an odd function, œ will be a pure , 
imaginary duin say x —3iy.- Then, RN in 


u-egsna— f ect 





i dy 
=I Sap een (FLT+ By) 


dy 
or = 
This value of ο differs from arg sc y τ; equation (41)] only in the respect 
that 4° takes the place of £^; hence . _ 
v= arg se (y, W); 


thatis  - y = se(v, ke’). es 
Thus ^ — sn iv = iy = ise (v, K); . (61) 
also, in a similar manner or directly from the quadratic relations, we find 

| .oni 二 nce(v, 有 人 ， . : à (62) 
and dn iv= de (ο, X). (63) 


13. Now, K' being defined as the same function of # that Æ is of 5, we have, 
putting u = iv, and n being an integer, 
.Sh (u + 4n") = sn i(v + An KE?) =i se i + nF H), 

by equation (61); but, since the functions to the modulus # have the period 4K’, 

| sc (v + An", W) — se (v, E); 
` hence sn (u + Ani. K?) — 4 se (v, #)= sn iv — sn u, 
that is, 44K" is a period of the function sn, and consequently also of the other 
elliptic functions. 


Second Note on Weierstrass’ Theory of Eiptio 
Functions, 


. By A. L. Daxrers, Johns Hopkins University. 


| Origin ‘of the Periodic Functions. 


Instead of ‘beginning his investigations by any reference to the elliptic 


. integrals as did Legendre, Abel and Jacobi, Weierstrass seeks the origin of the 


periodic functions in a fundamental function-theoretical problem, namely: a series 
of argument values following a given analytical law inserted successively in a single 
valued analytic function of one variable gives rise to a series of corresponding 
functional values connected by a law which depends upon the character of the 
function when that is supposed given, but when the law connecting the argument 
values and a second law connecting the corresponding functional values are given, - 
then the general character of the function is thereby determined, and, retaining 
either of the given laws, any class of functions whatever can be. defined by a 
suitable choice of the other law. We may choose, for example, to let the 
successive argument-valües form an arithmetic series, so that, «, wu, tu being any 
three consecutive values, the analytical law connecting them is represented by 
2uj— u+ ug. If now the corresponding functional values form a geometric 
series, we arrive easily at the exponential function as the solution, and if the 
two laws be exchanged we shall have defined, as might have been Se pected, the 
converse function or “de 
1g 
ficiis for the series of argument-values the ΠΠ law 2u, = t + us, I 


- shall show that, if the functional values are connected by a law expressible as a 
` rational integral function, we shall have defined the single valued doubly-periodic 


functions. In other words Weierstrass starts from the addition-theorem. 
Let $(w) be a single valued analytic function possessing the last named 
property, it must, therefore, be developable in a series arranged according to the 
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positive an ascending powers of u — a, where a is not a singular point for ĝu. 
I shall call this a “power series of (u — a),” namely, | 
Qu = A, + 4i (u — a) + A, (u — ay +.. 
Substitute for u the values successively, t4, Up, Us, Where 2u,— th + us, 
p(w) — A= Ai — a) + A; (u— ay +... 
pu) — A= A, (u — a) + A, (u — a} + 
: È (u) — Ay = Aus — a) + Ay (us — ay + 
We can choose a so that Δι 20, and the series will converge and accurately 
represent the value of the function if only mod. (u, — a) and mod. (us— a) be 
taken sufficiently small, since mod. 4, — a will then of necessity be within the 
circle of convergence. By inverting the series we can therefore develop (u — a) 
in a power series of ¢w— À,, which series will converge so long as mod. (ou — Αρ) 
be kept within corresponding limits. We are justified therefore in writing 


1 4 

usam- pue A)... 
1 

Uy — a = 47 (95 — Αν) SE esa 
1 

Ug— a — FZ (us — A) + . . 


we have 


工 (pm 一 39) +. (AEE Ay) +... 


which establishes a ue between $t, As Qu, . 
or F(p, Puz, pus) = 0. 

I shall examine that class of functions where F represents, a rational 
integral function. This addition equation can be shown in another form. So 
long as wi W= th -+ ug, then u = w, and the equation - 

F(pui, Que, Qu) = 0 

will also hold. Eliminating qu, we obtain 

| (Qu, Gus, Qu, pus) = 0. 
Choosing w and ws so that mod. (2, + t) is within the limit of convergence, we 
can make w= 0, whence wu, =u, vs and the last equation becomes 

G (Qni, pus, φ(υι + w)) = 0. | 

By differentiating first with respect to ĝu, and then with respect to gu, we 
arrive at another-form still of the addition equation. Writing for convenience 
instead of qu, us, $ (u, + Us); €, y, Z, respectively, and instead of- ta, v; 

we have |. G(x, y, 2) =0, 


U + us 


Since now t = 


.DANIELS: Second Note on Weierstrass’ Theory of Elliptic Functions. 255 


94 Ov , 0G dz — 
Qv du | Qe du 
0G dy | OG d κ 
: - Ὅν de TA Qux dv = 
whence - POS OG de ὃς dy . 
Ov du Ὅν dv — 
. which last equation combined with the first gives 
d d 
& (a |: d us" 4 一 0， 


which does not contain z. If now we assign to πα a constant value, the 


last equation yields an equation between x and -,- ——: for if ΟἹ should vanish 


‘identically, that is if every coefficient of x (dos should vanish, that would give 


a relation between y and a which amounts to the same thing. Rig two equa- 


tions |. . l τ, Ge, y, 2) =0, 


dw au ay do” 


ης have at least one common root, therefore at least one common factor which 
is a linear function of z and a rational integral function of the coefficients of z in 
| de 


the two equations; therefore z= R (a, Viu EA y that is to say, ρα + v) 


= E(Qu, Qv, p'u, q'v), where E is a rational function. 


-If oe +v) be developable: in a power series which converges for 


mod. πα. u and mod. re : then if we write u =v, the function 


9 (2) = Βίφω, g'u) 


being a rational function is representable as the quotient of two integral 
functions, and u u 
AOT 93) 


i fel a vi 


where f and i converge for mod. u «2r. In like manner 


Pre 


"ΝΥΝ ΗΗ τα... 


$ 
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‘where f, and g, converge for mod. u « 4r, and proceeding in this manner, the 
function $u can be represented as the quotient of two functions ζω and gu with 
infinitely large circles of convergence. But since the quotient coincides with pu 
for all values of u such that mod. ur, therefore it is thé analytical continuation 
of pu, and represents. the same function. Since Qu is represented as the quotient | 
of two power series which converge for all finite values of the argument, therefore 
` pu has no essential singularities unless it be at infinity. These two functions, fu, 
. gu, are either rational or transcendental integral functions. Whether they are 
rational or transcendental depends upon the number and kind of singular points 
which the function uw possesses. The case where both fu and gu are rational 
` does not interest us. . When fu is transcendental and gu rational then Qu has one . 
essential singularity at infinity and a finite number of non-essential singular- 
ities or poles. When, finally, both fu and gu are transcendental, the number of. 
polar singularities is infinite, although there is still only a finite number of them 
in any finite region. When one or both of the functions fu, gu, are transcen- 
dental, then pw is periodic, for, being tr ΗΝ equation 

ov — b= 
is satisfied for as many different values of v as one pleases, for example, for n+1 


- values, so that … > Uy = Gy... $0, 11b. 


. Let the equation |  g($(« m ĝu, b)=0 Ἢ 
be of the n degree in @(u-+-v), it can then be satisfied for only n different values 
of @(u-++ v), whereby the only condition is mod. u «Zr: But it is satisfied for. 
4 + 1 different values of v; therefore for at least two values of » we must have 
TA T. oUF) =U) ᾿ ο 
or, writing Dep, -: 

| | out p) =o), TEE 

and pisa period of the function. Any multiple of p is alio a de The 
smallest period then gives rise by its successive multiples to all the others of the 
class. If there is another class of periods, then they must be founded on a unit 
which is additively independent of the unit on which the first class is founded. 
‘But there are only two such units or rather, perhaps, unit-pairs. An analytic 
function of one variable cannot therefore bave more than two classes of periods, , 
because only two unit-pairs are possible so long as the fundamental laws of asso- 
ciation and-commutation hold, The Weierstrassian | proof of this, whieh 1 venture 


to reproduce here, is as follows:. 


Le wm 
KA 
A 
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Let us suppose e, ἔχ... €, to ben unit-pairs sols are additively independent. 
We must also assume that the products of the units themselves are expressible 
as linear functions of the units. In order then that it may always be possible 
to carry out the operation of division, except wher the divisor is zero, we should . 
always be able to determine the coefficients of & in æy =z, when 9 and z are 
known and finite, and when 
© — MA + $69 +... 
y = ie wet... Ynen 
z= Bey + Meg +... te 
exe = = ca 十 αμ... Gen | 
where αι, 93... Car Yis Yo... Ίων Zir ὅς... Ens Orar ἄμι... a are positive or. 
negative real numbers. Owing to the fade pendence of the unit-pairs as regards 
‘ the notion of greater and less, we. shall have, to determine the coefficients 
yi Yass Un of 4 y, the n ee 
(ant + ant +... Gin1®n) Yi Fee + (aint, + " vyt.. ut Onn La) Ya 一 íi 
(aaa + aat +... am) Ya + oe (ain 2 十 Aan 2; ie rur Lan C Fe) E 


(odios + αἴας +... anf en) y+ + (aa E aly d. a On aa)? Yn = En 
. It will now be found inposib t transform the determinant so that it will 
not vanish for any system of values of a, αχ... a, except the one | 


= B=..,—=%,—=0 
if the number of unit-pairs is greater than two. If however n — 2 the determi- 
nant (anx + Cig ma) (acis 2, + a2) 一 - (a2 + duo 4) (Gio t 十 αρ 4) 
must be and is expressible in the form 
| Axi + Baz, 
where A and B are positive. This determinant evidently does not vanish except 
for the single system of values αι 1, == 0. 


Except therefore when the divisor is zero, the operation of dion can always .- 


be carried out with finite numbers based on one or on two, but not more than 
two pairs of units, retaining the associativé and commutative.laws of arithmetic. 
Analytic functions of one variable therefore, which possess an addition equation 
and have an infinite number of polar singularities can be display ed as quotients 
of two power-series which conver ge for all finite arguments, and are periodic, with 
one and not more than two fundamental pairs of periods. 

Fixing the attention upon the circumstance that the function will possess an 
‘infinite number of polar singularities, or what amounts to the same thing, an 
Vou. VI. 
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infinite number of zero points, I shall proceed to determine a function by means 
of its zero points and by the fact of its convergence in general for: all finite 
argument values. 


ORIGIN oF THE SIGMA-FUNCTION. 


If. we seek a function gu such that 
(1) J'a = Ε Σον”, 
(2) g(0) — ο, | | 
the conditions can always be satisfied when the power-series Σο, υ’ converges, for ` 


then the series 2 pum converges also, and both sides of (1) have the same 


radius of convergence. The function is easily seen to be cc ὢ, where g (0) — 0, 
and gu means an entire function. But the following conditions will now be 
imposed in addition to the above. The function (3) shall vanish for u = αν, 


v=0+1...+ ου, with the condition lim. a, — œ, (v — o), that is, the number 
of as is infinite, but there shall be only a finite number of them in a finite region. 
(4) G(b)z0, b,Za, 


(5) the function shall be developable in a power-series which converges for all 
finite values of the argument. 
The last condition determines 
Gu = C,(u—a)+ Cigi(u—aÿ Fi + 


whence Gu=2.0,(u— a) + (s + 1) Gal ο) + 
m ad atthe so. 
g” 


P - a)+.. à 





where x(u — 4) means a power-series indt (u— a). The first logarithmic deriva- 
tive of the function will therefore be essentially of the form 





or more generally. e Σ 9». | . 
| (u— agla) 
which I shall specialize somewhat and write 


= wv 
Pus eum (u — ἂν) αὖ» 
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where to the series αι, d, ...a, can be coordinated a second series My, Mz... My 
such that Fu will converge for all values of the argument. I shall now form a 
transcendental function with the same infinite points as Fu. Taking first a single 








term of Fu — um 
| l (u — a) a” 
' this can be written in the form : 
1 Um 1 τι ym? u? 
u—a aoe or am Tite 
ἴ i lus, lu 
Tf now we write faz n - =e fugat Wm 
we shall have fuo unt - um 
fu =; +4 rtu pte + a" (u — a) a^ ' 


and the general form of the mactan is discovered. In order-to include all the 
terms we will denote by 
. Eu, Ὁ) the function 1—w 


E(u, 1) ua “u (1— u)e* | 
E(u, 2) u uu. (1 — ujeti x 
E(u, a i ur. (1— uec Rn 


whereupon the mt? term of Fu is 


m n TG Fan) a + log E 
(u—a)a^ — EG ΠΠ e m) 


and moy si log n 1 2%. m,) = @ 


If zero is to be a zero point for G of the order A, since we dare not include : 
this value among the a’s, we must write | | 


C= wIE am) 


i yuQ 
The conditions of convergence are best discovered by separating the sum 
for F(u) into two parts - 


a ολ. dee Se" 


and throwing the second sum into the form 


; 1. Wy κ i ^ wry br 
UM 1—4 qmi A y. amv Fr Hi) 
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amy Y d : 
-5 ee det 3 


v=m-4-1 rs] 


whereupon | G= = hn E 





If now the sequence of zero-points a, forms only a single arithmetic series, 
then the uniform convergence will be assured H we assume mi 一 My = 
| = m,==1, when G=ù l 
í x yc Ων 

If the sequence of zero values extends from — œ to 十 ου, then by multi- 
plying together corresponding positive and negative pairs, and when 4=1, 
a, = nz, 

. e uw 

G=u [τ CRE n (1— mm) 


esc nel . (nz? 
This last formula js indeed long been known, but the first form where the sine 
is λος as the product of ‘‘prime-functions” is the discovery of Weierstrass. 
In case the as form two additively independent series of zero points so that for’ 
example | 009 71 αν pc m2o + πε δω’ 
. m, ο πο σα 


n formula becomes . -— +? Ε(5- m) 
where m, is so to be determined that the function shali converge uniformly for ᾿ 
all finite argument values. The ἜΘ depends on the ο of 


1» -|-Ύ 
s αν πω, 
v=mkl ral 


To this end it is sufficient if the conver ae of 


d x - mod. 一 + mod. (之 ΔΝ 


v-m--1 











is assured. Since now a, is à complex number it is no: longer the case “that 


5-3 


r v 





converges. It can be shown however that 5 A where a, is complex does 
converge for #,— 2 or more. It is sufficient then to take m, — 2 and the 


| ] ο P lw 
function is x mo x PE ew t Ὁ οἳ — Gy 


w= m20 + πι δω 6 
MM = OIL... to 
except m= m=0, . 
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and the required function is displayed as the continued product of an infinite 
number of prime functions, each of which has its own polar singularity and each 
of which has one essential singularity at infinity. 
The function Gu is the simplest possible function that satisfies the condition 
named. Being produced in the same manner as the sine, the sigma function 
~ degrades into the sine easily at the limit, 


‘als 
lim. R (=) == (R signifies real component) when 





lim. Gu==ull' (1 -一 5) eris ty VER) 


or taking the second form {see p. 178, vol. VI), 


lim. Gu = ull (1 — G) eis) 
= 20 Ge >) ,Sin LE, 

T 2ω | | 
where the zero-points of lim. Gu all lie on the real axis, aid are contained in the 
formula . : n.20, n=0 +1, +2, tom. i 
A similar formula applies to a function with the ο ο. represented by each 

of the formule n.20 + 20, N20 + 2. 2a! . 
or generally | | n20 + n 29. 
Multiplying together at first those pairs which are symmetrically situated with 
respect to the origin, we arrive at an expression of the sigma-function as 8 
simply infinite product 











as eer sin Ino! — u sin Z (2n + 
Gu = 2o gn AM (55) TI, ib 3 | ) ( ) Pr 7 (Ge 
z ' 2o sip neo! sc 
By writin S. 1 
Ts i tels t πωπ 
τ . 2w 6 a-sin? r 
mor sin? esl 
nu? | 9, 
Gu = e 2 τ E Teea ἢ 5 
.Xx 2w ^" Cora NOT 
Sin" —— 


The first, I believe, to discover that the elliptic functions could be got at 
by starting from the infinite product 


‘ (1 -2) 
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was Eisenstein in Crelle's Journal, Bd. XXVII, where he has two articles on tliis 
subject. He remarks that the quotient of two infinite products of the form 


多 
Lux) 

where A= 2, 4,-6..., W—1, 8, 5..., gives rise to the elliptic functions. 
In Crelle, Bd. XXXV, he gives a long discussion also on.the convergence of 
these last products. The necessity of a factor of convergence seems not to, have 
occurred to him. He remarks that the easiest approach to the study of elliptic 
functions is through infinite products, they showing most plainly the periods and 
also the zero and infinite points of the function, and yet the notion of prime factors 
escaped him, and was first brought out by Weierstrass thirty years later. With 
the aid of the expression for the sine 


sin πα 





sall(1—=)e* nmi ki. ck 
. : ae 
-απ[ι---ε) n=l, 3... Ho 
= 


` and the ee | + 全 = (1 + y- mus) 


we arrive at the above expressions of Gu as a singly infinite product of sines. 

The function Gu has therefore been determined by means of its zero-points 
and the condition that its only essential singularity is at infinity. Its zero-points 
are contained in the formula 





κ. 
m, m-—02di1d2...:bo. 

If είδα a be a non-singular argument value for the function Gu, the latter is 
developable in the vicinage of a and of all values congruent to α in the form 
Gu = (u — α) Αρ + A (u — a) +.. .}. 

If, farther, qu be a doubly periodic function with the-zero-points 


Q1, Ag, 03, ... a 
-and the (polar) infinite points 
bi, bgs bg, ... Op | 


within each of its period parallelograms, we can then form the quotient 
a 09, 

which has the same zero and infinite points as pu. If we divide qu by P, we 
| ‘shall have a function which has no zero nor infinite points except at infinity, and 
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is therefore of the form e*® where G(x) is an entire function. The function pu 
must therefore have the form 
ο. 6(u — a) 6(u— ay) .. 6 =a): 
QU Such) b). GOES A. 
It remains to be shown, however, under what conditions such a sigma- 
quotient represents a doubly periodie function; in particular, to determine the 
form of the function Gu, and the relations connecting the ws and b’s: We have 
G(u— a, + 20) = — O (u — ἀμ) e" —". 9. 
the proof of which I beg to omit at present, as it would extend € ‘the 
intended limits of this article. Therefore | 
$ (u + 20) = ou. (— 1) 5g ra sep Ray —2by 十 G (u 2w) — E(w) 
and, in order that 2o may be a period of $u, the exponent of e must be a 
multiple of πὶ. We may write therefore 
G (u 4- 29) — Gu = 2x $Xa, — Bb, — (r — s)(u + a)? + ken, 
‘where k% being an integer must be constant in pide that G-may be a continuous 
function, In like manner 
G(u + 20!) — Gu = 27/§Sa, — Eb, — (r — s)\(u + o')} $ Eni. 
RASE twice, o au J 20) — Fu = 0 
| G" (u+ 29) — Gu= 0. 
The fonction G" must therefore be a constant, or else an exponential series, but 
this last it cannot be and be doubly periodic as the equations show,. G is then an 
integral function of a degree not higher than the second ; or: 
| Gu = ai + Bu + y, 
G(u + 20) ="Gu + 4αω (u + o) + 28o 
G (u + Ζω) = Gu + 4a (u + ὦ) + 209, 
2n{ Xa, — Σο, — (r —8)(ut a)} + ri = = 4αω (u + a) + 28a 
24 Xa, —Xb, — (r — s)(w + o')} + ai = 4αω (u + ω) + abo, 





e? Qu) 


whence .| - . Mao + 3η (r — 5) = 0, 
po dao! + 25 (r — s) = 0. 
Since however voca — o --- 5 20 
which i is shown from ; 

< G(u + 20+ Ζω!) = — eretet) G(u + 20) = Gy Ibe beta b - 
and — G(u - 20 + 20") = — e t «^*?», δ(ω + 29) — Gu. dr eh) ere, d 
‘we must have ^  . r—s = 0, 


whence a= 0, τς, Gu — Buty, 
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and the exponent becomes 
2η { Za, — Xb,] — 2Ba = 2hni, 
where 2h must be written instead of b, since now r= s, and therefore from 
pu + 20) zx Qu. Prt By te 
in order that 20 may be a period of qu, the exponent of e must be a multiple 
of πὶ instead of mi. Whence, writing - 
Xa, — Xb,- D 
we have nD + kr = o, 
x! D + Ei Bal, 
(no! — n'o) D = (ko! — Ko) πὶ 
(na! — no) B. = (En zs ky) 
na — no = + > 
D= + 2 (ko! — Ko) 
β = + 2 (kx! — kn) 


or since 


and the function @ becomes 
__ n 6(v—2a)...6(u—a,) 
κ στ ou) 


/ 
where Æ, # are integers, and 4 一 = y= ee . 


the values a, and b, we take one greater or less by 2 or 2%, the exponential 
factor will be increased by cet?" or cet?"*, whereby Σα, — Xb, still remains a 
multiple of the periods and & or Æ will be increased or diminished by one. We 
can therefore always choose such values conjugate to a, and b, that b = k= 0 
and Xa, = X5,, and there remains as the general expression of a a doubly periodic 
function by means of sigma quotients, 
οὔ U—G)... G(u — a, 
Pres ΟΕ ΣΡ a z ! 

where . Σα, = Zb,. 

. As regards the degree of om in G(u — a) it is at once evident that it. must 
be higher than the first, for if we had 


$u 6 


. pA —2k^)u 
€ RME 


If now instead of any one of 


6(u— a) 
G(u— bj" 
since Xa, = 5b, that is, αι = b,, the expression would reduce to a constant, 
The προς form possible is therefore 
i G (u — 4) 6 (u -一 az 
ΠῚ Cee S 
a, a4 — b + 5, 
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which form contains those functions commonly called.elliptic. This form must 
be discussed α little more fully, for from it springs perhaps the most convenient 
if not the most important formula in this system. If we write b= b= 0, and 
a, — v, the formula becomes 


PEE CEDE 





qu= 
where v is a constant upon which C depends. We are at liberty to 
choose C so that C= κ | 
| 7 6v! 
whereupon. _ 6(u 4- v) 6 (u — v) 
| | quic Gu συ 


is a doubly periodic function of either wu or v, the other assuming a non-singular 
constant value. Now the piri of pu in my oni note was 


| pu = 一 zë 98 Gu 





where the value w = 0-was omitted. Difforentiating 








p'u = — À — — 35 (= 
l : u—w 
or including the value w = 0 under the 25 

` p'u = — 25 ~ 


which is evidently periodic, and i 
p' (u +.20) = g'u 
p (u + Ζω) = gu, 





and on integrating ρ(ω + 20) — gu C, 

; NES p(u + 29") = gu + C". 
But AE 6(— w) = — 6’ (u), | j 

' G'(— u) = 6’ bu), 
consequently l G(—wu) Gu 
EC . O(A Gu 

and ρί-- u) = pu, 
whence C= C 一 0， 


- and gu is periodic. We have also 


ae ἂν Qu k 








Vor. VI, 
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. The function pu becomes infinite only for u=0 and for the congruent 
values. So long then as v is not given the value zero or any value congruent to 
zero, pu — pv regarded as a function of u will have the same infinite points as pu. 
~ The zero points are u = + v, and the points congruent to these. It follows that 

(LA (u+ v)6 (u — v) 
eu gv 一 Ceara πας 


as a function of u alone, or | 
` 6 (w+ v) 6 (u — v) 
= --- qn 
ἘΝ n 0 Ce 
as a function of w or v, where C' is independent of both εἰ and v. In order to 
determine C’, develop both sides of the equation according to powers of u and v. 
As given in my former note, p. 178, 








1 i t 
puce 
"Ou u-dr..., 
so that . 1 1 
M pu— ciue απλο. 
G(ud-v)6G(u—v). 1 1 zr 

Cu y x c dlc 
and we must have C" — — 1, or 

_ uL 9(u-v)5(u—v) | 1 puj 

pia po a Guay = E pv |’ 





which is the “pocket edition” of the elliptic functions mentioned. 
But we can go farther and express through sigma-quotients such expressions 
as 5 1 pu pu | : 
1 gv gw 
1 gw pho 
The infinite points (poles? of pu and g'u are congruent to zero, gu becoming 
infinite of the second and g'u of the third order for u = 0 + w. The determi- 
nant must therefore as a linear function of p and $' have also a three-fold infinite 
point at zero and the congruent points, therefore also three zero points to which 
all other vanishing points are congruent. The determinant vanishes evidently 











forw=v, u= w, w= — (v + w), and can be expressed as follows : 
y O(u + v + w)6(u — v)G(v—w) 
e DIESE UN DAS 
c, See O 


σ(ω + u + v) G(w — u) δ(ω--- v) 
A Gw > : 
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where O depends on v and w, Qo on'wand u; C, on wand v. We may write 
. then for the determinant : 


s 2o 
tot Gey) 1 ὃν 多 
Gu. Ov. Ow ide pus 








where cr now depends on u, v and w. 
Multiplying by « and then making w= 0; and remembering that 














i ον Few) eo — v) _ 1 gv 
ms. 
rom τῷ + ΠΠ [ΟΝ — 9 1 pw 
whence, comparing with the foregoing, .C’=— 2, and ` 
G(u+0+u)6(u—v)G(v—w) | 1 | 1 ρω pu 
G'u Go Go zx | οἱ AE 
1 gw. he 








and in-a similar manner the deter minants of higher degrees would be represented 
through sigma-quotients. . z | 

I will now deduce another relation which was merely dogmatically given 
in my first paper. Since p'u is periodic and an odd function, we have 
9 (u + ὦ) = p' (u — o) = ---ϱ(ω--- u), 








_and putting w= 0. p'o = — go = 0, 
and likewise god == 0. 
Tf we set now in the above determinant of the third order, v — o dud w= ω, it 
becomes 1 pu g'u 
; 1 go 0 |= pu e 
1 gol 0 P 








and introducing the same changes in the left-hand side of the same equation we 


` have at once 
: p SUH o α)δ(α--ο]δία-- v) (ow). 1 





p'u = 








Guo o - 1 po: 
5 1 o! 
But i — [1901]. Ba: + «f )6(o —«/) 
1 go! | Fada! 
| whence ΠΡ m eod Sed ω 十 w)G(u—w)6(u— ω) 





' Ou.Gw.Gw!.6(w + ὦ). 
o— 4 0 (6 + o 4- ω)θ(ω + ilc) G(u+w)G{(u—«) O(u-- w)6(u—«w) 
EE BT - ude . .. 8.84 
that is, = 4(9u — p (o + o') (pu — ρω)(ρυ — a), 
and, writing po = ei, (o + o) =e, go! = e, this becomes 
(gu = 4 (pu — e) (gu — ο)ίρω--- ej. 
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On writing now s for pu, this gives us of course the well-known Weierstrassian . 


form of the elliptic integral, 
ds 


«= f Caress ος 


The function (pu) is thus eee as a rational function of gw. From the 
definition ; 
| pu = — À log δω =- Y uj πο 

.But developing according to powers ofu, — 


: ο buds D 


u— w 
gig 3 pavo. 








1 1 
= vi 








pu = ES + 2uX E + Su I ..., and writing X E 一 co remarking that for 
n odd the sum vanishes, we have Ἢ ~ ; 
1 : 
S pu =  Ἕ 3e + Sew +... 
(gu)? = 去 (1 十 2.3.0,u* + 10cçu° 十 ...) 
: 
(guy = "i (1 + Pau + 15e,u5 +...) 
| 2 nee τ΄ 
| glu = -一 PUER 2.8.qu + 4.5e0? + 6.7.69 +... 
8 ! : 
(guy 一 m (4 — 54οιιά — 8θομιό + . 
whence the ρε ος for: (g' u} takes the form 
(plu) = 4g? — 60c pu — 1400, 
2 3 = 4g! u — gig? u — {χρυ — gs, 
where | N= 6d 6d 6-0 
| p= —4.(&6 + έχει t ae) = 2 3. 8E 


ga — 4: €. €5. p ἃ 5. 7. zl. 
The addition theorem for gw may be derived ποῖα the pocket edition 
zu __ Glu 4- v)6(u — v) 
| A . GuGe 
by logarithmie differentiation, which gives 
Sete) Lou e 9 Fu gu. 
6(u4-v) " 6(u—v) Gu  pu—pr 
Guto) GO(u—v) θυ --ρυ 6 
G(u-4-v) Θ(υ---υ) Gv — ρι---ρυ᾽ 














DAaNIELS: Second Note on Weierstrass’ Theory of Elliptic Functions. 269 


from which, as the addition theorem for the function ge. 


Gu 
G(uto) . Gu, Gv Glu T piu glo 
Gus) = συ ῥι----ρυ . 


It is apparent that one more ντ gives the addition theorem for 

gu, which can then easily be E into the form given in the first paper, 
| g'u + po 
pu — gv 
Weierstrass deduces the same theorem in another way which, as being character- 
istic, I reproduce. Equating to zero the above determinant 
1 pu pu 
1 gv go 
1 gw Pw 
we have on squaring 

(pw) (pu — gv) — {pv (pu — gw) 一 ul(py — pu) P= 0, 
or substituting the value of (gw) obtained above 
(pu 一 pv) (4gho 一 gpw — gs) — 19v gu — g'upgo 一 gw (go — g'u) TM 0 
which is satisfied for w =u, v, u + v, that is for pw = pu, pv, g(u +v). 
Forming now the equation. 
4 (pu — po)$(s 一 Tn — po)(s — e(u + v))t = 
this is likewise satisfied for — s—u, gv, e(u + v), ; 
and, since the coefficients of the highest powers, (pwy and οὖ, are the same in 
each, therefore all the coefficients of the same powers of pw and s are equal. 
Equating those of (gw)! and ο), we have without any reduction 
— (p'u — po) = 4(pu— poli — pu — pe — p(u—9)h. 

whence immediately” - 





p(uke)= + Tru — po. 


uid dn + Yo (gn — pr) +pu(pw— p) = 0, 











pu — gv 
as the addition hearers for the Es pu. 
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Lectures on the Principles of Universal AGEN 


By J. J. SYLVESTER, 


Savilian Professor of Geometry in the University of Oxford, and Emeritus Professor of Mathematics 
: ‘in the Johns Hopkins University. 


LECTURE I. | 
PRELIMINARY .CONCEPTIONS AND DEFINITIONS. 
Apotheosis of Algebr aical Quantity. 


A matrix of a quadrate form historically takes its rise in the notion of a 
linear substitution performed ‘upon a system of variables or carriers; regarded 
_apart from the determinant which it may be and at one time was almost exclu- 
sively used to represent, it becomes an empty schema of operation, but in 
conformity with Hegel’s principle that the Negative is the course through which 
thought arrives at another and a fuller positive, only for a moment loses the | 
‘attribute of quantity to emerge again as quantity, if it be allowed that that term 
is properly applied to whatever is the subject of functional operation, of a higher 
. and unthought of kind, and so to say, in a glorified shape,—as an organism 
composed of discrete parts, but having an essential and undivisible unity as a 
‘whole of its own. Naturam expellas Jurca, tamen usque recurret.* The conception 
of multiple quantity thus rises upon the field of vision. 

At first undifferentiated from their content, matrices eame to be regarded as . 
- susceptible of being multiplied together; the word multiplication, strictly appli- 
,cable at that stage of evolution to the content alone, getting transferred by a ` 
fortunate confusion of language to the schema, and superseding, to some extent, 
the use of the more appropriate word: composition applied to the reiteration of 
substitution in the Theory of Numbers. Thus there came into view a process of - 
multiplication which the mind, almost at a glance, is able to recognize must be. 
subject to the associative law of ordinary multiplication, although not so to the 





* Chassez le naturel, il revient au galop, a familiar quotation which I thought was from Boileau, but : 
.my friend Prof. Rabillon informs me is from a comedy of Destouches (born in 1680, died 1754). 5 


SYLVESTER : Lectures on the Principles of Universal Algebra. 271 


commutative law; but the full significance of thie fact lay hidden until the 
subject-matter of auch operations had dropped its provisional mantle, its aspect 
- as a mere schema, and stood revealed as bona-fide multiple quantity subject to 
all the affections and lending itself to all the operations of ordinary numerical 
quantity. This revolution was effected by a forcible-injection into the subject 
of the concept of addition, 1. e. by choosing to regard matrices as susceptible of 
being added to one another ; a notion, as it seems to me, quite foreign to the idea 
of substitution, the nidus in which that of multiple quantity was laid, hatched 
and reared. This step was, as far as I know, first made by Cayley in his 
Memoir on Matrices; in the Phil. Trans. 1858, wherein he may be said to have l 
laid the foundation-stone of the science of multiple quantity. That memoir 
indeed (it seems to me) may with truth be affirmed to have ushered in the reign 
of Algebra the 2d; just as Algebra the 1st, in its character, not as mere art or 
mystery,^but as a science and philosophy, took its rise in Harriot's “Artis . 
Analyticae Praxis,” published in 1631, ten years after his death, and exactly 250 
years before I gave the first course of lectures ever delivered on Multinomial 
- Quantity, in 1881, at the Johns Hopkins University. . Much as I owe in the way 
of fruitful suggestion to Cayley's immortal memoir, the idea of subjecting 
matrices to the additive process and of their consequent amenability to the laws 
of functional operation was not taken from it, but occurred to me independently 
before I had seen the memoir or was acquainted with its contents; and indeed . 
forced itself upon my attention as a means of giving simplicity and generality 
to my formula for the powers or roots of matrices, published in the Comptes . 
Rendus of the Institute for 1882 (Vol. 94, pp. 55, 396). My memoir on Tcheby- 
cheff’s method concerning the totality of prime numbers within certain limits, ' 
was the indirect cause of turning my attention to the subject, as (through the’ 
systems of difference-equations therein employed to contract Tchebycheff’s 
limits) I was led to the discovery of the properties of the latent roots of. matrices, 
‘and had made considerable progress in developing the theory of matrices con- 
sidered as quantities, when on writing to Prof. Cayley upon the subject he 
referred me to the memoir in question : all this only proves how far the discovery 
of. the quantitative nature of matrices is removed from being artificial or facti- 
tious, but, on the contrary, was bound to be evolved, in the oo of time, as a. 
necessary sequel to previously acquired cognitions. . | 
Already in Quaternions (which, as will presently be seen, are but the simplest 
order of matrices viewed under a particular aspect) the example had been given 
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of Algebra released from the .yoke of the commutative principle of multiplica- 
tion—an émancipation somewhat akin to Lobatchewsky’s of Geometry from 
Euclid's noted empirical axiom; and later on, the Peirces, father and son (but 
subsequently to 1858) had prefigured the universalization of Hamilton’s theory, 
and had emitted an opinion to the effect that probably all systems of algebraical 
symbols subject to. the associativé law of multiplication would be eventually 
found to be identical with linear transformations of ‘schemata susceptible of - 
matricular representation. os 

That such must be the case it would be rash to assert; but it is very difficult’ 
. to conceive how the contrary can be true, or where to seek, outside-of the con- 
cept of substitution, for matter affording pabulum to the principle of free conso-. 
ciation of successive actions or operations. ᾿ 


Multiplication of Matrices. 


A matrix written in the usual form may be regarded as made up of parallels 

of latitude and of longitude, so that to every term in one matrix.corresponds a 
term of the same latitude and longitude in any other of the same order. | 

_ Every matrix possesses a principal axis, viz. the diagonal drawn from the 

intersection of the first two parallels to the intersection of the last two of latitude 
and longitude ; and by a symmetrical matrix is always to be understood one in 
”Which the principal diagonal is the axis of symmetry. If there were ever occasion 
to consider a symmetrical matrix in which this coincidence does not exist, it 
might be called improperly symmetrical. This designation might and probably 
ought to be extended to matrices symmetrical, not merely in regard to the second 
visible diagonal, but to all the (o — 1) rational diagonals of a matrix of the order 
τω, à rational diagonal being understood to mean any line straight or broken, 
. drawn through o elements, of which no two have the same latitude or longitude. 
The composition of substitutions directly leads to the following rule for the 
multiplication of matrices. If m, », be matrices corresponding to substitutions 
in which m is the antecedent or passive, and « the consequent. or active, 
their product may be denoted by mn (i. e. m multiplied by n), and then any term . 
in the product of the two matrices will be equal to its parallel of. latitude taken 
in the antecedent or passive and multiplied by its parallel of longitude -taken in 
the consequent or active matrix. Cauchy has taught us what is to be understood 
-by the product of one rectangular array or matrix by another of the same length 
and breadth, and we have only to consider the case of rectangles degenerating 
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‘each to a single line and column respectively, to understand what is meant by 
the product of the multiplication of the two parallels spoken of above. It may, . 
however, be sometimes convenient to speak of the disjunctive product of two sets 
of the same number of elements, meaning by this the sum of the products of 
each element in the one by the corresponding element in the other. Thus (A])mn 
denoting the term in mn of latitude 4 and longitude 7, we have the equation 

| (Al) mn = Ἅπι In, 

where, of course, Am means the A^ parallel of latitude, and im the /™ parallel 
of longitude in m and n respectively. This notation may be extended so as to 
express the value of any minor determinant of mn; such minor may obviously 


be denoted by Ah, Ave, o- A 
i Asl, Al pecs Al 
20 A, * At, 
and its value -will be the product of the two rectangles (in Cauchy’s sense) 
formed respectively by the Άι, 2, ... A, parallels of latitude in m, and the 


L,4,... parallels of longitude n. 

Aus other definition of multiplication of matrices, such as the rule for 
multiplying lines by lines, or. columns by columns, sins against good method, as 
. being incompatible.with the law of consociation, and ought to be inexorably 
banished from the text-books of the future. It is almost unnecessary to add . 
that by a p** power of a matrix m is to be understood the result of multiplying 
pms together; and by the g root of m, a matrix which multiplied by itself g 
times producés m: hence we can attach a clear idea to any. positive integral or 
fractional power. The complete extension of the ordinary théory of surds to 
multinomial quantity will appear a little further on. ` But it is well at this point 
to draw attention to the fact that at all events, if M, M' are positive integer 
powers of the same matrix m, the factors M, M' are convertible, i.e MM'— M' M, 
this commutative law being an immediate (too obvious to insist upon) conse- 
quence of the associative law of multiplication. 


- On Zéro and Nullity. 


The absolute zero for matrices of any order is the matrix all of whose 
elements are zero. It ‘possesses so far as regards multiplication (and as will 
presently be evident as regards addition also) the ME property of the 

Vor. VI, - . T 
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ordinary zero, viz. that when entering into composition with any other matrix, 
either actively or passively, the product of such composition is itself over again ; 
- so that it may be said to absorb into itself any foreign matrix,(of its own order) 
with which it is combined. This is the highest degree of nullity which any - 
matrix can possess, and (regarded as an integer) will be called o, the order of 
the matrix. On the other hand, if the matrix has finite content, its nullity will 
be regarded as zero. Between these two limits the nullity may have any integer 
value; thus, if its content, 4 e. its determinant, vanishes without any other 
special relation existing between its elements, the nullity will be called 1; if all 
the first minors vanish, 2; and, in general and more precisely, if all the minors 
of order o — à + 1 vanish, but the minors of order o — 4 do not all vanish, the 
nullity will be said to. be 4: as an example, if the elements are not all zero, but 
every minor of the second order vanishes, the nullity is o — 1. 

In general, a substitution impressed ‘on a set of variables may be reversed, 
and the problem of reversal is perfectly determinate ; but when the matrix—the ` 
schema. of the substitution—is affected with any degree of nullity, such reversal 
' becomes indeterminate. .Hence the use of the word indeterminate employed 
by Cayley to characterize matrices affected with any degree of nullity, in which 
he has been followed by Clifford, who goes a step further in distinguishing the 
several degrees of indeterminateness from one another. | | 


On Addition and Monomial Multiplication of Matricès. - 


The sum of two-matrices of like order is the matrix of which each element 
` is the sum of the elements of the same latitude and longitude as its own in the 
component matrices; thus, as stated by anticipation in what precedes, the addition ' 
of a zero matrix to any matrix of like order leaves the latter entirely unchanged. 
Addition of matrices obviously will be subject to the same two associative 
and commutative laws as the addition of monomial quantities. This seems to 
me a sufficient ground for declining .to accept associative as the distinguishing 
name of the algebra of multinomial quantity; for thé emphasis thereby laid on - 
association would seem to imply the entire absence of the commutative principle 
from the theory, whereas, although not having a place in multinomial multipli- 
cation, it flourishes in full vigor in the not less important, dnd, so to say, collat- 
eral process of multinomial addition. If iis any positive integer, the addition 
of the same matrix taken b times obviously leads to a matrix of which each 
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element is % times. the corresponding element of the given one; and if p times 
one matrix is g times another, the elements of the first are obviously x into the 


corresponding ones of the other: hence, if k is any positive monomial quantity, 
k times a given matrix, by a legitimate use of language, should and will-be taken 
to mean the matrix obtained by multiplying each element in the given one by &. 
And as the negative of a given matrix ought to mean the matrix which added 
to the given one should produce the zero-matrix previously defined, the meaning 
of multiplying a matrix by Æ may be extended, with the certainty of leading to 
.no. contradiction, to the case of any commensurable value of Æ% positive or 
negative, and consequently, by the usual and valid course of inference, to the 
case of % being any monomial symbol whatever, whether possessing arithmetical 
_ content or not. | 
On the Multinomial Unit and Scalar Matriz. 

On subjecting a matrix of any order to a resolution similar to that by 
which one of the second order may be resolved irto a scalar and a vector, it 
will be shown hereafter that the o? components separate into a group of o*^—1 
terms analogous to the vector and to a single term analogous to the scalar of 
a quaternion. This outstanding single term is of an invariable form, viz. its 
. principal diagonal consists of elements having the same value, which may be 
called its parameter, and all the other elements are zeros. 

A matrix of such form I shall calla scalar. When the parameter is unity 


it may be termed a multinomial unity and denoted by T, or in place of o we 

may write o dots over Y, or for greater simplicity, when desirable write simply 
Y. Any scalar, by virtue of what precedes, isa mere monomial multiplier of 
some such Y. . l 

Let #Y be any scalar of order o. It will readily be seen, by applying the 
laws of multiplication and addition previously laid down, that ϕ (AY) = 9 (1).7Y, 
and that WY. m = m. KY = km. 

‘Thus a scalar possesses all the essential properties of a monomial quantity, 
and a multinomial unity of ordinary unity; in particular, the faculiy of being 
absorbed in any other coordinate matrix with which it comes in contact. A 
scalar whose parameter vanishes of course becomes a zero-matrix. 

The properties stated of a.scalar LY serve to.show that in all operations into 
which it enters the T may be dropped, and supplied or understood to be 





*Perhaps more advantageously by 1w. Ishall hold myself at liberty in what follows to use whichever 
of these two notations may appear most convenient in any case as it arises. 


^. 
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supplied at the 'end of the operations when needed tó “ane homogeneity to an 
expression. Thus ex. gr. 

(m + hY)(m + £T) = πὸ + (A + i) Ym + REL? mè + (h-+ 1) πι T AKY ; 
but this result may be obtained by the multiplication of (m+ h)(m + k), and 
supplying Ÿ (or imagining it to be supplied) to the final term in order to preserve 
the homogeneity of the form. In like manner, 0, or 0 with points over it 
maybe used to denote the absolute zero of the order o; but it will be more 
convenient to use the ordinary 0, having only recourse to the additional notation 
when thought necessary or desirable in order to make obvious the homogeneity 
. of the terms in any equation or expression. Thus ex. gr. such an expression ‘as 
in? + 2bm + d= 0, where m is a matrix, say of the 2d order, and b and d: 
monomials, set out in full would read m + 2bm 4- d — ὃ, meaning m.m + 26m 
4 40 2 : » i 

o4” 
` On the Inverse and Negative Powers of a Matrix. 

The inverse of a matrix, denoted by m~}, means the matrix which multiplied 
by m on either side produces multinomial unity. It is a matter of demonstration 
that when a matrix is non-vacuous (i. e. has a finite content or determinant 
appertaining to it), an inverse to it ‘fulfilling this double condition can always be 
found, and.that if the product of mn is unity, so also must be that of nm. - 

Tt is a well-known fact, proved in the ordinary theory of determinants, that 
if every element in the first of two matrices is the logarithmic differential deri- 
vative, in respect to its correspondent.in the second, of the content of that 
second, so conversely, every element of the second is the logarithmic derivative, 
in respect to its correspondent in the first, of the content of the first. 

But two such matrices multiplied together in either sense would not give 
for their product multinomial unity; to obtain this product either matrix must 
be multiplied indifferently into or by the transverse of the other (meaning by the 
transverse of a matrix, the new matrix obtained by rotating the original one 

. through 180° about its principal diagonal). In. other .words, if m be a given 
matrix and n be obtained from it by substituting for each element the logar ithinic 


derivatives of its content in respect to its opposite, then mn = ' and nm = T, 
where o means (as will always be the case throughout these lectures) the order 
‘of the matrices concerned. The n which satisfies these two equations (and it 
cannot satisfy the one without satisfying the other) will be ealled the inverse of 
- and be denoted by mi. i 
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For brevity and suggestiveness it will be dd to write in general 


1 for Ύ as we write 0 for 0,, 80 that mn = 1 will imply nm = 1 = mn and n= m7. 

. We may define in general (as in monomial algebra) m~? to mean the inverse 

of m*, à e. (mè). We shall then have (πι λές πι, for mn.mn Ξ 1 implies 

m.mn.n=mn=1l or mn?=1. Hence =m’, $e (mP =m. Also 

since mn? = 1, mn? = mn = 1 or n? = m’, i e. (Mm) — πι ὃ and so in general 

‘for all positive integer values of à, (m—')'= πι, And, as-in monomial algebra, 
it may now be proved and taken as proved that, for all real values of à and J, 

whether positive or negative, mt. mi = m‘t+/, and the same relation may be 

assumed to continue when 1, j become general quantities. The elements in the 

inverse to any matrix m all involving the as i of the determinant to.m, 


= u, where µ is a matrix all of 
whose elements are always finite. Hence we come to the important conclusion . 
- that for vacuous matrices inverses only exist in idea and are.incapable. of being 
realized so as to have an actual existence. In the sequel it will be shown that 
the inverse is only a single instance of an infinite class of matrices which exist 
ideally as functions of actual matrices, but are incapable of realization. 

Suppose now that M, N are any two matrices such that MN — 0 or that 
ANM — 0; multiplying each side of the equation by M if such expression has 
.&n actual existence (i. e. if M is non-vacuous), we obtain, from the known 
properties of zero, N= 0, but if M is vacuous no such conclusion can be drawn. 
So further if m'— 0 (i being any positive integer), it will be seen under the 
third law of motion that m is necessarily’ vacuous, Hence from this équation 
it cannot be inferred that any lower power than the i of m is necessarily zero. 


if D be the content of m we may write m^ 


On the Latent Roots and Different Degrees of Vacuity of Matrices. 


If m be any matrix, the augmented matrix m— AY or m—A.1, or m—A 
will be found simply by subtracting λ from each element in the principal 
diagonal of m. The content of this matrix or the same multiplied by — 1 or 
any other constant, I term the latent function to m, which will be an algebraical 
function of the degree o.in A (which may be termed the latent variable or 
earrier); and the o roots of this function (i. e. the o values of the carrier which 
annihilate the latent function) I call the latent roots of the unaugmented matrix 
m. It is obvious from this definition that if λι be any latent root of m, the | 

_ eontent, of m — 24 will vanish, 4. e. m — A, will be vacuous, and conversely that if 
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πι ---λι is vacuous, À must be one of the latent roots to m. Thus if m is vacuous, 
one of the latent roots must be zero; if only one of them is zero I call m simply 

vacuous and say that its vacuity is 1: thus zero vacuity and simple vacuity mean 
the same thing as zero nullity and simple nullity respectively. More generally 
if any number i, but not.i + 1, of the latent roots of m are all of them zero, m 
will be said to have the vacuity 7. 

By a principal minor determinant toe any matrix I mean ds minor deter- . 
minant whose matrix is divided by the prineipal diagonal into two triangles. 
It will then easily be seen that if ὁ, means in general the sum of the principal 
4^ minors: to m, and s, means the complete determinant, the assertion of m 
. having the vacuity ὁ is exactly coextensive with the assertion that 
| 189720, 60, $4720... 95.47 0. | | | 
| Tf the nullity of m is 4, every q?^ minor of m when g <i is zero. . Hence the 

vacuity cannot fall. short of the nullity, but the converse is not true. A matrix 
may have any vacuity up to o inclusive without the nullity being greater than 1. 
‘It will hereafter be shown, under the 2d law of motion, that if. LI hs, ++ Ay are 
the o latent roots of m, thén (m — a,)(m — 24) . . : (m — 2,) = 0 or say | = 
But it will be interesting even at this early stage [ὁ show that a theorem ie 
approaching this may be deduced from the distinction drawn between vacuous 
and non-vacuous matrices as regards their possession of real i inverses. i 
-© I propose to prove instantaneously by this means that at all events 
M°-1=—0. It is obvious from any single instance of multiplication that mn and 
nm are ‘not in general coincident, But if n could be expressed as a linear 
function of powers of m (including m° or 1, among such powers), mn and nm 
‘must be coincident. If now we take the a’ matrices 1, m, m’,...m*~1, n at 
first blush one. would say ought to be expressible as a linear function of these o? 
quantities determinable by means of the solution of o* linear equations, and can 
only escape being so expressible in consequence of the fact that these o? powers 
of m are linearly related. Hence we must have an identical equation of the form 
Am’! + Bm 一 十 Om* 73... + Gm + H — 0, or sy Fm 一 0. 
If now Fm were supposed to contain any factor other than m —A,, m — Ap, . 
— À,,, such factors being non-vacuous may be expelled from Fn; j consequently 
the equation in question must be of the form | 


(m — A)" (es — Ay.) (m 一 óc 一 0， 
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and as the coefficients of the equation in m are niis rational we must-have. 


hy = 03, ..., y = D. Hence où = a4 + a, + ... a, «o, and consequently a<o. 
Hence, at all events (since M°-1-°= 0 on multiplication by M? gives 
M*— 0), 


TOS — A)(m — 2) . . . (m— 1.) P= Met 0.0, E. D. 


. LECTURE II. 
On Reduction. 


It follows from what has been already shown in Tode I, when m is a 


matrix of the second order (o — 1 being here: unity) that (m — Aj)(m — 2) = 0. 
Understanding by m the matrix 2 Tis 


21 


’ the latent equation to m is 


| jus σι 


[h^ ας, -9 ο... 

4. e. E 23 — (t, + 23) 4 4- (ht, — br) = 0, 

so that m? 一 (+ το) m + (4%, — br) = 0, 

or, using the literation applied to the parametric triangle, > 2 
m? — 2bm + d = 0; - | (1) 


for since the content of x + ym + zn is supposed to be 
a+ Way + 2exz + dy? + 2ey2 + fe, 
that of — A + m will be found by making z=0, 2 一 一 2， y —1. The varia- 
tion of equation (1) obtained by taking en for the increment of m (remembering 
that the variation of m? is (m + en)(m + en) — m?, i. e. e(mn + nm)) gives rise to 
the identical sgiate 
mn + nm 一 2bn— m + 2e— 0, (2) 
aad ies variation of this again gives | 
n+ n? — 261 一 2cn + 2f — 0, 
or n? — 2en + f= 0, as of course will be obtained immediately from (1) by 
substituting n, c, f in place of m, b, d. 
The parameters c, f, if n represents 2 are the sum of the principal 
diagonal elements and the content of u, just a4 δ, d are such sum and content in 
respect to m. ΄ 
The parameter e (the constate to d and ^ or rather its double 2e is 
obviously the emanant of-d in respect to the operator t à. + ued, + υι ὃν, 十 vw bs 
or, if we please, of / in respect to the inverse operator ἕ ,, + ἔχ δι, +0, + 23 9,, , 
4, 6. 18 t vy + 495 — by v UTi. EE 
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With the-aid of the catena of equations in m, in m and n, and in n, any - 
combination of functions of m and n may be reduced to the standard form 
| Amn + Bm + On + D. 

For, in the first place, 

Qm = P (m — 2bm + d) + im += rm te 
and similarly (yn zz gn +o. 
Hence the most general erases referred to is expressible as the product of 
alternating linear functions of m and n, and may therefore be reduced to a sum 
of terms of which each is a product of alternate powers of m and of n, each 
of which powers may again be reduced to the form of linear functions, and this 
process admits of being continually repeated. 

Suppose then, at any stage of it, that the greatest number of occurrences 
of linear functions of m and n in the aggregate of terms is 7; then at the next 
stage of the process the new aggregate will consist of monomial multipliers of 
one or more simple successions of m and n, and of terms in Which the number 
of alternating linear functions never exceeds 4 — 1; hence, eventually we must 
arrive at'a stage when the aggregate will be reduced to a sum of monomial 
multipliers of ‘simple successions of m and.n, every ‘such succession being of the 
form . (mn)! or m! (mn! or (mnym-* or m-! (mn)n-. 

But - (mnf-m.nm.n- — m(mn-— 2bn — 20m + 2e)n 
i f = — mn? + 2inn? + 2em*n 一 Lemn 
= — (2bm — d)(2en — f) + 2bm (2en Fu + 2c (m T emn 
| = — (2e — 4bc)mn — df. 
Hence (mn) + 2(e — 2bc)mn + df= 0. 
. Hence (mn)*= P (ποι) + 2(e — 25e) mn + af t+ Amn+ B= Amn + B, where 
A and B are known functions of (e — 206) and f; and ον 
B 





mi (mn)? = An + Bm-!- An 一 PL 
Similarly (mn TE Pa- " me | 
and m (mn) = À TB (mn)-1- — df mn + (4— —B =) : i 


And this being true (mut. mut.) for all E q, it follows that the function 
expressed by any succession of products of functions of m and n is reducible to 
the form of a linear expression in m,n, mn, in which the 4 monomial coefficients 
are known or determinable functions of the parameters to the corpus m, n. 
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The latent function to any such linear expression, say Amn + Bm -|- On + D, 
may be found in the same way the latent function to mn has been found, viz. as 
follows : 

(Amn + Bm + Cn +. Dy = £ (mn + AB (mnm + mmn) + AC( (mnn fe nmn) 

+ 2ADmn + Bm? + BC (mn + nm) + Cn? + 2BDm + 2CDn+ D? 

= A? (— 2e + 4bc) mn — A? df + ABm(2bn + 2em — 2e) 

+ AC(2bn + 2em — 2e)n + 24Dmn + Bm’ + BC(2bn + 2em 一 2) + C?r° 

. + 2BDm + 20Dn + D. 

Let (Amn + Bm + Cn + Dy — 2P(Amn 十 .Bm 十 On + D) + g= 0 - 
be the identical equation to Amn + Bm + Cn + D. 
The coefficient of mn in the development of the first term being 
- (4be — 2e) A? + 2bAB + 2cAC -- 2AD, | 
and m’, n? being reducible to linear functions of m, & respectively, it follows 
that f ` P= A(2be — e) + Bb + Cc + D. 

To find Q itis only needful to fasten the attention upon the constant terms 
in the before named development reduced to the standard form. These will þe 
— Ad f — 2A Bed — 2A Cbf — B'd — 2B 0e —O?f + D, say K, 
and the constant part in — 2P(Amn + Bm + On + D) being — 2DP, it follows 

that Q = 2AD(2be — e) + 2BDb + 20Dc + D? — 
| = 4'df + 2ABcd + 2ACbf + 2AD(2bc — e) 
+ Bd+2BCe + Cf+2BDb+2CDe, κ 
and consequently the latent function A*— 2PA + Q, of which the algebraical 
roots are the latent roots of Amn + Bm + On + D is completely determined. 
Thus ex. gr., if the latent function of m+n is required, making 4 = D=0, 
B=C=1, its value will bé seen to be A°— 2(b + c) A + d 4- de + f= 0, so 
that the roots will be b + c+ (6+ pres (d + 2e To 





On Involution. 


In general, if m and m be two given rd δω, and p any third: 
‘matrix, say -.. 4 ty ah, NO T, 
πρ, τω op qe 

p may be expressed as à linear function of Y, m, n, mn or of Y, m,n,nm. For 

in order that p may be expressible under the form 4 + Bm + On + D, observing 


that miss htt bgt, btt UT. 
ντα + £37, b Tg F qv, 
and that = : 1 , it is only necessary to write 


Vor. VI. 
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A+ Bt + Οτι + D (ντι + 4%) = Τι, 
Bt, + Ct, + Dt t ἐντὶ) = T;, 
Bt, + Οτι + D (t, t tt) = Ts, 
D+ Btt Cv, Dot, tH τι) = Τι, 
 .and then 4,.B, C, D may be found by the solution of these four linear 
equations: and this solution must always be capable’ of being effected unless 
the determinant 
| 1, 5, 9j, Ht, TT 
O, 5, v3, boty έτη 
0, ἴα, Τα, Ta 十 fav, ` 
l, 4, v4, Ta F hr 
vanishes. 

When.this is the case the matrices m, n, in the order in which they are 
‘written, will be said to be in sinistral involution. In like manner, if 1, n, m, nm 
are linearly related, m, n may be said to be in dextral involution. But it is very 
easy to see from the identical equation (2) that in this case these two involutions 
‘are really identical, for, since A + Bm + On + Dmn — 0, by subtraction 

À + Bm + On — Dnm + 2Dem + 2Dbn — 2De= 0, 
ie (4— 2eD)+ (B--2cD) m 4- (0 + 25D)n — Dnm=0. 

The above determinant then will be called the involutant to m, n or n, m, 
indifferently, for it will be seen, and indeed may be shown, & priori, that its value 
remains absolutely unaltered (not merely to a numerical factor près, but in sign . 
and in arithmetical magnitude as well) when the Latin and Greek letters, or 
which is the same thing, when the matrices m and n are interchanged. 


On the Linearform or Summotory Representation of Matrices, and the Multiplication- 
Table to which it gives vise. 

This method by which a matrix is robbed as it were of its areal dimensions 
and represented as a linear sum, first came under my notice incidentally in a 
communication made some time in the course of the last two years to the Math- 
ematical Society of the Johns Hopkins University, by Mr. Ο. S. Peirce, who, I 
presume, had been long familiar with its use. Each element of a matrix in this 
method is regarded as composed of an ordinary quantity and a symbol denoting 
its place, just as 1883 may be read 10 + 8% + 8¢-+ δω, where 0, h, t, ἡ, mean 
thousands, hundreds, tens, units, or, rather,.the places occupied by thousands, 
hundreds, tens, units, respectively, | | 
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Take as an example matrices of the second order, as 
| i ab af 
ed yò. 
These may ba denoted respectively by 
aA + bu + cv +da, αλ + Bu + yv + dz; 
their product by : Ἢ 
(aa + o8) 2. + (ba + d) p. 4- (αγ + οὖν + (by + dà) m, 
which therefore must be capable of being made identical with 
aan + αβλµ + αγλν + adan 
+ baud + bB + ey + bun 
+ cava + chru + eyi? + còn 
- + dana + ἆθπμ + dynv + dôr, 
when a proper system of relations is established between the quadric combi- 
nations and the simple powers of à. : 
The arguments of like coefficients in the two § sums being equated together, 
there result the equations | 
MIA, AWS ν, μλ-μ, up — m, 
γμτ À, vm—v, nuca, REA, 
and again, the arguments to the 8 coefficients in the second sum which are not 
included among the coefficients of the first, being equated to zero, there result 
the equations | 


Au —0, λπζ- ὐ, w=0, un=0, 
CO yA-—O0, 9-0, πλ--θ0, πνς- 0. 
These 16 equalities may be brought under a single UE d'æil by the following 
μα table : 














| | abe 
In like manner it will be found that any matrix of the 3d order, as d e. f, 
᾽ I h k 


regarded as a quantity, may be expressed linearformly by the sum 
αλ + bu + ev + dt + ep + fo + gv + hv + ko, . 
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where the ‘topical symbols are subject to the multiplication table below written: 











Amt 9 υν σφ 
An æ 0 0 0 0 0.0 
‘= 000A x + 000 
000000 An + 
u pv 00000 0 
000 up v 0 0 0 
ο 0 0 0 0 0 w p v 
y σφ 0 0 0000 
0 0 0 » σφ 0 0 0| , 
0 0 0 0 0 0 » σφ]: 








And, in like manner, matrices of any order o may be expressed linearformly as 
_ the sum of œ ee éach consisting of a monomial multiplier of a topical 
symbol, the entire o? symbols being subject to a multiplication table containing 
o* places, of which a° will be Super by the o simple symbols, each appearing 
o times, and the remaining o— 6? places by : the ordinary zero. 

This conception applied to quadratic matrices might have served to establish 
the connection between them and Hamilton’s quaternions, regarded as homo- 
geneous functions of 1, 7, 7, t, themselves linear functions of the topical symbols 
A, u; v, 2; but the same result may be arrived at somewhat more simply by a 
‘method pigen in a subsequent lecture. ` . 


On the eee formed by two intestate Matrices of the same order, and the ` 
Simple Parameters of such Corpus. 


By the latent function of a corpus (m, n) we may understand the content or 

‘any numerical multiplier of the content of (i. e. the determinant to) the matrix 
a+ {πι + en, where v, y, 2 are monofial carriers. This function will be a 
quantic of the order o in æ, y, z, and i in the standard form the coefficient of z" 


E 


may.be supposed to be unity, so that it will contain 52e coefficients, which 


may be termed the parameters of the corpus. 
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To fix the ideas, suppose.o — 3 and let the latent function to 
| abc «By 
a 2’ c α΄ ge . y 
| "i a! b" ο i al B y" 
be called F, where | 
F= + 8δαϑγ + 8οαδα + day? + Gexys + 8 fee? + gy? + She + 32? + EP. 
Let m become m -+ en, where e is a monomial infinitesimal. Then the 
function to the corpus becomes the content of ` : 
w+ y (m + en) d- zn, i e x + ym + (2+ ey)n, 
and consequently the variation of the function to (m, n) is eyó,F. If then the 
rate of variation of any of the parameters, when n is the rate of variation of m, 
be denoted by prefixing to such parameter the symbol Æ, we shall find 
. Eb = c; Ed = 2e; He= f; Eg = 8h; Eh = 2h; Ek = l; 
and similarly, if 4, preceding a parameter, be used to. indicate its rate of vari- 
ation corresponding to n’s rate of variation being m, then 
He= b; Mf = 2; He = d; H1= 3k; Ah= 2h; Hh=g; 
and the variations of ο, f, l, as regards E, and of b, d, g, as regards F, are of 
course zero. | | 
By forming the triangle of parameters 


the law of variations of the parameters of the function to (m, n) (expressed in 
the ordinary manner by à ternary quantic affected with the proper numerical 
multipliers) becomes evident, whatever may be the order of the corpus (i.e. of . 
the matrices m and n, of which it is constituted): thus ex. gr. when o = 4, in 
‘addition to the previous expressions we shall find 
Ep = 4q, Eq = 3r, Er = 2s, Κε--ι, Ht=0, 
. Ht=4s; s= δν, r= δη, HQ — p, p= 0. 
By means of the above rélations, any identical equation, into which enters one 
or more matrices, admits of being varied, so as to give rise. to. an identical 
equation connecting one additional number of the same. | 
Scholiwm.—ln what precedes it will have been observed that the matter 
under consideration has always regard to matrices, or, as we may say, quantities 
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of a fixed order o, combined exclusively with one another and with ordinary. . 
monomial quantities. Every such combination forms as it were a clausum or 
world of its own, lying completely outside and having no relations with any 
other. It is, however, possible, and even probable, that as the theory is further 
. evolved, this barrier may be found to give. way and the worlds of all the various 
orders of ‘quantity be brought into relation and intercommunion with one 
another. . | m | 
LECTURE III. 
On Quantity of the Second Order. — 


The theory of matrices of the second order seems to me to deserve a special 
preliminary investigation on various grounds, First, as affording a facile and 
natural introduction to the general theory (as the study of Conic Sections is 
usually made to precede that of universal Geometry); secondly, because it 
presents certain very special features distinguishing it from all other kinds of 
quantity, such as the coincidence of the two involutants (reminding one of the 
single image in the case of ordinary refraction as contrasted with the double 
image seen through iceland spar), or, again, the rational relation between the 
products of matrices of the second order, in whatever order the factors are 
introduced in the performance of the multiplication; and thirdly, because the 
theory of this kind of quantity has already been extensively studied and 
developed under the name or aspect of Quaternions. Hence it may not be out 
of place to make the remark that; as it surely would not be logical to seek for 
the origin of the conception included in the symbol 4/— 1 in geometrical consider- 
ations, however important its application to geometrical exegesis, so now that 
an independent algebraical foundation has been discovered for the introduction 
and use of the symbols employed in Hamilton’s theory, it would (it seems to me) 
. be exceedingly illogical and contrary to good method to build the pure theory 
of the same upon space conceptions; the more so, as it will hereafter be shown 
that quantities of every order admit of being represented in a mode strictly 
analogous to that in which quantity of the second order is represented by quater- 
nions, viz., if the order is a, by o*-ions, or as I shall in future say, by Jons, of 
which the geometrical interpretation, although there is little doubt that it exists, 
is not yet discovered, and it must, it is Certain, draw upon the resources of incon- 
ceivable space before it can be effected. 


(TO BE CONTINUED.) 


vy deese 


Note on the Development of an Algebraic Fraction. 


By Carr. P. A. MacManox, R. A. : 





E the Ameri ican Journal of Mathematics, Vol V, No. 3, M. Fa de Bruno 
has considered the development, in ascending powers of x, of the algebraic 


fraction i 1 





th= Ifaetaet... Tax 
and has obtained the coefficient of x? in the form of a determinant, 
His result may be simply obtained as follows. 
For convenience I take the fraction to be. 
1 
TO= iarta.. Fa 


1 





‘Let - F(y)-—y*—2a3^742,377—...-F(—Ya, 


: = (y —a)(y —8Xv — 7). 
so that a, 8; y... are Er roots of, He equation Fy)= =0; 
1 








then + he y τω, 
“= à y—a ? 

OU. 1, ΒΒ | H, 
ων FG Tt pu i Ae Ἢ I QE 


wherein H, represents . ds sum of the homogeneous symmetrie functions, of 
weight P, of the roots of the equation 





F(y) — 0. 
Write now y = — L and divide both sides.of the resulting equation by x”, thus 
obtaining 
NE PRU " 
I 一 az 十 oo 一.… .十 (一 om 1+ Hye + Ενα +... + Ha? + ΠΣ 
It is well known that . Ey 
1 a αν Q1 
0:1. αρ. 9 
Hy 0 ο 1 Cp 3 


a 


Jo 0.0 .lo 


which is equivalent to M. Faà de Bruno's result. 
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Now H,=3(—)etatetat atata a+...) ania, 
. eagles... 
the summation extending to all integer, including Zero, solutions of the © 
equation ` αι + 2a54- 8a,+...=p; 
consequently we have the result 
i 
1— ax + ax — 十 (—)" ay, x” 
x -> Yer αἱ dsl... ταν. ών ως 
. where Ot aata; t... = hk, 


αι + 2a + 803 +... — p. 


- ROYAL MiLITARY Roapmny, WOOLWICH, October 2, 1883. 


Notre sy Dr. FRANKLIN. 


The general coefficient in the expansion .of 
XN 1 
do + aye + aga? +... + αμ" 
is obviously given immediately in the form of a determinant by COR DAE ison of 
coefficients. If the required series is 


by + bm + by +... + byw”, 





we have 
“(Ay agar + aga? +... + aua yb, + Bye + bo? +... + ὅμα”) = 1, 
whence αρ d =l | 

Dy + d, b = 0 

Ay by + 040, + ab, = 0, ete., 
whence, solving for the 2”, 
| αι αρ 

02 0, Ay 

—)? (2) NPHI) ay ay αι Ap 


5 i αρ qs ao 
The above is so obvious that I have been in the habit of regarding it as the 
‘natural method of obtaining the value of H,, whereas, in the preceding note, 
Captain MacMahon has reversed the process, i i 


Symmetric Functions of the 15°. 


By CAPTAIN P. A. ΜΑΟΜΑΠΟΝ, R. A. 


The following table represents the symmetric functions of the roots of an 
equation of the 13th degree, arranged according to Mr. Durfee’s plan. 

In addition to Professor Cayley’s law of symmetry, the following method 
was carried out in order to ensure the correctness of the numbers: viz. the 
equation being ` a"— qg l+ gg? ... + (—)"a,=0, 
and any RIAD of coefficients 

| nanas uid 
if the (r + 1)- agonal weight of the term be defined to ? 


Wy 41 = I(r 十 de m (7 r4 Herr n(r 十 1),-rgit sey 
wherein (r+ 1) denotes the δ} of the (r + 1)-agonal numbers, then I have 
elsewhere shown (vide Proc: Lond. Math, Soc.) that denoting the sum of all those 
symmetric functions of weight w(w`þ n), which contain » parts in their partitions, 
i by So | 


k— 1) w, Š 
So = 2 (—) t+ i RAURA., 
where | w= + mu + nv +..., 


k=l +m 十 +. 
From this we can, by the law of symmetry, immediately write down the 


value of any symmetric function of the τ 
| ao” — cx p Ga ça, + (--- pom 一 0; . 
thus, turning to the partition ae | 
(humo...) Aun tee 
10}, Όῦ» ει and ἦν referring to the symmetrie function. 
Vou VI. 
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Τα the annexed table, the ‘coefficients were Κη to be each c, and the 
results compared with those obtained from the above formula. . l 
As a further check, advantage was taken of the fact that. every symmetric 
function (except those whose partitions are μεσα πο of units) of the 
equation n=l pit n—8 
Tome e+ art +p =o 
. vanishes; the weight of course being D. 


. Consequently we must obtain zero, on substituting for each coefficient the 
reciprocal of the factorial of its suffix. | 


ROYAL MILITARY. ACADEMY, February 1st, 1884. 
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(11.12) 
(10.2.1) 
(9.8.1) 
(9.2?) 
(8.4.1) 
(8.8.9) 
(7.5.1) 
(7.4.2) 
(7.37) 
(6.1) 
(6.5.2) 
(6.4.8) 
(57.8) 


Zu 
= 
e 


IM 


(19) 
(12.1) 
(11.2): 
(10.3) 
(8.5) 
(7.6) 





+18 —18 —18 —18 —18 一 18 一 18 +18 +26 +26 +13 +26 +26 +26 十 36 +18 十 18 +26 +26 +18 
一 18 + 1 418 +13 +18 +18 +18 — 1 —14 —14 —18 —14 —96 一 14 —26 —18 — 7 一 86 —26 —18 



























(11.2) | —18 +18 — 9 418 +18 +18 +18 — 2 — 4 —26 + 9 —26 一 4 一 26 — 4 —13 一 18 — 4 —26 —18 
(10.8) | —1 +18 18 —17 +48 418 418 —13 + 4 + 4 —18 —26 十 4 一 26 —26 +17 —18 —96 + 4 + 2 
(9.4) —18 18 十 18 +18 —28 +18 +18 —18 --96 +10 + 5 +10 一 26 —26 +10 —18 —13 —26 +10 —18 
(8.5) | 一 18 +18 十 18 +18 +18 —97 +13 —18 —26 一 26 —18 +14 +14 +14 一 26 —18 一 18 +14 —26 +27 
(7.6) | 一 18 418 +18 418 +13 +18 一 29 —18 —26 一 26 —18 一 26 —96 +16 +16 + 8 +29 +16 +16 —18 
(11.42) | 418 — 1 — 8 —18 一 18 —18 —18 £148 +44 + 9 «ΕΙ +15 十 14 $45 4-18; 7 +45 +26 +13 
(10.2.1) | +26 一 14 — 4 + 4 —26 —26 一 26 + 8 + 8 +10 + 4 +40 + 0 +40 +80 — 4 +20 +30 +22 +11 
(9.8.1) | +26 一 14 —26 + 4 3-10 —26 —26 +14 +10 + 1 + 8 + 4 +22 +40 十 16 — 4 -20 +52 —14 十 11 
(9.22) | 十 13 —18 + 9 —18 + 5 —18 —18 十 2 十 4 十 8 0 + 8 + 4 +26 —14 +13 +18 + 4 + 8 +13 
(8.4.1) | +26 —14 一 86 —26 +10 +14 一 26 +14 十 40 + 4 + 8 — 4 412 0 十 16 +26 +20 +12 +16 —14 |. 
(8.3.2) | +26 一 26 — 4 + 4 —96 +14 —26 +15 + 0 +22 + 4 -12 + S +12 +30 一 4 +26 一 10 +22 一 29 
(7.5.1) | +26 —14 —26 —26 —26-+14 +16 +14 +40 +40 +26 0 +12 —7 {10 + 5 —22 —80 +10 一 14 
(7.4.2) | +26 一 26 — 4 —26 +10 —26 +16 +15 +80 +16 —14 +16 -+30 +10 + 8 + 5 —16 —12 一 86 +26 
(7.82) | +18 —18 —18 +17 —18 —18 + 8 +18 — 4 — 4 +13 十 26 一 4 十 5 十 5 十 4 一 8 十 5 一 95 一 2 
(62.1) | +18 — 7 —18 —18 —18 —18 +29 + 7 +20 +20 +18 +20 +26 —22 —16 一 8 —14 一 16 一 16 +18 |. 
(6.5.2) | +26 —26 一 4 一 96 一 96 +14 +16 +15 +30 +52 + 4 +12 —10 —80 —12 + 5 —16 + 8 +10 —14 
(6.4.8) | +26 一 86 --26 ἡ- 4 +10 —26 +16 +26 +22 —14 + 8 +16 +22 +10 一 26 —25 —16 +10 +16 +11 
(5.8) | +18 —18 —18 + 2 --18 +27 —18 +1911 +11 +18 —14 —29 —14 +26 — 2 +13 一 14 +1 + 8 
(5.42) | 1-18 一 18 一 18 一 18 +28 -+-7 —18 +18 +26 —10 — 5 —30 + 6 + 6 —10 +18 +18 + 6 —10 — 7 
(10.19) | 48 + 1 + 9 + 8 418 +18 418 — 1 — 8 — 4 — 2 —14 — 5 —14 —15 — 8 — 7 —15 —16 — 8 
(9.2.17) —89 +15 + 64+ 9 + 8 +89 +39 — 4 —11 —15 — 6 —18 —15 —54 — 9 — 9 —27 —45 —12 一 24 
(8.3.1*) | —89 +15 +28 + 9 + 3 — 1 +39 —15 —18 —15 —10 —10 —21 —14 —81 — 9 —e7 一 27 —12 +16 
(8.27.1) | —89 -+27 — 5 -+ 9 +21 — 1 --89 — 5 —19 一 18 — 4 —24 —19 一 26 一 16 — 9 —83 + 6 —80 +16 
(7.4.17) | 一 89 +15 +28 +89 + 3 — 1 — 8 —15 —43 —18 —10.—10 一 — 7 —17 —18 415 +15 0+1 
(7.8.2.1) | 一 78 +54 +84 —12 +42 +38 一 6 一 38 一 18 —88 一 16 一 56 —30 —48 一 48 一 9 +18 +12 4-54 + 7 
(1.93) | —18 +18 一 9 +18 — 5 +18 — 1 — 2 — 4—8 0--8--4--19 O—6+ 1 +10 + 6 —18 
(6.5.12) | 一 89 +15 +28 +39 十 99 — 1 —45 —15 —43 一 54 —28 一 14 一 27 485 十 17 十 3 +21 +27 十 6 十 1 
(6.4.2.1) | —78 +54 +34 +48 + 6 -+38 一 48 —82 —78 —80 + 9 —52 —49 +34 +80 +15 +24 — 6 0 —28 
(6.82.1) | 一 39 +27 +89 —21 + 8 +89 一 24 一 27 — 6 + 8 —91 —80 —18 — 8 +21 421.412 —15 + 9 — 9 
(6.3.27) | —89 +89 — 5 + 9 +21 —.1 — 8 —17 — 4 —80 — 4 —90 —12 + 4 +26 +12 + 8 —12 —24 +16 


(57.2.1) | —89 +27 +17 +24 +389 —41 一 8 —16 一 39 —51 —17 +14 +99 +21 —14 — 8 + 9 + 6 —21 +11 
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(18) 
(12.1) 
(11.2) 
(10.8) 

(9.4) 
(8.5) 
(1.6) 
(11.12) 
(10.2.1) 
(9.8.1) 
(9.22) 
(8.4.1)° 
(8.8.2) 
(1.5.1) 
(7.4.2) 
(7.82) 
(62.1) 
(6.5.2) 
(6.4.8) 





(52.8) 
(5.47) 
(10.18) 
(9.2.12) 
(8.8.12) 
(8.92.1) 
(7.4.12) 
(7.8.2.1) 
(7.2) 
(6.5.12) 
(6.4.2.1), 
(6.82.1) 
(6.8.22) 
(52.2.1) 
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re Ἡ } FR ἃ o FA FRY 8 BS π.ς HE 
Won αὶ d « 4 c. δὲ ια x Ὁ GO v. X Hom 5, τ: οἱ d 
S ιο S ὁ X orn rn À É ss $9 Ὁ GS 5$ 5 x S $ t 
-F18 —18 —89 一 39 —89 —89 一 78 —18 一 89 —78 一 39 —89 一 39 —78 —89 一 89 —18 +18 -+52 +52 


一 18 十 1 415 十 15 +27 -H15 4-54 十 18 +15 +54 +27 +89 +27 +54 十 39 +39 + 9 — 1 —16 —16 
一 18 + 9 + 6 +28 — 5 +28 +84 — 9 +28 +84 +90 — 5 417 478 — 5 +17 +18 — 2 — 8 —80 | 
一 18 十 8 十 9 十 9 十 9 十 89 —12 +18 +99 3-48 —21 + 9 +24 +18 十 89 —21 十 18 — 8 —19 —12 
428 1-19 + 8 - 8421+ 8 42 — B +39 + 6 + 8 +21 +89 一 30 —15 +39 一 28 — 4 —16 一 16 
十 7 十 18 +89 — 1 — 1 — 1 4-88 +18 — 1 +88 十 89 — 1 —41 —42 — 1-4 — 7-18 —12 —12 
—18 +13 +39 +39 +39 — 8 — 6 — 1 —46 —48 —24 — 8 — ὃ +36 一 8 +18 +13 一 18 —52 一 10 
$18 — 14 IS — 5 15 一 8 — 2 15-39-91 —17 —18 一 至 一 好 一 28 — 9 + 1 + 5 +16 
十 26 一 8 —11 —18 --13 —48 —18 — 4 —48 —18 — 6 — 4 —89 一 ?2 E 十 4 一 22 + 3 +14 +16. 
—10 — 4 —15 —15 —18 —18 —88 — 8 —54 —30 + 8 一 30 —51 + 9 —24 一 18 -+14 - 4 十 19 +19 
—5—2—6—10 — 4 —10 —16 0 —28 + 2 --91 — 4 —17 一 24 Hi4 17 + 5 + 2 + 8 +12 
—80 —14 —18 —10 —24 —10 —56 — 8 —14 —52 一 80 一 20 +14 +64 16: + 2 418.4 5 +24 +24 
+ 6 — 5 —15 —21 --13 --9ῃ —30 — 4 --9ῃ —42 —18 一 12 +39 +24 + 6 十 36 — 6 + 5 +20 +26 
4 6 td --δὲ 一 14 26 — 1 48 —12 +35 +34 — B- 4 HAL — D + 4408 — 2 十 1 十 28 491 
—10 —15 一 9 —81 —16 —17 —48 0 +17 +80 +21 +26 一 14 一 6 + 6 一 中 .十 10 + 6 +24 +8 
+13 — 8 — 9 — 9 — 9 —18 —  — 6 + 8 15 +21 +12 — 3 + 3—18, 0 —18 + 8 4-12 +19 
十 18 7 --91 一 87 一 88 十 15 HAE + 1 HO +24 +19 + 8 -- 9 —94 + 8/18 —1i + 7 +84 — 8 
+ 6 —15 —45 一 中 + 6 -+15 +12 十 10 +27 — 6 一 15 —12 + 6 + 6 --19 +15 — 6 +15 +20 0 
—10 16 —18 12 一 80 0 十 下 二 6 十 6 0 十 9 一 24 —21 —18 十 18 + 8 +10 +7 +28 —14 
— 1 — 8 —M -H6 416 + 1 + 7 —18 + 1—28 一 9+16 二 1 一 8 十 1 一 4 十 7 十 8 一 8 一 8 
O18 — BHT — dT 28 45 —19 414 一 8 一 1 十 41410 一 5 十 1 一 7 十 4 一 4 一 4 
一 18 十 1 十 4 十 5 十 5 十 人 6 十 场 十 8 十 15 +88 + 7 + 7 HG +84 十 17 十 8 十 9 一 1 一 5 一 6 
一 8 十 4 十 15 十 19 HIT 02 -41 十 6 十 58 十 38 十 24 十 十 55 十 45 十 15' 二 24 — 5 — 4 —19 —28 
HIT 十 5 1-19 十 98 十 98 +25 十 49 十 10 +20 +54 +24 +81 一 18 一 48 十 1. 一 10 — 9 5—24 一 27 
— 1-- 5 417 +28 十 16 --29 +42 + 4 +81 +52 十 27 +16 --34 — 8 —20.—19 + 5 — 5 —22 —28 
HAT 十 15 +92 +25 +29 +18 +67 十 10 一 20 —14 — 6 — 5 — 6 +17 —18 + 6 — 9 — 6 —29 一 88 
22 十 19 1-41 十 49 --49 6T +88 +16 一 9 一 46 —49 —98 + 9 —10 -94.— 1 +14 —12 —58 —61 
+ 54 2 + 6 410 +4410 +16 0 0-16 0-10 +8410 0410—-5—2—8-12 
—19 $15 +58 +29 +81 —90 — 9 0 82 —26 + 3 + 1—17 -HIT 1 — 1 HAL 一 15 —38 + ò 
+14 +82 4-88 +54 +52 —14 —46 —16 一 + 4 — ὃ +10 +15 + 2 —12 +17 — 6 14 —62 +12 | 


— BAT HA $04 HAT — 642 0 + 8 — 824 [1912118 0:— 8-— 1 — 7 —81 441 


— 1 + 7 191 +81 +16 — ὅ —88 —10 + 1 4-10 418.416 — 4 — 6 — 2 —10 + 1 —7 —28 + 4 
+ 1 +16 $55 —18 —94 — 5 + 2 + 8 —17 415 +12 — 4 —14 + 8 411-11 — 5 —16 + 9 + 4 
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HOT 4 W p n vov mn δν nu = M 个 
人 
cy πι 的 Qa τὸ m d d τ: c a e ο τι οὐ απ «ἡ 
x é 9 d Ὁ D SES 5 ὁ w s 9  α ὁ Ὁ 








(18) | +78 +52 +156 +52 +26 +156 —18 —65 一 65 --18 +78 --89 —180 +78 —18 +156 +18 一 65 
(12.1) | —42 一 16 一 84 —40 — 8 — 84 + 1 417 +17 — 1 —42 +39 十 58 —18 + 1 —120 一 18 +17 
(11.2) | — 1 —80 一 68 +14 —15 — 68 + 2 +10 +82 — 9 —07 +17 + 9 —12 + 2 — 24 + 9 +82 
(10.8) | —18 —42 一 6 —22 —21 — 96 + 8 +15 +15 — 8 +12 + 9 + 80 —18 + 8 — 6 —18 +45 
(9.4) | 一 24 一 16 一 48 —16 —26 — 12 + 4 +20 +20 — 4 — 6 —88 + 40 —94 + 4 — 84 + 5 +20 
(8.5) | —88 —12 — 76 —12 +14 + 44 +5 +25 +25 一 5 +22 +19 + 50 —80 + 5 + 84 — 8 —15 
(7.6) | —15 +82 - B4 + 4 +16 + 12 +13 +23 —19 — 6 —15 — 8 — 1T +6 ϱ0-- 30-- 1—19'-- 8-11 
(1117) | + 9 +16 + 51 + 7 + 8 4-51 — 1 — 6 —17 + 1.442 —28 — 14 + 1 — 1 + δὲ ---3 —17 — τ9 — 16 
(10.2.1) | +28 +46 十 42 +16 423 +182 一 8 —17 —19 + 8 +19 —96 一 87 +20 — 8 + 84 + 4 —49 — 79 — 89 
(9.8.1) | +88 +22 + 68 +26 +29 + 68 — 4 —28 —83 + 4 +12 +24 — 52 +27 — 4 + 81 + 8 一 86 一 101 一 59 
(9.27) | +10 +12 + 82 - 4 +15 + 14 — 2 —10 —14 + 9 +81 +19 — 18 +12 — 2 + 94 0 —14 — 52 — 14 
(8.4.1) | +42 +24 + 84 +32 — 6 — 40 — 5 —29 —89 + 5 —20 +14 — 66 434 —5 — 20 — 2 441 + 28 十 6 
(8.8.2) | +27 +82 + 66 +16 — 4 — 86 — 5 —25 —81 + 5 —21 —80 — 47 +80 — 5 — 66 — 6 + 8 + 48 + 87 
(7.5.1) | -52 —21 — 15 — 4 —18 — 98 — 6 —85 + 7 -+ 6 — 8 —16 + 4 一 1 O— 20 + 2 +12 + 2 — 8 
(7.4.2) | +82 —10 一 88 一 26 — 1 — 4 — 6 —90 + 4 + 6 10 +2 -- 38 — 6 0 十 88 0 二 4 一 18 一 6 
(L89)| 18.0 — 86 —6 0+19— 3-15 --6 4-8 —12 H2 --12— 98 0 二 6-F6—3-F12 — 12 
462.1) | — 3 —14 — 18 + 2—7 — 18—717 0+15 十 8 一 1 0 G41$—1q4T-— BE 1 
(6.5.2) | —24 —12 --94--8 —11 + 6 一 ?7 十 7 一 8 0 一 3 十 6 一 2 0 0 一 6 0+7 一 4 十 2 
(6.4.8) | —21 — 2 — 13 +18 + 5 +18 — THTT 0 二 3 一 6 一 7 0 0 0 一 6 一 5 一 2 十 3 
0 

0 





(.8)/+8+7+ 1—8—4- 1 0 0,0 0+8-4 0 0 0-98 0 0 
dé40l-ad—44 8 一 4 十 6 一 8 0 0 0 0)0—4-9. Ὁ 0 044 ο 0 4 
(10.12) —9—16 — 21 — 7 —8 — δ 4.1 1-6 4-7 — 1 —12 18 + 14 — 1 — 34 — 2 AT + 38 + 16 
, (9.3.17) | —82 一 26 — 5 一 28 一 81 一 75 + 4 +28 427 — 4 —48 —18 + δι —9T + 4 — 79 — 6 +80 44117 + 55 
(8.8.12) | —42 —80 — d0 一 88 + 8 + 29 + 5 +29 +80 — 5 14 — 4+ 66—34 + BH IT 0—5 —19 —. 5 
(8.92.1) | 一 88 —84 — 82 —20 + 9 + 99 + 5 +27 +33 — δ 410 +11 + 55 —82 + 5 4-46 + 6 — 1 — 28 — 97 
(7.4.13) | 51 + 9-E12--8 4-5 + 24 --6-HB —8—6-F6 0 一 4+1 0— 6 0—8— 54 8 
(7.8.2.1) | —88 - 5 + 74 426 + 1 — 12 +12 +65 —11 —12 +18 + 4 — 32 +7 0 — 7 — 6-9 — 15 + 12 
.(.9:)| —10 + 2 + 10 H10 — 1 042410 0 一 2 一 0 一 5 一 10 千 2 0 一 10 0 0-10 
(6.5.19) | 59-51; 0 一 1 二 十 8 十 7 一 1 一 8 0 一 7 十 2 十 1 0 043 OK TH 8 — 
(6.4.2.1) | +29 + 6 F 2 一 6 十 8 十 8 二 4 一 8 一 4 0 一 6 一 2 十 8 o—16+6— 2+ d 
(6.82.1) | +12 + 2 + 21 —:2 — 5 — 15 +7 —4—7 0 0 一 6 十 4 0 十 8 0+5— 1 
(6.8.22) | +26 — 2 — 4 — GHI+ 4 十 7 一 了 十 8 0 十 8 十 5 十 2 0+ 6 :0--1-- 2 
(.21)]—B+1— 8 十 8 十 8 一 10 0 0 0 0-4-2 0 0 十 1 一 8 0 0 
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(5.8.15) 
(5.92.14). 


(5.9.15) 
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(42.8.17) 
(4*.9*.1) 
(4.87.2.1) 
(4.8.22) 
(42.9.19) - 
(4.82.18) 
(4.84.1) 


(5.18) 
(4.83) 
| (48.22.17) 


(42.15) 


(4.8.2.1*) - 





(18.1) | —18 一 75 +19 — 1 +18 —42 一 60 —120 —52 + 58 + 58 +246 +58 一 9 
(11.2) | —84 一 19 +14 一 9 十 18 —67 —12 — 90 +14 + 53 + 97 + 98 一 98 —17 


(10.3) —18 — 45 4-21 — 3 一 17 —33 一 48 + 54 一 22 + "IO. 


0 + 80 +35 —24 


(9.4) —24 — 60 -+28 — 4 + 1 +66 +48 + 94 +20 — 50 — 50 — 60 —95 + 6 


(8.5) | -+10 + 25 — 5 


(1.6) | + 6 一 


(10.2.1) | +28 + δά —23 + 8 + 4 +64 +62 + 90 + 8 — 96 — 35 — 99 一 20 -+26 +108 + 76 一 25 — 74 + 26 


6 


0 


0 +18 +22 —18 — 36 —12 — 10 — 10 + 30 +15 + δ 
0 — 8 —36 + 6 + 12 -+ 4 -- 4 + 35 — 9—5+ 3 
(11.1?) | +18 + 20 — 8 + 1 -—18 4-42 +27 + 87 +19 — 86 — 58 —114 — 9 + 9 


5 (9.8.1) | --27 十 75 —81 + 4 4-16 —49 —18 — 60 + 9 + 20 + Αἱ + 39 + 2 — 3 


(9.22) | 1-16 + 28 —14 +2 — 7 — 5 —88 


(8.4.1)|—6— 5 +14 
(8.8.2) | — 4 — 28 + 5 


(7.5.1) — 6 + 
.49) | 2 
(7.82) | — 3 + 

0 o 
6.5.29] ο 
(6.4.3) 0 
(5%.8)| ο 
(43. 0 


1 
2 
3 
0 
0 
0 
0 


0 


0 
0 
0 
0 
0 
0 
0 


0 


(10.15) | — 8 — 20 + 8 
(9.2.12) | —81 — 74 +31 
(8.8.12)| + 8-4 5—1 
(8.95))| + 2 + 18 — 8 





(442) | + 9 — 
(7.8.2.1) | + 4 — 
(.25)| — 9. 
(6.5.12) 
(6.4.2.1) 
(6.82.1) 
(6.8.22) 
(52.9.1) 





0 


0 
0 
0 
0 


1 
8 


τν 


0 
0 
"E 
0 
0 


0c 


0 
0 
0 
0. 
0 
0 
0 





0 —14 + 18 — 7 + 42 +14 — 1 


0—14 —44 — 8+ 8—~8+ 90 + 20 + 14 — 2 — 5 
O + 4-412 4 + 19 H16— 8 一 5 — 97 —10 + 1 
| 0—6-H3 —6-F238--8-4- 8 — 18 — 17+ 2 — 38 
0--7—18—8--10—6-4-11-- 2— 124-6 —8 
0 — 4 +12 + 6 — 18 — 6 — 12 0+12 0 十 8 


0 十 8 十 8 十 8 一 19 一 4 一 4 一 7+ 9 一 1 
0 一 5 十 3 十 6 一 19 十 3 一 7 十 8 十 6—2 
ο CR 82+ 6 二 6 二 5 一 1 一 8 0 
04-2—7--8-4-6—8 0 ο 0 0 
0 一 1 十 4 十 8 一 4 0 0 0 ο ο 


一 1 十 3 一 27 一 27 — 97 — 9 + 86 + 18 + δά -- 9 -- 9 —465 — 80 + 9 + 27 — . 
—4— 8-H1-Fi9 + 19 + 9 — 12 — 6 — 80 — 1 + 1 18 + 1 — 1— 74+ 1 


(4.23.18) 


(4.8.15). 


(4.92.15) 


(4.2.17) 


(13) pe +195 —91 +18 —18 +78 +78 +156 +52 —180 —180 890 一 65 +39 +890 +260 —91 —278 +104 —18 
一 150 —140 +19 + 98 — 20 + 1 
一 148 + 4 十 36 + 81 — 16 + 2 
— 60 — 70 +21 + 63 — 24 + 8 


+ 60 + 40 — 8 — 24 4- 


g^ 


0 
0 
0 
0 


4 0 
+10—20 —5+ 5 0 
-13+ 6 0 0 0 o 
+.95 + 80'-19 — 27 + 9 一 1 
— 3 
—88— 9-654 6 一 1 0 
—14—38 0-14— 92 0 
一 2 十 4 二 5 一 1 ο 6. 
+ 8+10—-1— 2 0 0 
+ T— 1 9 7070 Ὁ 
让 
—8 0-0. 0 0 .0 
0 0-0 ο ο 0 
0 0 0 0 ο 0 
.0 0 0 ο 0 ο 
(0 0 0.0 0.0 
νο 0 0 0. 0 ο 
9 十 1 


0 一 8 十 0 一 1 十 18 一 5 一 8 一 11 一 5 十 5 十 8 十 10 一 5—24 14 
oi — 


0-F8—11—5-—19—934- 54+ 6+ 9 


0—1-—:6 
04-6--9--9—1843 2+ 8 十 9 一 8 十 8 一 8 十 .1 
0 — 8 —i8 —12 + 7T+3-+14— 1—4 0 一 8 十 1 


0 O+5+5 0 0—8 0 0 OF1 , 


0 — 3-18 — 8 + 
0 — 8 + 5 + 2 + 


Ti+ 44 2— 4-1 
NES 

0-3. 0 十 6 一 8 

0 

8 


—9— 1— 8-1 
0 一 8 十 1 

0 deg 
0 十 8 十 5 一 1 一 


~ 
e 
γα 
uH 
5» 













(18 
(12.1 
(11.2 
(10.8 

(9.4) 
(8.5) 
(1.6) 
TURP 
. (10.2.1 
(9.8.1 
(9.2?) 
(8.4.1) 
(8.8.9 

* (0.5.1 
(7.4.2 
(7.82 
(62.1 
(6.5.2 

. (6.4.8) 
(52.8) 
(5.42) 


TT ZE A — 


— ~ 一 


-- — ων 


Z o c 





, : We t 
MacManon: “Symmetric Functions of the 184, 205 .. 
; t | 
—À o — e κο — — ο — 
-- 8 τα 9ο ~ - a T T T i~ v: T 5 — 0 η a ^ τ. 
v Q R Q 15 τ σὰ * e 的 T «a 5 a v v υπ T" τη τ ms 
A e EN «^ R FN a e e e eu R e v © 的 v e a n lal 
e» eo eo eo e eo e eo eo τῶ eo ce e9. οὗ R σὰ e ο c e αν 
— — — ~ — — — — — — — — eet — ων -— — — — — w 





418 十 26 一 180 —180 —13 +65 十 890 +195 一 278 一 455 4-52 +864 —117 +18 +18 一 91 -+182 一 156 十 65 一 18 + 1 
—10 —26 + 82 +106 +18 一 25 一 210 - 185 + 98 4-215 —10 —112 + 91 — 1 —11 +55 — 77 + 44 —11 +1 

—18 — 4 + 5 — 2 — 9 —48 —104 + 86 + 97 4+ 15 —19 — 45 + 18 — 2+ 9 —80 + 27 — 9-1 

+17 4-19 — 80 — 85 + 7 +20 +105 0 — 42 — 85 + 8 + 21 — 8 0—7-H4 — 7+ 1 

— 1 —80 + 10 + 40 — 5 410 — 80 — 15 — 6+ 20 +2— 4 0 0+5—5+ 1 





一 +14 + 80 — 30 + 8 — 5 — 10 + 15+ 5— 5 0 0 ο 0—3+1 
+8—5—17+11—-1-—2+ 9- 6 0 ο ο 0 0 0-1 
+10 +15 — 60 — 40 — 2 +425 +100 + 25 — 60 — 50 +10 + 85 — 10 + 1 
— 1-5 + 88 + 81 + 2 — 7 — 46 — 16 +. 15 + 20 — 1 — 8 + 1 
1014+ 28 — 8. 2—18— 12-- 94-12— 6—2- 1 | 

十 ?9 十 7 一 8 一 7 OF T4144 0— 7 0-41 

十 1 十 6 一 2 一 242434 18-- 4— 84 1 

ο, ο GLS 0i — 

十 8 一 9 0 十 8 一 8 十 2 一生 十 1 

一 ?十 8 十 6 一 8 0—2-rF 1 

十 4 十 8 一 4 0 0-41 

一 5 十 5 十 5 一 5 二 1 

十 5 一 1 一 3 十 1 


—1—34 1 
--- 1 
+ 1 j ^ IER: κ 





(4.85) 
(45.3.17) 
(42.2.1) 
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(5.4.8.1) | — 78 + 54 -+ 78 +18 —80 —42 +36 —64 — "B + 9 —24 +64 +24 — 6 — 6 -+ 8 —24 -+ 6 —18 — 8 
(5.4.82) | — 89 + 89 — 6-H39 —15 — 1 — 8 —17 — 84 — 24 -H14 -F16 + 6 + 4 + 6 —18 + 8 —12 +18 + 1 
(5.82.2) | — 89 + 89 + 17 —21 +99 —41 418 —28 + 4 — 18 —17 + 2 +36 +23 —35 — 0 —18 +15 + 8 — 4 
(43.1) | — 18 + $-Ld8 +13 —28 — 7-18 — 9.— 22 + 14 + 5 418 — 6 — 2 410 —18 —11 — 6 +10 + 7 
(9.14) | -- 83 — 1—:2 —8.—4 —18 —13 -- 1-- BH 442454544 464847454748 
(8.2.18) | + 52 — 16 — 3 —12 —16 —12 —59 + 5 + 14 + 19 + 8 +24 +20 +28 +24 +12 +84 +20 +28 — 8 
(7.8.18) | + 52 — 16 — 80 —18 一 16 —12 —10 +16 + 16 + 19 +12 +24 +26 +21 +32 HIS — 8 0 —14 — 8 
(7.92.12) | + 78 — 42 — 1 —18 —24 —88 —15 + 9 1 28 + 38 410 -42 +27 +52 +32 +18 — 9 —94 --91 + 8 
(6.4.13) + 52 — 16 — 30 —42 —16 —12 +32 +16 + 46 + 99 +12 +24 +89 —8i —10 ^ 0 —14 —12 —2 +7 
(6.3.2.12) | .十 156 一 84 一 68 一 6 —48 一 76 +54 +51 + 49 + 63 +32 +84 +66 一 15 一 38 —86 —18 +24 —12 + I 
(6.23.1) + 52 — 40 + 14 —22 —16 —12 + 4 + T + 16 + 26 + 4 4-88 +16, — 4 —26 — 6 + 2 + 2 +18 — 8 
(5513) | + 98 — 8 — 15 —21 —26 414 +16 + 8 + 28 +29 +15 — 6 — 4 —18:— 1 0— 7 —11-4- 5 — 4 
(5.12.17) | 4156 — 84 — 68 —96 —12 +44 +12 +01 +182 + 63 十 14 —40 一 86 98 — 4 +19 —12 + 6 +12 +1 
(8.15) | —18-F 14 9-R3--4--5-HFB—1— 8— 4—3—6—85—8—6—8—T—T—T3 0 
(7.2.14) | — 65 + 17 + 10 +15 +20 +25 十 28 — 6 — 17 — 28 —10 29 —35 —85 —30 —15-1-F 74-7 0 
(68.15) | — 65 + 17 + 82 415 +00 +05 —19 —17 — 19 — 28 —14 —29 —81 4-7 24-4 4-6 E 2 — 8-7. 0 
(L1) | 二 3 一 1 一 2 一 8 一 4 一 5 一 6 十 1 十 8 十 4424545464648 ο 0 0 0 
(5.8212) | + 78 — 48 — 67 412 — 6 +22 —15 +42 + 19 + 19 +81 一 20 —21 — 8 410 —12 +15 — 8 +3 -- 8 
(47.8.2) | — 89 + 89 + 17 + 9-89 +19 — 8 —88 — 26 + 24-419 +14 —80 —16 + 2 +19 +3 + 6 — 6— 4 
(6.97.48) | -180 + 58 + 9 --80 +40 +50 一 17 —14 — 87 — 52 —18 —66 —47 + 4 4238 HIT — 1— 2—7 0 
(6.2.15) 18 — 18 — 12 —18 —24 —80 + 6 + T 20 + 27 +12 +84 430 — 1 — 6.— 8 ο 0 0 o 
(OA) | 一 18 十 1 十 2+3 +45 Ole 18—4—9-—5—5. 0 0 Ὁ ο 0 0 0 
(5.8.22.1) | 十 156 —120 — 24 — 6 —84 +84 一 80 +54 十 84 十 81 +24 一 20 —66 —20 +38 + 6 +12 — 6 0—9 
(5.24) | 十 18 一 18 十 9 一 18 十 一 8 十 1 十 2 十 4 十 8 0 一 2 一 6 十 2 "oq ip 0 一 6 十 8 
(5.4.14) | — 65 + 17 + 32 +45 420 —15 —19.—17 — 49 — 26 —14 -HU + 8 42 4 — 8-7 7—5 0 
` (5.82.17) | —260 +116 +106 +30 -+80 —60 + 8 —72 一 72 —101 —53 +28 +48 +21 —18 +12 — 8— 4 — 3. 0 
(5.29.12) | —130 + 82 — 18 +40 +40 —80 +11 —16 — 89 — 59 —H4 6481 —8—6—2 4 14-28 0 
(5.8.15) | + 78 — 18 — 84 —18 —94 +10 + 6 +18 + 92 + 27 +16 — 6 —4— 6: -2—8 0 0 0 ο 
(5.97.14) | 4-195 一 75 — 19 —45 —60 +25 — 6 +20 + 54 + T5 +28 — 6 —98 -F 17-2 --F8 0 0 0 ο 
(5.2.15) | — 91 + 19 + 14-21-28 — 6 0 —8 —38 —81 —14 -- 1-F86. 0 0 0 0 0 ο ο 
8.1) | +183 — 1— 2-8-4 0 0-14 84 4-8 070 0/0 0 ο ο ο ο 


— 18 + 18 + 18 —17 + 1 H8 — 8 —18 + 4 + 16 — 7 —14-- 4 — 5-2 —4-E8—6-- 1-2 
+ 78 — 48 — 67 —83 +66 +22 —36 +42 + 64 — 49 — & —44 «ΕΙΡ 41818 +12 +18 4-8 — 8 — 7 
+ 78 — 60 — 12 —48 -48 —18 + 6 +27 + 62 — 18 —88 — 8 +24 — 6 — 8 + 6 + 8 + 6 —12 + 8 | 














ΜΑΟΜΑΠΟΝ: 
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on τα e v « $t o 
a or τε T a "+ R 5 
I Gc. 8 BR 4 o Q 
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(6.5.12) 


(6.4.2.1) 


(6.82.1) 
(6.3.92) 


(57.2.1) . 
(6.4.8.1) 
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(5.4.22) 
(5.82.2) 


(43.1) 


297 


(9.14) 
(8.2.19) 
(7.8.19) 








= 
(5.4.8.1) eer +34 + 45 —48 — ἃ 一 17 —10 十 10.+17 + 9 +18 — 6 + 8 —10 —10 + 8 — 2 —16 + 9 4-16 
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(5.4.22) | — 5 417 + 15 + 1-20-18 424  0-F1—19 0 —2-H1—10 0 十 8 十 5 一 8 十 8 一 4 
(5.82.2) | + 1 + 8 + 24 —10 —19 + 5 — 1 410 — 1 +417 一 8 一 10 —11-E 8-9 4-4 —1— 84842 
(a | 一 7 十 9 一 5 一 9 十 5 一 9 十 一 5 十 1 一 6 一 1 十 1 一 5 一 9 十 5 一 1 十 8 0 0 0 
(9.14) | +4—1— 4-5 — 5 6—12 — 9 —15 —14 — 7 — 7 —16 —16—-8—8 0 十 1 十 5 十 6 
(8.2.18) —4 — 5 19 —M —92 —29 —58 — 8 —93 —62 81-8 +9 +6 4- 8 4-8 0 + 5 +24 +29 
(7.8.18) | — 4 — 6 — 28 —27 —98 一 88 一 61 —12 + 5 -+12 +11 + 4 + 4-416 一 4 十 2 0 +.6 +29 +38 
(7.22.12) | + 4 — 9 — 82 —42 —38 —51 —88 —10 + 2 420.412 +26 — 3-9 —2 —5 0 十 9 十 41 +51 
(64.17) | — 4 —16 — 26 —90 一 84 十 9 十 5 十 十 9 十 6 十 2 一 2 十 1 十 1 十 8 一 7 0 十 7 十 84 一 8 
(6.8.2.12) | + 8 —21 — 75 —90 —82 +12 +74 +10 — 0-2 +21 —14 — 8 —10 — 4+5 — 0 +21 +96 —15 
(625.1)| — 4 — 7 — 98 —88 —90 + 8 +26 +10 — 1 — 6 —42 — 6--8-F4--2. 0 0 十 7 十 80 一 2 
(52.1) | 十 6 一 8 一 81 十 8 十 8 十 5 十 1 一 1 十 了 十 2 一 5 十 1 十 8 一 8 一 4 十 4 0 十 8 一 1 一 
(54.212) | 一 8 一 61 — 75 $22 +22 +24 —12 0 4-8 -- 8 —15 + 4—10 410 0-1 0-84 —10 — 6 
(8.15) 0 十 1 十 4 十 5 十 5 十 6 十 雪 十 2 十 7 十 十 ?十 9 0 0 0 0 0—1—5—6 
(7.2.14) | O0 + 6 + 28 +29 +27 十 85 十 65 十 0 一 1 一 8 一 4 一 7 ο 0 0 0. 0— 6—29 —85 
(6844) | 0 十 9 十 979398 十 88 一 8 一 11 0—8—4—7--8 0 0 0 0 0—7-8248 
(1.19) E Um 0 ο 0:00 0 0 0 0+1+5+6 
(58242) | — 4 —12 — 43 +44 10 + 6 +18 —10 — 7—86 0--2—4 044-2 0 一 5 一 9 
(4.82) | +838 — 18—401. 0-R4—84-3—3—046—3-8—1—8—8 0 0 0 
(6.22.13) | O+14 -+ δι +66 +55 — 4 —82 —10 + 14+844+2 0 0 0 ο 0—14—65 +4 
(8215) | O—7—27-84-8+14+7+2 0 0 0 0 0 0:0 0 047-4—1 
611] .0—144 +5+5 0 0 0.0 0 0 0 0 0 ο 9 0—1—5 0 
(5.3.22.1) 4 --θὰ — T9 4-17 4486 — 6 — 7 —10 4-2 —16 + 8 + 6 41 — 1 — 2 0 O0+24-17 0 
(521) | 0—2— 6 O+6 0—6 0 0-6 ο 0—8 0 0 0 042—942 
(5414) | 0-4174-80—6—1—8-4-2 (—ynebe=a Ὁ 0 0.0 0—8+1+2 
(58.91) | 0 +32 +117 —19 —99 — 5 —15 «H0 4-8--8—1—23 0 0 ο 0 0—32 414-8 
(52.12) |  0-H6-F 55 — 5—27 +3 H23 0-1-8 0 0 0 0 0 0 0—16-9—4 
(6849) | 0-8—81--84-82-F2-F4—8 0 0 0 0.0 0 0 0 048—1—2| 
(582.13) | 0 —20 — 74 --5-Hl8—1—8 0 0 0 Ὁ 0 ο ο 0 0 0-490—6-1 
(5.2.17) 0c-8--31—1—3 0 ο ο ο ο ο ο 0.0 ο 0 0—841 
(5.18) 0—1—4 0 0 0 0 0 ο ο 0 0 0 0 0 ο 0+1 
(48) —1-F8— 8—8+8+6—3 0—3—3--8 00--8—8 0 041 
(44.8.12) | + 4 —27 十 11 +20 —11 + 9 —18 4-6 —13-F 5. 0 一 1 十 5 一 1 一 2 十 1 
(42.221) | 千 2 一 97 十 坦 一 1 一 5 十 9 一 8 十 5 一 8 十 8 十 6 一 8 一 1 一 8 十 1 








298 | MacManon: Symmetric Functions of the 13*. 





5 € Ἡ 8 umm sog P E, D T 5 
me our σὰ w 2 R, oe rt C $^ a σῷ a ri EC ο T τ᾽ e o 
Q d d à v 4 n d ὦ τ & À À d τ ος à 4 d$ Ὁ 
esses © 5 G6 d$ ir $ E 8g * g S g s s 5$ 5$ g 
(481) —9d-1—104-4 —8-H0 0 0 0 0 0+8 0.0 0—1 © 0 0 ο 
(5.4.22)| —2+8—4+2—4 0 0 0 0 0 十 4 一 1 .0 0 :0 一 2 --0 0 0 0 
(3*8) 一 5 一 ?十 5 0+4—1 0 0 0 0—2—23 ο 0 0 0 ο ο 0 0 
ayy. 0 0 0 0.0 0 ο 0 0 0 0—8 0 0 œ 0 0 ο ο © 


(19 |-- 9 + T 91. 7 + 8-4 — 1 — 6 — 7 1 +19 0 —14 + 7— 1 HA 2 — 8 —82 —16 
(8.2.18)| +41 +34 +96 +30 — 1 —10 — 5 —99 84 十 5 一 5 0 —65 £34 — 5 17 — 9 + 1-1 + 9 
(18.18)| +51 一 3 一 15 一 2 一 2 一 6 一 6 一 35 十 8 十 8 一 9 0 十 4 一 1 0 0 十 9 十 3 十 8 一 4 
(θα +65 — 3 一 89 一 8 十 1 十 4 一 9 一 0 十 8 十 9 十 5 0-430—4 0+5 0-1-5 0 
-64 一 8 一 5 一 8 二 2 一 3 一 9 一 ?二 1+28 048 0—1 0 :0+6—2+8—3+1 
(682.1) —98 — 3 —1 +12 + 8 +1 —21 4-9 4-6 0-1 0-4 0 0-8 0—-8+1| 
^0 {8.28.1)| —20 + 2 +12 0—1—4-—74-5—8 0 ο 0 ο ο 0 0 041 

Gus)-i—3-43—4—4-L4 0 0 0 048 0 0 0 0—4+1 
(5.4.2.12) | 十 4 一 9 十 1 一 4 十 4 一 1 0 0 0 ο-Ὢ 0.60 0.041 

(815)]—9—7—31—*" 0 .0 二 1 十 6 十 7 一 1.0 0-4 —7-1 
(1.8.14) 一 50 {51-95-50 0 二 -6 十 385 一 1 一 8 0 0 一 5 二 1 
(6.8.14| 十 号 十 2 十 6 一 8 0 0 十 ?一 1 一 8 ο o o+4| | 
παρ] 0 0 0.0 0-1-6 0+1| 
(5.82.12)| 十 5 十 83 一 1 0+2—2 0 0 ο 0+1 
wag 0 0 ο ο ο 070 0,0 0 041 
(6.22.13)| +20 — 1 — 4 0 0° 044—541 
(6.8.15)| 一 4 ο ο © ο o—1+1| 

177) 0 ο ο ο ο ο 1] 
(5.8.22) 十 5 十 6 一 83 0 一 4 十 1 
ο 8) 0—2 ο 0+1| 
G41)|— 143-8 1| 7 
(321)|—5—98-1| Ἢ 
(59512) 0+1 
6319] +1] 





| 


(42.2.1) 
(4.32.2.1) 


{ 
(5.8.15) 
(6.92.14) 
(5.2.19) 
(5.13) 
(4.85) 








(5.4.8.1) 
(5.4.22) 
(5.82.2) 
» (48.1) | 
- (9.14) | 
(8.9.12) 
(1.3.12) 
(7.22.12) 








(4.82.2.1) 
(4.8.25) 
(42.8.17) 
(4.82.13) 
(4.8.22.12) 
(4.24.1) 
(42,15) 
(4.3.2.14) 
(4.25.15) 
(4.8.15) 
(4.22.15) 
(4.2.17) 
(4.19) 
(34.1) 


(85.92) 


(85.9.17) 
(82.95.1) 
(8.95) 
(85,13) 


(32.22.15) 


(8.23.12) 
(85.9.15) 
(8.93.14) 
(82.17) 
(8.92.15) 
(8.9.1*) 
(8.11€) 
(85.1) 
(85.13) 
(84.15) 


(23.17) 4 


(22.15) 
(2.111) 
(115) 
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r- 


— 


(11.12) 


(10.2.1) 


(9.8.1) 


(9.2?) 

(8.4.1) 
(8.3.2) 
(7.5.1) 


(7.4.2) 


(7.82) 


(83.1) 
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5 


(6.5.2) 
(6.4.8) 
(52.3) 
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On the Resolution of Equations of the Fifth Degree. 


“By Emory MoCummock. 


Two papers published by Mr. George Paxton Young in the American 
Journal of Mathematics (vol: VY, pp. 65-114) contain discoveries of high import- 
ance in the theory of equations. ' It is a necessary consequence of such 
publications that others should: be attracted to the same field, and I will say at 
once that what I have now to present is merely in continuation of the work 
done by Mr. Young. | 
To relieve the reader from referring repeatedly to Mr. Young's paper on 
the resolution of equations of the fifth degree, I will first give a brief summary 
of its main features. The roots (σι, Te, Ts, ra, 75) of the general équation . 
οὗ + pya? + psa? + pix + py— 0 being, in accordance with μμ i Mao: of 
the form r, = wu, + u + u; + t, and so on, where ul, u$, US, t4, are given fractions 
of the roots of a .biquadratic equation, Mr. Young Sho first, that the latter 
have, in the most general case, this form, 


ub =B |- B'A/z + A8, u$ = B — Ba zt 8, 
| NEL U uj = B+ B'A/z — 4/8, | (1) 
where 2—1 +e, she tH havz, = ha—h 2, and e, h, B, and.»' are rational; 
that | Uy Wy =g d- a A2, Vsus = — aN 2 (2) 
where g= 一 — $ p,, and a is rational; and that | 
uius — k+ c a+ (0+ oe) as, ] 
du = b + e 2— (0 + V2) s, | (3) 
uju, = k — eg (0 — $2) Μαι, 
uu, = b — e V g — (0 — p 2) νι ` 
where k= — p, and ο, 0, and 9 are rational. .From these and others he 
derives the six equations following : | | 
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ο gag — qi) = (9° — ata) (5g? +1 15a às) — 20g (I? — ez) 一 20ahez (0* — qz), 


pp == — 4B + 40acz, 
Ba 1, 
plan 0, 


ha( + qz + 209) = I? + ca — g (g* — a*), 

A (0* + φὂα + 3095) = 2he — a(g? — as). | 

Besides these, a seventh formula is needed, giving B'in terms of the other 
quantities. The values of B, Β' s", and B” are indicated, but not expressed: 
They are, in fact, complicated functions of the other quantities, and would each 
contain, if written at length, from twenty to thirty terms. Mr, Young now calls 
attention to-the.general fact that it is always possible to eliminate five of the 
unknown quantities from his six equations, leaving a single equation of some 
degree (presumably of a very high degree, except in cases solvable algebraically), 
from which the numerical value of the remaining unknown quantity can be 
ascertained. He has therefore succeeded in showing the correct form of the roots 
of the general quintic, and in proving that it is not impossible to determine and 
exhibit the roots in that form. He has not; however, reduced the method to a 
‘manageable process, except for a single special case of unusual simplicity (a= 0). 
To supply this deficiency, and to show in detail how the roots may be determined 
in their normal form, without transformation, by the aid of a resolvent sextic, 
is the first object of the present paper. In doing this it will be shown that 
Mr. Young's original equations may be simplified, and two -of the tour unwieldy 
formulæ dispensed with. For each of the trinomials 

e+ paw d- py = 0, H+ p + p= 0, 

thes will be afforded a choice between two sextics, one a special case of what I 
call the first resolvent, the other of the second. After discussing these resolvents, 
Ἰ shall close by making some observations on certain classes of.solvable quintics. 


On THE GENERAL QUINTIO. 

“By the resolution of a quintic, I mean the expression of its roots in terms 
of those of its resolvent sextic.”* Tried by this standard, Mr. Young’s work 
needs to be continued and completed. He has shown the normal form .of the 
roots fully and satisfactorily, and has proved the possibility of exhibiting them 
without any other than a linear transformation of the original equation. But 





* Cockle, '' Resolution of Quintics,? Quarterly Journal, IV, 5. 
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though he has shown that such exhibition is possible, by means of the numerical 
solution of the six equations quoted, it remains a mere theoretical possibility. 
The elimination of five of the six unknown quantities, if attempted by what 
might be called main force, would in most cases involve very great labor.. 

"The methods of resolution devised by Lagrange and Vandermonde were too 
intricate to be practicable. A method of resolving the trinomial 2°+ 1002? 十 4 一 0 
was given in 1860 by Mr. (now Sir James) Cockle, in the paper from which a 
sentence was quoted in the foregoing paragraph; but it did not give the- full 
form of the root, nor did it apply to the general quintic. Another process was 
gradually evolved by the labors of Messrs. Cockle and Harley, during a period of 
perhaps fifteen years, in numerous papers appearing in various journals. ‘This 
process reached its culmination in a memoir presented by Professor Cayley to 
the Royal Society on Feb. 20, 1861. Mr. Cockle showed that any quintic for 
which the “resolvent product” is evanescent is solvable by radicals, and that the 
general quintie can, by two successive transformations, aided by- his resolvent 
sextic, be brought into that solvable form. The resolvent product (8) would be. 
represented in Mr. Young's notation by 625uwuw. Mr. Cockle’s sextic 


determined the numerical value of ϐ for the trinomial αὖ --- 108x°+ f= 0, and 


enabled him to transform any equation from this forni to a solvable form, the 
trinomial itself being first obtained by.a Tschirnhausen transformation. That 


‘the second transformation was not essential was shown by Mr. Harley, who. 


employed a modification of Mr. Cockle's sextic (previously made by the latter) 
in which the unknown quantity is ¢ (say 5a4/2), and proved that the roots of 
the trinomial are rational functions of t. Merely for the trinomial, ¢ is not more 
simple than 0; for the genéral quintic, however, it is much more simple, being, 
in, Mr. Young's notation, 5a/z against 625(g? —a’z). Recognizing this great 
difference, Mr. Cayley calculated for the general quintic the sextic in ¢, or rather 
in 104/5a4/z, showing that its roots are rational functions of those of the 
quintic, and vice versa.* In his own words, “The roots of the given quintic are 
each of them rational functions of the roots of the auxiliary equation, so that 
the theory of the solution of an equation of the fifth order appears to. have 
been carried to its extreme limit.” The sextic so discovered by him is said, 
according to Mr. Harley, “to take an extremely simple form ; it may, in fact, be 
regarded as canonical in the theory of equations of the fifth degree.” | 





ΧΙ gather this from the brief abstract in the Proceedings, not having as yet seen the memoir. See 
Cockle, '' Researches in the Higher Algebra," Manchester Memoirs, XV, 181; Harley, ‘‘On the Theory 
of Quintics,” Quarterly Journal, ΤΩ, 848. + . 
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On the one hand, therefore, we have the auxiliary sextic thus evolved, whose 
roots are known to be functions of those of the given quintic. On the other 
hand Mr. Young now. shows the form of the roots of the general quintie, with 
six simultaneous equations from which to extract their values; It only remains 
to connect these two theories. The steps which I shall indicate are not neces- 
sarily the best for this purpose, and I shall be glad if any ‘one improves upon 
them ; but they have at least this merit, that at no point is it necessary to solve : 
an equation of any degree above the first. They therefore make it possible, if - 
any one will take the trouble, to express une roots directly and μμ in terms 
of those of a resolvent sextic. 

As regards notation, I shall follow that of Mr. Young, except where departure 
seems clearly warranted by the nature of the results. In lieu of his expression 
for the general equation, gë — 10ga? — 204a? + px + p, = 0; useful to him as 
somewhat simplifying his formule, I shall employ the normal form 

a5 + 10yo? + 108a? + Bex + = 0. 
The reader will kindly notice the respective values of the η. employéd for. 
the coefficients. As thus changed, formule (2) become 
| Uy Ug = — y dam, Ugu = — y — as. a | (4): 
Observing these and (1), and putting v = az, we see that 
i uu, = zia(v? + 10077 + 5y*) — (byv? + το. ory) 
=ziF + d, suppose, 
= [B+ B'a + (he + heti] [B+ Blak — (Ae + Aii] 
= ak (288 一 ὦ) + Β) + Bs — hz. 
Everything being rational except 22, we have S 
F= 288 — ἦν, . Ὁ (5) 


s α-- BE Be — he. ᾿ Ni ' (6) 
From these | = p? — pe + ΩΝ ὃ : | 
| ts (Rte) 5 
| A= 288 — F. 


This determines À and &/ when v, a, and B are known, since z = va^? and these 
three quantities.are all we need to seek in order to assign the elements of the 
root as in (1) We thus avoid the long and complex expressions for Β΄ and s", 
and shall see that we have also obviated the necessity of πας ane values 
of the sans 0 and $. + 
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Five of Mr. Young’s six equations will still be useful to us. These are, after 
making the changes of notation already indicated, and putting c= $ at, and. 
(merely for shortness) y? — v =v, y? J- v =v, 


ve = vy? + .3vo + y — yout? — Sheva! (P — 92), : (8) 
č 一 20vt — 48, | (9) 
p! — 0, | (10) 
Ale (P+ ga + 209) = 9 + v? + Avy; (11) 
ha? (P + pz + 2992) = — 1-δὲ — v. |. (12) 


Calculating B and 8" as indicated by him, but shortening the work by employing 
the letters v and v' as above stated, and also by putting ο = + v' (và + ὁ) + 2y8vt 
+ 2yvv + yvv', and R= yet? + v'8t + 2y?v + vv! + y, we have 
v'B = heva~* (P — pa) (v't + 28) — ἃ δα + $ vi, (13) 
ev*g = 0 = 0 [y (c? — δ) ae + a+ aR] — o [iy (o — 9)e—qQ-——va-!n]. (14) 
What we have to do is to extract in some way from these equations the values 
of B, v, and a, in terms of the known quantities y, 9, e, and ὅ; and as B is given 
by (9) when v and t are known, we may say that the values desired are those of 
v, t, and a. 
Let r = vy? + 3vo + y? — ve — yo. Then, jom (8), 


sheva ™ (P — pz) = P. (15) 
Eliminating B from (9) and (18), 
Aheva™! (* — Q?z)(v't + 2y8) = 20v*vt — Vl 200 — Zwir. : (16) 


Dividing (16) by (15), and clearing the result of fractions, we have this 
equation in v and t: | 
vir + 2ydP = 20Υυἱ — vt + 28Q — 2»tR. | (17) 
Another such equation isneeded, Putm=0?+ v? + 4vy, and N — — 20vt — Avv. 
We take the following from (11) and (12) respectively : 








Ahevá- (0 + pz + 209) = Mea, | (18) 

Sheva? (P + φὂα + 2092) = Ne. (19) 

Adding (15) respectively to (18) and (19), and dividing the first result by the 
second, . O+0 wea 

0 十 oz Nec! (20) 


subtracting instead of adding, ; 
0 4- G+ 9% _ Mea—P | 
zF goz Ne—rP a) 
Multiplying thei equations together, 

ete — p) zz wea? Pp’; 





Vor. VIL 
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whence, since z — 1 + &, and œz zz v, | : 
| f P= MO — PS | : (22) 
or | (2dvt + 4vvy = ΕΠ ΠΡ —» c (23) 
a second equation in v and f. i | | 
We have now, in (17) and (23), two equations invandé. In any case not 
critical we can, by division or some other usual process, depress these so as to `’ 
have an equation of the first degree in v or, for use in case one of them is: 
known; and we can eliminate either v or ¢, thus obtaining a resolvent sextic, as 
will be seen further on. With numerical coefficients, no difficulty will oceur, 
nor is it necessary to frame a formula for tin terms of v. The problem may be 
considered solved, therefore, as regards v and ¢, and it only remains to deter- 
mine a. For this we need an equation of the first oe not containing 
0,0, A, 2, ore. 
From (14), (20), and a: the following equations are readily obtained, 
Re that v = a?z and z= 1 + ê: 
0 _ Te—Q— Roa! — Mva ar Pe—N 


9 Wwaetgqtra π--Μα 129 





Mv — Nea} 

| : fo 一 Na Pae M (25) 

- Here t= 1 v'(v? — &), and w =y (v? — Y). When (24) and. (25) are cleared of - 
fractions, respectively, and va^! — a is replaced by ae, wherever that combination 
is observed, we obtain from them these: - | 

> aep == am —n, 
aeq 一 an — mv. 
Here m = NW — PR — MT, n = MW? + PQ — NT, poseen, and g = MRV 

c νο Ἔ τι. Eliminating ae, finally, | 

For determining the roots of the general quintic, therefore, the following 
steps.are to be pursued : i 

First, ascertain v or ¢ by eliminating ¢ or v from (17) ‘and (23), or by 
employing one of the resolvent sextics known to be producible by such elimi- 
nation, and then obtain the other of thene two quantities by means of the same 
equations ; ' 

Secondly, determine a js (26) and ὁ by z= v; 
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- Finally: ascertain B, h, and Ἡ by (9) and (7), thus obtaining all that is 
necessary to fill out the root-forms (1). We have still to discuss the possible 
resolvent sextics. | 


On THE TRINOMIAL αὖ + bem 十 5 一 0. 


When =e our formule become much simplified. Here v'— — v —v, 
Q= iel, R=— t, P= ve — 39v, and from (17) and (23), after striking out 
common η and putting u = 25v, we have 
tu — te — č = 0, , (27) 
E w — uti — beu + 258 = 0. (28) 
Eliminating u, we have this simple sextic in £: . 
ef + (6 — 208 8 + 4st — P= 0. | (29) 
Eliminating ¢, on the other hand, we have this simple sextic in w: 
| (u — ε) (αἱ — beu + 258) — uf = 0. (30) 


When by either of these we ascertain the value of ù or t, the value of the other 
is given by (27), and that of v by w= 25v. To illustrate these sextics, we may 


take the- equation αὖ + A a +3750 = 0, whose elements are given in detail by 


Mr. Young. Here e= 125 | and ¢ = 3750. Then by (29) ἐΞ-δ, or by (30) 


4 
ee and these yate satisfy (27). The following are other forms of (309: 


(ui — δει” + 158 u + 5) = w (Ft + 25665), (31) 
u5— 10eu® + 55e ut — 1408 + 175etu? — (C4 + 1068) u + 258 =0. (32) 

If we put u = ey, equation (30) takes this form : 
(y — 1} (f — by + 25) = ye. f (33) 
In this compact equation we have the unknown ae expressed directly as a 
function of the parameter &-?7*. Were tables for such purposes worth caleu- 
lating, a table of single entry might be constructed with great ease, showing a 
value of the parameter for each value of y, and therefore the converse, which 
would supply all that is needed to exhibit the roots of the trinomial in their 

' normal form. 

These various results are doubtless new, except that (31) may be readily 


derived from Mr. Cayley’s sextic. If we take the square roots of both sides of — 


(31), the result is 
uo — δει + 168 u F M (C+ 2568) Mut δεῖ — 0, : . (34) 
twin sextics for finding +/w. If in Mr. Cayley's sextic (I TM not seen it, but 
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the fact cannot be otherwise) we were to put a=1, β--γ --δ--0, we should 
reproduce (34), except that the unknown quantity (4/w) would be replaced by 
another equal to Vu x 24/5. . Equation (31) is, in fact, a special case of a 
` general resolvent in u which, as we- shall see hereafter, may be immediately 

derived from Mr. Cayley's sextic. ‘Similarly, ogamen (29) is à special case of a 
resolvent in ¢. 

. For determining a by means of (26), we find that, when /二 --δ--0, µ--9θ, 
N — 4v, T — ië, and w = 0; so that, omitting the factor s, M=E— ϑυ --- +t, 
n = ἡ el? — tob, p= +ë — 4o, and q= ze — zu. For determining h ind p 
by means of (7), we have r=av’, & — 0. 


t 


ON THE TRINOMIAL a + 1002? -- t — 0. 


When y=e=0, we have V= — y =v, ο $ PF 398, R= vit — o, 

p= — 3v’, and putting w= 25v as before, we readily obtain from (17) and (23) 
the following: 268°? — dul? = ui — vt (35) 
(2589 一 uf? = — 16duet, TM (36) 
- Squaring (35), multiplying (36) by οὐ, and comparing the two results, we find that 
ut — aut — Fut 168¢+ = 0. | (37) 


We have in (35) and (37) two quadratic equations in ¢, and ‘also inu. If we 
wish to eliminate x from the two equations az’+ba+c=0,-de’+exe+f=0, 
we find that b(bd — ae)(ed — af) — a (cd — af Y — c(bd— ae} — 0. Eliminating 
wand t respectively i in this manner from (35) and (37), we have at once these 
two sextics : ΄ os 
163 8 + CO 509 CÓ 十 40948 + 15922 + 599 — C+ 258=0, (38) 
uf — 2056! —.1605'u? + 1008 u? — (1856997 + Fu + 640009 — 0. (39) 
Here (38) is a special case of the second resolvent, that in t'before spoken of, 
and is new; (39) is a special case of the first resolvent (that in u), immediately: 
to be discussed, and is not new, being the well-known sextic of Sir James Cockle. 
This equation has had an interesting history. For years the focus of acute 
researches, when this trinomial was considered as affording the best path to the 
solution of the quintic, it was at length set aside, and its place was taken by Mr. 
Cayley’s sextic, or rather by that special case of the latter which belongs to this 
trinomial. It now appears again as one of the most direct aids in the resolution 
of the equation to which it refers. As announced by Mr. Cockle, our u was 
’ represented by — 4:0, ὃ by — $9, and ὅ by #. He also exhibited it in'another 
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form, to which this corresponds: | 

| (u?— 10δζω — 80 85 = (8456857 十 bu. | . (40) 
By taking the square roots of both sides of this equation, he produced nother 
which had as its unknown quantity what corresponded to 54/u, and which was 
` afterwards in substance generalized by Mr. Cayley as already stated. 


On vue Fiesr RxsorvzNT. 


^ „I have repeatedly referred to two resolvent sextics, the numerical solution . 
of one of which gives the value of w, leading directly, under Mr. Young’s theory 
as herein extended, to the determination-of all the roots of the general quintic 
in their normal and complete form. This first resolvent, in what seems to be its 
most convenient shape, is as follows: à 
25 [zu — (3? + ε) τῇ + (155^ — 2y?s + 878 — 265 + 38)u — 257° + 35yfe 

— 40^ FP — 2/05 — 11 è + yë’ + 28y e— Wel — 16δ' + ép 
= 8u [43255 ? — 1440γ!δεξ + 800548 + 640, 87 — 40052 εἰ — 1805? εὖ 
十 3309? 0 07 + 5605? δεῦζ 一 3207 ef — 1960γδϑεζ + 72070"  & — 15y87 


+ 20ye 0 -- 432857 一 20812 + 459 e? — 8088 ( + 828 + 174]. (41) 
From this equation, when y = à — 0, we lave (31) as a special case, and when 
yc e= 0, (40). . 


That such a sextic may exist, as a result of eliminating ¢ from (17) and (23), 
` is evident upon observing the special cases just mentioned. The literal part of 
the coefficients.might be written out with ease, having regard to the necessary 
weight of each, but the determination from those equations of the*numerical 
part, by elimination or otherwise, would be a work of much labor. It is unneces- 
sary, as we have seen, since the unknown quantity ($) in Mr. Cayley’ 'S sextic is 
equal to 24/(5u). To obtain our first resolvent, therefore; we have only to 
substitute the latter value in that. sextic in lieu of $, to put, with Mr. Young, 
αξ- 1 and β--0, these being the coefficients of a and zt, and, bringing the 
irrational terms to one side of the equation, to square both sides, We are, in 
fact, reversing for the general equation the step taken for the trinomial when 
Mr. Cockle's 0 was replaced by a multiple of its square root, though in a direction 
somewhat different.. While 0 differs, as regards the trinomial, from u only by 
a numerical factor, it is otherwise for the general equation; since u= 25a%z, 
while 0— 625 (5? — az), the two differing only by a factor when y= 0, as 
happens in the trinomial. 
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Mr. Cayley’s sextic involves.a cyclic function of the roots, namely, 
D rry + yrs + rara Has He Tyr — Ta — an 1173 — gTa — Tyta. 

To demonstrate our first resolvent more directly than by employing that sextic 
. would require the building up of a sextic having for its roots 3 4" and the five 
similar cyclic functions of the roots of the quintic. There is no reason for this 
“ being done, unless it should happen, what is hardly probable, that the coefficients - 
of u could be determined more easily than-those of @. This question naturally 

arises : should we not dispense with the symbol w, and with the modified resolvent 

(41), and rely wholly on $ and Mr. Cayley’s sextic? Several reasons appear 

-conclusive against this course.. 

1. Mr. Young’s whole theory is based on the employment of symbols have 
rational values only. Now wit rational, and 9 is not ; u= 25a*z, φ--10ψ/δαψ/α. 

2, The connection of the resolyent with, and its derivation from, the two 
equations in v and ¢ would be obscured by the introduction’ of the eal! $, 
and the same might be said of the whole theory. 

3. As u= 3 Q?, the use of @ would add needless numerical complication to 
all the processes. 

4. Since the value of $ is only needed in the form of ¢’, it would bea 
' roundabout proceeding to determine first the irrational quantity $ by the 
original. sextic, and then to square it, when wu ean be found directly by our 
resolvent (41). 

-5. One of the coefficients in the original sextic is irrational ; those of (41) 
. are all rational. 

6. The coefficient of $ in the original sextic is, as Mi. pe states, the 
square root of the discriminant of the quintic; multiplied by a numerical factor 
(irrational); the coefficient of y in (41) is that discriminant itself, unchanged. 

The values of the coefficients in (41) were taken by me, with the necessary 
changes, from a translation in the Analyst (1877) of a pamphlet published in 
1861 by Mr. Adolf von der Schulenburg,” which contained a sextic for 1$, which 
I presume to be identical with that given éarly in the same year by Mr. Cayley. 
The coefficient of u has been ΡΞ by Dr. Salmon’s expression, for the dis- 
criminant. i 


* Auflösung der Gleichungen Fünften Grades, translated by Professor A. B. Nelson. The formula 
given for the roots are erroneous. : 
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Ox THEE SECOND RESOLVENT. _ 

. When y —^0, the resolvent in ¢, otherwise complex and as yet uninvesti- 
gated, appears as a sextic of remarkable properties, and decidedly preferable in 
all respects to that.in u, In this case, when we eliminate v from (17) and (23), 
we find that vA = — 0, where A is the quintie in — 7, and c its canonizant, 
" namely, A = — Ë + 1082 — δεί + ζ, and o= PP — δε + (e — 02) t — δὲ. This 

simple relation gives the value of v when that of t has been obtained by means 

of the second resolvent; the' terms of which, ascertained by the same process of 

elimination, are GPA? -+ (E + e + δὲ) Ac + 254 = 0, (42) 

or, in full, . 

(1664 + 9δεζ — E) 8 + (8? — 448e — eT) 6 + (7598 — 505%) t 
+ (4005 — 4088 + 308927) À + (15897? — 5504 — 30887 + 205)? 
+ (88e? — 205%? + 59947 — 4680) t + 255°— 65% — ÒC + e — 0. 
From this, when à — 0 and e== 0 "τον we have (29) and (38) as special 
cases. 
It is obvious that these two resolvents do not comprise all that are possible. 
“If any one of the unknown quantities becomes known, or any relation between 
them, the quintic becomes solvable, as Mr. Young has pointed out. Hence any 
auxiliary equation which determines for us any one of the unknown quantities, 
or any known function of more than one; will serve as a resolvent. 
Mr. Young’s theory might have been stated differently by him; as, for 
example, by making his elements u, w, οἷο, five times as large. This would 
` make changes necessary throughout, but would not necessarily cause any change 
in the coefficients of the resolvents. 
It will -be seen, by reference to (17) and (23), that a resolvent might be 
found in which the unknown quantity would have the value of vt. J udging from 
the trinomials, its expression. must be complex. ` 


Ox Certain SOLVABLE Quintics. 


Mr. Young has given a method for determining the roots in the critical case 
o= 0; that is to say, in the case u = 0, since w= 25a°g. He has not, I think, 
indicated any criterion by which such quintics can be recognized when met with. 
We have in the first resolvent the needed criterion: when the terms unaffected 
by u vanish, u= 0. Quoting those terms, we have u = 0 when 
255 — 35y'e + 40778? + 25207 + 11528 — y — 28 P e— 288] + 168 — e — 0. (43) 
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For examples of this important class of solvable quintics, it is sufficient to refer 
the reader to Mr. Young's paper., 

Sir James Cockle is. the discoverer of a criterion’ covering another large 
class of solvable quintics, that namely in which his 0 (or 255?— u) vanishes. The 
criterion so discovered was afterwards recalculated and verified by Mr. Harley, . 
and may be found in his paper on Symmetric Products, in vol. XV of the 
Manchester Memoirs. We can now reproduce its equivalent by putting u = 255^ 
in the first resolvent, with this result (D = discriminant) : 

[160055— 640y4¢ + 160770? — 527? 00 + 64^ e-+ yl? | 

+ 28y8* e — 28s — 168 + P= yd. (44) 
The form of this criterion is very different from that given by Mr. Cockle, but 
the two must be identical. When s= 45?, and à — 0, the criterion is satisfied, 
the quintie in question being well-known as the solvable form of De Moivre ; 
when y= 0, (44) gives — δεῖ — 165 + &— 0, equally well known as the 
solvable form of Euler. The latter, by the way, is also a special case of (43). 
In the class of cases now under consideration, one or more of the elements 
Uj, Ue, Ug, ty, is non-existent. We have here, as in the case. u= 0, a critical 
value of u, and our equations need to be replaced in some points by others. 
The methods of solution given by Mr Harley in the paper referred to seem well 
adapted to this class of cases, 
The condition of equal roots is the τς of the a and it has 
long been known that the solution by radicals of such quintics is possible. 
Perhaps we. have here as simple a method of solving them as any that has been 
perfected. The second member of the resolvent (41) is pu. When D vanishes, 
` the quintic has equal roots, and we may obtain the value of ^u, and therefore, 
by the method now. presented, the values of the roots, from the. cubic equation : 
to which (41) is reduced, namely, 
pu Ps 3-ε) τἆ + (15y4 — 2e + 8yó — 280 + 38)u— 254 + 35y4e- E -一 107% 
(00 — PP — 11526 + y? + 98γδϑε--- Wel — 1601 + εὖ -Ξ 0. (45) 

No doubt an important Le of solvable quintics will be found to appear 
when ¿= 0, for which the absolute term of the second resolvent will, when 
placed equal to zero, afford the necessary criterion. If, for example, we have à 
trinomial 站 十 ,108 + ¢= 0, where {= 2555, we know that it is a solvable form. 

Other criteria for solvable quintics might be derived, if they were worth 
having, in numbers without limit, by assigning to u and £, in the two resolvents, 

. different values in terms of the coefficients. - 
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It is conceivably questionable whether the use in any way of knowledge 
derived from a resolvent sextic does not vitiate the strictly algebraic solution, or 
“solution by radicals” of a quintic. If, as I have no doubt, it is permissible, it 
becomes something of a question in casuistry how far we should go in multi- 
plying solvable cases. An infinitely large accumulation of solvable quintics 
would leave none of the other sort, by which to illustrate the fact that the quintic 
cannot be solved algebraically ; yet it would not change the fact. 


PROCEDURE ΙΝ ΟἘΙΤΙΟΑΙ, Cases. 

For two of the classes of solvable quintics just considered, the general 
course of procedure sketched in this paper requires modification, owing to the 
appearance of vanishing fractions or vanishing equations. 

When v= 0, we know that a= 0, since v = a?z = a? (1 + &), where e is 
rational; also, since af = 2c, ví— 0, and vf = 4c'z. Equation (23) shows at 
once that P — 0, whence 40 g =y? + &—ye. (46) 

. To get the value of z, we need to learn that of e. For this purpose we may 
modify (26) as follows. Let x — ju,n= f'n’, P = ETP, o= ya, R= γη ος, 
T= y'v', so that, in this case, w = 28 + 8c?z + 873, N= — 8062, P = δὲ + 25? 
— y? E + 402, Q 二 9262 4-309 -- y), P= 28, and 12282 — 30. Then (24) 
and (25) take this shape : | 

0 — Te—Q'— Rez _ Wwlez-]- P'e—w 





$U die 7 Nous (47) 
| las wi 
Mez Nz (48) 


— N-re—Mo 
When (47) and (48) are cleared of fractions, respectively, and z — 1 is replaced 


by e, we have cep! = em! — n 
ced = cn' — m'c*z, 
where m'= — r'g'— MT, n= r'Q'— nr, p'= wal + ΝΕ’, and g = M'R/ce + no + PT, 
and eliminating ce, as pmez—guw (49) 
pn! — qm 


Hence, when v =a =Q, we must first determine οὖς by (46), then c and z by 
(49), then 8 by (9), which gives 8 = — 16, and n' and. by (7), where in this 
ease F= 0 and Gg = — 5^, so that | 








OP δα 
»=s + (= LY, : (50) 
h = 288’. |. (81) 
2 ἘΠ 
In the special case v = a = c = 0, it is readily shown that ws 一 inm à ‘ 


Vor. VI. 
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When v=», it would no doubt be possible to perfect a method of 
procedure to take the place of that given by Mr. Harley, but, so far as I can 
now see, it would not be advantageous. In any given case of this sort, when 
desired, the roots can be shown in Mr. Young’s form. Thus, for example, if 
z=1, t=0, and a=—y, we have DeMoivre’s case already cited. Here 
B=—4+, by (9); and we readily find by (7), since rz = 6 = — 165^, and e = 0, 
that »/— B, and h — $02? + 169%, 


MILWAUKEE, March 7, 1884, 


Postscript, March 24.— A. different form for the roots, probably new," may 
be obtained very readily. Let 4 = tyu, and 4= tug; also let mt m= uius, 
m,— n == Ug, M t n= uu, and m — n= uruy. Then mè — e =Z., and 
πιὸ — n = lh, and since w = (uug) (utn) (uu) ?, and similarly for wf and the 
rest, we have at once 

u$ -- (m + nmy(m,-4 n)? εὖ = (m+m)(m— πι) LT’, | (52) 

u$ = (m,— ny (m+ nypy* (mm) (πιο) τν 
Here, following our notation, it will be seen that /, = — y + Vo, b — y —A/v, 
9m; 一 — 0 + t£A/ v, 9m, — — ò — t /v, and, on determining the proper signs for 
the radicals by reference to a special case, that mn = — 4/(mi— (15), and 
m =s (m — h). Thus when v and ¢ are ascertained, we have the roots of the 
general equation expressible in terms of these quantities, or of one of them; 
in this way fully satisfying Sir James Cockle's definition, already quoted, of the 
problem of the Resolution of the Quintic. 

I have hitherto left the fundamental equations (17) and (23) unexpanded, 
believing them in that form better adapted for use in numerieal calculations. 
I find, however, that they both contain the factor v — 57, and that when this 
factor is expelled they may be written in full as follows, each being given in two 
forms, arranged respectively according to the powers of v and ¢: 

26tv* — (yë + d+ εὖ + 1052 t + ζ}υ Hynt + x — 0, | 


17 
yob + dot? — (250? — 10γ}υ — ev + yg)t +v — & = 0; (17a) 
* The German writer Schulenburg, already referred to, would have reached this form in substance 
had he not made an error in one of his equations, which was perpetuated in those which followed. 
Any critic may have noticed this, and so found the true form. But his whole view of the subject was 
different from the present, nor did he even attempt to show how to determine the quantities corres- 
ponding to our ἴ. 
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+ 472+ 1174+ &)v — 9? — 0, 
v — (14y + 29)? + 1690 t — 25v + 3570 + bev” 
— 2yð v — 4y” ev — 11y*v — Fo + P= 0, 
Here Ἡ--γϑ-- ye + S, and κ--γὸζ-- 2yàe + δ'. By subtracting (23,) x t from 
(17,) X v, there results this second quadratic in v: 
(6 — 15y8 + 150? + 25y?t + δεί --- ζ) οἱ 


2508 一 (#—lAyé + 16x + 35)2 十 6e)v° + (22? + 258 
(350) 


| — (nt? + yh t + ὄγ et + 1074 + εἰ ---κ)υ + mé 0. (53) 
If we represent (17,) by av? + bv 4- e— 0, and (53) by dv? + ev + f= 0, we find 
on depressing: them that v = pur ο E LE da whence 

(cd — αρ). i a — ae)(bf— ce) = 0. (54) 


Dividing this, after expansion, by —y*t*— yt + (165^-- y — 2y*e) P+ (δἱ---2Ύδε) 6 
we obtain at once the second resolvent, represented by (42) when y — 0. This 
important sextic proves to be of the simplest possible nature, being in short 
δ5 ο) — Ap -- 0, (55) 

where A is the quintic in —£, namely, — #— 1076 + 1088 — δεί -- ἕ, L its 
simplest linear covariant, and cits canonizant. That is to say, L=1,+ ht, and 
C= atatt ett ob, where h= 9740 — 205286 + 1057 δ) + 877% ef — 12γδε7 
—2y8 8 4-609 e + 0 — εξ, lh 15yfe — 1028? + 25^ 87 — 14γ εἰ + 2270 g— y? 
— 954+ 9δεζ — εὖ, ey— 2yde — γῆζ--- ὁ), = y — y); — ὃξ + εὖ, oy — 78 H- y6 — δε, 
and e= y?— ye +ò. After these quantities are calculated, the resolvent (55) 
may be used in this expanded form, 
(L+ 2503) 5 4- (f + 500, οι) E+ 5 (2 4- 56$ + 100,0.) t* + 10 (yj — 90 + ὅσιοι + 50,0) ἕ 

JF 5(— 284+ el, + 5c] + 100,0) + (bel — £5 + 500,0) t — G+ 2505-0. (56) 
I have followed Mr. Young in treating the quintie without its second term, but 
it will be seen that neither of the resolvents is thus limited in its nature. 


NOTE.—On page 814 of the present volume of this Journal I gave formulae (No. 52) for the elements 
of the roots of thé general équation of the fifth degree. In practice, these formulae give the roots of two 
conjugate equations, according to the sign taken for ./v. A change in the sign causes an interchange 
between and le, Mm: and Ma, ni and ma. If the formulae fail at first to give the root of any given equa- 
tion, it is only necessary to make these interchanges, or (the same thing in final effect) to change the 
sign of n, or of na. 

When » and t have been determined for any quintic, we can at once construct the conjugate quintic, 
Equation (23,) is a quadratic in e, one value being the given value of £, the other being that of c in the 
conjugate quintic. From the latter value, that of | may be obtained by (1%). For example, if the given 


—— 2 -+ 3750 = 0, the conjugate is œ + 一 一 aes 
by (52) after siding the interchanges referred to, or . changing the sign of nı or of ma. 
April 5, 1884. 


quintic be a+ 一 ~ æ -+ 8125 = 0, and a root of the latter is given 


Some Papers on the Theory of Numbers. 


By ARTHUR S. HATHAWAY, Johns Hopkins University. 


. The principles upon which the following papers are founded were developed 
while attending the Lectures of Professor Sylvester on the Theory of Numbers, 
in 1879-80; and were presented before the Mathematical Seminary in May, 
1880, Jan., Feb., March, 1881. The death of my wife, who had shared with me 
in the work, and the professional duties of a stenographer, left neither oppor- 
tunity nor inclination to make a more extended publication of them. Feeling 
confident, however, that the principles were of value in simplifying the Theory 
of Numbers, I returned to the subject in the beginning of the present year 
(1884). It is due to Professor Sylvester to state that the beginnings of my . 
knowledge in the Theory of Numbers were obtained entirely from short-hand 
notes of his lectures; and that it was his suggestive presentation of the Theory 
of Congruences that led to the development of these principles. 

The first paper, while it is introductory to, is intended to form a part of the 
second paper. The latter paper is founded upon an extension of the idea of 
division, which permits the consideration of any dividend whatever. Subjects 
which are ordinarily considered only in the general theory of Ideal Primes can 
thus be treated much more simply; and so naturally is one led to the necessary 
treatment, that I arrived at the solutions of the principal problems of these 
subjects without any knowledge of the theory of Ideal Primes. An example is 
the resolution of cyclotomic functions with respect to a prime modulus not only, 
which lies at the foundation of Kummer’s theory of Ideal Primes, but with ' 
respect to a power of a prime. 

I.—Omw [NTEGER CLASSES. 

There is a marked similarity between the ideas of Divisibility and Evan- 
escence, which is exemplified in the three fundamental principles of division, viz.: 

1st. If two terms are separately divisible, so is their sum and difference. 
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2d. If a term is divisible, so is a multiple of it. 
3d. If a product is divisible and one factor is neither divisible nor partially 
divisible (1. e. relatively prime to the divisor), then the remaining factor is divisible. 
- The last principle is of the same utility in the Theory of Congruences as is 
the corresponding one in the Theory of Equations; and what happens in the 
"former theory would have its analogue in the latter if it dealt with partial zeros. 
The combination of the second and third principles leads to a fundamental 
proposition connecting different divisors, viz. that if a term is divisible by several 
relatively prime divisors, it is divisible by their product; while the combination 
of the first and second leads to another fundamental proposition which furnishes 
the basis of a method for utilizing the similarity above noticed, viz., any combi- 
nation of sums and products of terms retains its remainder with respect to a 
given divisor, no matter how the several terms of the combination be replaced 
by others having the same remainders. That is to say (grouping together as a 
class all terms which have the same remainder), the results of any combination 
of sums and products of classes constitute members of one and the same class. 
Here we mean, for example, by the product of two classes, the assemblage of all 
possible products between the terms of the two. We are thus led to consider a 
class as a molecular body, as it were, any portion of which identifies the whole. 
What corresponds to division among the classes is the theory of the linear 
congruence, in the ordinary sense, or as it will be here termed, of the linear 
modular equation AX—B. The problem for solution is a special one, limiting 
. us to the question whether any of the given classes satisfy this modular equation, 


_which is not answered by the symbolic solution = The performance of the 


division here indicated might be presumed, in general, not to give rise to integers; 
although if, and only if there are integers resulting, is there a solution in the 
restricted sense which confines us to the consideration of integers only. The 
application of the third principle to the determination of the maximum number 
of solutions (by the ‘substitution of two solutions, precisely as in the Theory of 
Equations) naturally excludes from general consideration the case where A is a 
divisible or partially divisible class (or, as it might legitimately be called, a zero, 
or partially zero class). With this exclusion, linear modular equations are shown 
to have but one.solution. That the solution is not merely symbolic, but actually 
one of the given classes, is due to the distinctive feature that the number of 
classes is finite, and not infinite, so that AX, A multiplying successively all the 
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classes X, and giving rise each time to different classes B, must repeat all the 
classes over again. There are several important consequences of this feature. 

First, is the linear relation among any relatively prime integers, 4, ἦν, ..., . 
that the equation 








xx hh... 
p a+ hs ἄς σα 


is soluble in integers. Second, is the property that successive involutions of a 
class must finally bring it into some class whose powers repeat itself. These, 
which have been called repetents,* are zero, unity, and, for composite moduli, 
various partial zeros. Third, is the existence of cycles of classes, defined by the 
property that the members of a cycle are repeated over again in some order 
when severally multiplied by any one member of the cycle. An important 
example is the cycle composed of all classes which are relatively prime to the 
modulus. 

It is worthy of note that this definition secures the property within the 
cycle, that quotients are one valued without reference to ihe restriction of the 
third principle; and it would be perfectly proper to treat cycles upon this 
supposition. The.properties of cycles may be developed, however, from the 
definition alone, ab initio, whatever the nature of thé terms with which we deal. 
The following are a few of the immediate deductions from the definition, the 
more general properties being reserved for a future paper: 

A cycle contains all the powers of its members, and, therefore, some 
repetents. If the multiplication of each member of a cycle by a given term 
leave one member unaltered, it will leave all unaltered; for we may first exhibit 
(by multiplication) the unaltered member as a factor of all, and then perform ` 
the multiplication. If the multiplier is a member it does not alter itself, and is 
therefore a repetent. Any member raised to the power represented by the 
number of members is a repetent; for it leaves the product of all the members 
(which is a member) unaltered. All the repetents of a cycle are equal, since 
either of two is the same as their product. Every member is repeated as many 
times as is the repetent, and conversely ; for, multiplying the terms of a cycle by 
a member exhibits it wherever there is a repetent; and multiplying by a power 
of the member which is one less than the number of members, exhibits the 
repetent wherever the member occurs. 





— 





* By Mr. Mitchell, in his article on Binomial Congruences, in Vol. ΠῚ of this Journal. 
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A fourth consequence of this feature is a form into which a class may be 
thrown, which exhibits its relations to the classes which it determines with 
respect to the relatively prime factors of the modulus. It is well known that 
any class Y (mod. ἔῃ ἕν...) can be thrown, in one way, and one way only, into the 


form ml EX, + -—— a T Xe..., where kis ky, ... are relatively prime factors 


of the modulus; viz. X is the class (mod. £j) which is the solution of Bh: 


i 
X,= Y (mod. k). Denoting by Σι the class determined by Y (mod. %;), and 
writing Jų = hi M ; the symbolic solution for X; is xu the use of which in the 
(1 t 


above form is legitimate, if we consider it in the restricted sense of denoting 
only the integral terms which occur in i ae the indicated division. We 


may thus write: yc h, a + ha Ed . (H).* 


The value of this form consists in the fact that any combination of classes 
(Y), (mod. ἦι ἄν...) is obtained by forming the same combination of corresponding 
arguments (Y;)(mod. #;); as is evident on considering the way in which the 
arguments are derived from the class which the form represents. For the zero 
class the arguments are zeros; for the partial zeros, corresponding partial zeros; 
for the unit class the arguments are units; for repetents, the arguments are 
repetents; and if 5,4... each involves a single prime only, the arguments of 
the repetents are confined to zero and unity. Corresponding arguments of cycles 
are cyoles. | 

The least power (index) for which % becomes a repetent is the least common 
multiple of its indices with respect to the relatively prime factors of the modulus 
which is great enough to permit the partial zero arguments to become zero. In 
general, the form (H) renders visible, so to speak, the properties of a class in 
terms of its simultaneous properties with respect to the relatively prime factors 
of the modulus; and we see that it may be stated as a general principle that the 
number of classes which possess a property whose negation among the arguments 





* Writing h, E = Ry, we obtain a form which is given by Mr. Mitchell, Bg, being his notation for the 


common solution of w = 0, mod. h, & = 1, mod. η. This common solution satisfies the definition of a 
repetent, αὖ = æ (mod. kı kz...) and also Ry RE 三 = 0 (mod. Κι Ks...) ; whence the property of the form 
By, Vit Ry, Yi... In the product of two Such forms, for example: the cross products drop out, 
leaving only the produots of corresponding arguments multiplied by the squares of the corresponding 
coefficients, which are repetents. It appears that a form possessing the same property is obtained by 
merely writing the symbolic solution for the variables X; in a well-known form, which at once discloses 
the repetents and their properties. 
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involves its negation in the class, is the product of the number of classes possessing 
that property with respect to each of the relatively prime factors of the modulus. 
As examples are: the property of being relatively prime to the modulus; of 
containing the factors common to the modulus and a given number; of being 
n™ power residues of the modulus; of satisfying a given congruence with respect 
to the modulus. 

What corresponds to evolution among the classes is the -resolution of the 
Binomial congruence X*= A. The nt" root of a class A gives rise in general 
only to surds; and if, and only if exact n" powers occur in the class A, will 
there be a solution. Having found one solution, there is the same dependence 
upon the solutions of .X* — 1 for the others as in the Theory of Equations. The 
determination of the solvable equations of this sort constitutes the theory of n™ 
power residues; and for this, special methods have been invented, having no 
analogy to meted in the Theory of Equations; for example, the Theorems of 
Reciprocity. 

So far as the theory of the general equation of the nt degree is concerned, 
the substitution of n + 1 solutions and elimination of coefficients, leads, precisely 
as in the Theory of Equations, to the conclusion that the product of the 
differences of n+ 1 solutions multiplied into each coefficient is a divisible 
quantity, so that for a prime modulus, the number of solutions cannot exceed 
the degree unless the modular equation is identical through the divisibility of 
each of its coefficients. The reciprocal of a solution cannot contain any factor 
of the modulus if the coefficient of X” does not; so that modular equations 
which have no impossible or indeterminate solutions can be reduced to the 
standard form X"+ 4,X"-?+ ...A,=0. In the further theory, wë catch 
glimpses, for the most part as the result of special and disconnected methods, of 
similarity to the Theory of Equations. Equal roots (X — A}, for example, 
render the discriminant divisible, and common roots, the resultant. In the case 
of a prime modulus, Galois’ Theorem furnishes a basis for what are called 
imaginary solu-ions, giving to a modular equation its complement of solutions. 
Investigators, however, have kept constantly before them the restriction that 
they were dealing with integers; a self-imposed restriction which is in nowise 
indicated by the fundamental principles of division, which only require that the 
divisor shall be an integer. This restriction is so vital that were it not for the 
accident of the theory that the number of integer classes is finite, even a 
linear equation would not have, in general, a solution. We may illustrate 
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this by reference to algebraic division, the theory of modular equations in 
which has not been developed.’ The residues of an integer algebraic function, 
though less than it in degree, are infinite in number. 

In division and evolution, the fractions and surds were neglected, because 
there was no place for them. A true notion of division will give the fractions 
and integers which result from the division of one class by another a place 
together. The n surd n™ roots, and in general, the n roots of an algebraical 
equation of the n™ degree will have a place in n classes, connected by the same 
relations as the roots themselves. Some will fall in the integer classes; others 
will form new classes which contain no integers. 


> IL—GrNERAL THEORY or DIVISION. 

Having given a system of integers consisting of primes, their powers and 
products,” the idea of division confines us, in the first instance, to the system. But 
by confining our divisors to that system, the fundamental principles of division 
will permit the consideration of any terms whatever (roots of equations in the 
system) as dividends—the quotients being restricted, of course, not to involve 
the reciprocals of any divisors of the divisor.f The factors of a divisor are the 
partial zeros of its modular system. The reciprocals of these factors are the 
partial infinites; and unless they be excluded from general consideration, any 
quantity whatever can be made to contain the divisor. 

On grouping together as a class all terms which have the same remainder, 
the integral system will fall either into an infinite or a finite number of classes; 
and there isa marked difference between the theory of division in these two 
cases. ' For example, if the number of classes is infinite, the results of division 





* It is necessary for the existence of the first principle that the integers of the system should repeat 
themselves by addition and subtraction ; and for the existence of the third principle that the resolution 
of an integer into products of powers of primes should be possible in only one way. 

t While this notion of division is sufficiently definite so long as the dividend is an integer or a 
fraction, when we introduce irrational dividends, division by a prime say, is not exactly defined without 
regarding 2 root of the prime as a factor of it. The actual exhibition of an integer as a factor of an 
irrational quantity may be practically difficult. Thus, a root of αὐ — 8x + 5 is divisible by 5, a prime of 
the ordinary system, whose only factors are roots of 5; but we can substantiate this only theoretically, 
viz., the product contains 5, and since the square of the difference is relatively prime to 5, one root 
cannot contain 4/5 and the other 4/5. This conception of division which renders it no more difficult, 
theoretically, to consider irrational than rational quantities in the Theory of Numbers, was forced upon 
me, in developing the analogy between equations and congruences. I had defined f—1(a) as a solution 
of f (c) = a mod. k, and shown that its ordinary combinations also held (mod. k); also that f—1 (a-]- Ak) 
was a solution, and gave all the integral solutions. Then defining f—1(a) as imaginary (mod. k), if 
variations of a by Ak gave no integers, I was led to define k times an imaginary quantity as =0 mod. k. 


Vor. VI. 
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between two classes will not, in general, involve integers, the quotients being 
entirely fractional. Only if there exist among relatively prime factors of the 
modulus the relation that 4w + ky = 1 is soluble in integers, may every class 
be thrown into the form (H). As in this case, there exist repetents other than 
zero or unity, the modulus must be a divisor of one or more terms of the form 
αὖ — v, where x is its residue. There is no modular equation of finite degree 
which is satisfied for every integral class and only for such, by means of which 
we may satisfy ourselves whether a root of a given equation determines an 
integral class or not; but if a modular equation be written in the standard form, 
and the solution is integral, the coefficients must be integral, and the solution 
a divisor of the constant term. 

There is yet an unsettled question in the extension of the notion of division 
to any dividend whatever, viz, what is the relation as to divisibility between 
the modulus and any of its roots. In other words, what are the roots of the 
zero class? If we assume them to be the zero class itself, we make no distinction 
between division by an integer and any of its powers or roots. We practically 
group the powers and roots of a prime together, and the assertion that a given 
dividend contains £, merely asserts that it contains some one out of the products 
of the groups which the prime factors of Æ determine. We are only sure, for 
example, if the dividend is integral, that it contains some integral powers of 
these primes. Observe that we have arranged the system of divisors consisting 
of primes, their powers and roots into a system consisting of group primes [ p] 
and their products, the powers and roots of any one of which repeat itself. With 
such a system of divisors it is evident that roots of the zero class are zero; and 
when the modulus is a prime group, the correspondence with the Theory of 
Equations is exact. The more general supposition is that roots of the zero class 
are zeros or partial zeros, so that the modular equation X” = 0 does not have all 
of its roots equal. We thus have the peculiarity of an infinite number of 
partial zeros for a modulus pq’, arranged, however, in a finite number of 
relatively prime groups, [p], [g] ... 

The determination of the arbitrary variable of a function 

J (a) Sa" + aya tt. ta, 
so that f(x) shall be divisible by a given modulus £ is one and the same thing 


with seeking the solutions of the infinite number of equations embraced in the 
modular equation X” + ALX^7! + ...A,=0, where À,,... 4, are the classes 
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with respect to the modulus Æ which are determined by aq,,... «,. For, since 
these equations differ only by algebraic terms which identically contain E, a 
root of any one when substituted in any other, f(x), for example, renders it 
divisible by 5; and if 8 be a quantity which substituted in f(x) renders it 
divisible by &, then β is a root of one of these equations, viz. f(x) — /(8) — 0. 

We now seek the number of classes which satisfy a modular equation of the 
n degree, not by the substitution of n +1 solutions, the result of which has 
been already pointed out, but by a more direct-method. The roots of f(x) 一 0 
determine n classes, X = a + Ak, X, = a, HA kb. On the other hand these 
classes determine a modular equation (.X — X3) .. . (X —.X,) — 0, which includes 
f («) — 0, and an infinite number of equations which differ from it by identical 
multiples of Æ. They are therefore contained in .X* -- A, X "^1 .-... 4, = 0; but 
conversely, 8 being a root of one of these latter equations, it simply renders 
J(B) divisible by Æ, which may be through distribution of the factors of k among 
the terms of the product (8 — 04)... (8 — o) so that not a single factor shall 
contain Æ. The quantity 8 will not then be found among the classes AX, ... Xn 
and the first modular equation will not contain all the equations of the latter. 
We may state the matter in this way: among the equations f(x) + kp (x) = 0, 
certain forms of $ (x) correspond to the equations determined by the roots of 
one, f(x) — 0; and the different sets of such forms correspond to different ways 
of separating the modular equation into linear modular factors. 

As to the possibility of a multiplicity of ways, it depends upon the possibility 
of finding a quantity B which shall be common to two classes αι +2, aa + Aiha, 
where ἦι, ἦι are relatively prime factors of 5; that is to say, upon the possibility 
of the solution of A2, — 5,24, == a, — a4; 24, A, not involving the reciprocals of 
factors in À,, À,. This is possible if h æ — ,y = 1 is soluble in integers; and the 
form (H) then gives the common terms 6 + 24,4, from the arguments consisting 
of any two solutions of the modular equation with respect to ἦι, k as moduli. 
In case, therefore, the system of integers is such that the number of classes 
with respect to any modulus is finite, the solution of modular equations is made 
io depend upon their solution with respect to the relatively prime factors of the 
modulus. 

The number of solutions, as has already been pointed out, is then the 
product of the number of solutions with respect to each relatively prime factor 
of the modulus. The like may be shown.with respect to the resolution of a 
function into modular factors, by an extension of the form (H). Thus, if f(X) 
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denote the modular function determined by f(x) mod. k;, then F(X) = A, 420 
+ a ED + ... mod. 44%... As an example, if A(X) = 4. Β mod. hk, ae 
= C moa. ly (X) 2 (ub (+) | 
= (a+ i Dat Ses X) tod 1s. 


Confining our attention now to powers of primes as moduli, the factors of 
the modulus are its roots; and if these can be distributed among two or more 
factors 8 — a1, B — a, of f (B), which is, as we have seen, the necessary and suffi- 
cient condition that ΓΔ) shall be resoluble into linear modular factors in more 
than one way, then the differences, a, — a, of these factors will also contain a root - 
of the modulus. Therefore the product of all differences, or the discriminant of 
J (x) will contain some root of the modulus. The discriminants of all the equa- 
tions of a modular equation belong of course to the same class, since they are 
rational functions of the coefficients. Therefore, if the discriminant of a modular 
equation is relatively prime to the modulus, it cannot be resolved in more than 
one way into linear factors. On the contrary, if the discriminant contain a factor 
of the modulus, the modular equation is resolvable into linear factors in an 
infinite number of ways. Suppose, for example, that a — a = up^,... 
&;— &,— up", where Yz, y, are quantities greater than zero, arranged, we will 
suppose, in ascending order of magnitude. Then if 6@=a,+Ap*, f (B) = àp" 
(Ap? + us p^)... (Ap + up) @. In ae that p' may be a divisor of 7(β), 
it is evident that à cannot be less than — ην since in making up 7, we must take 
the least exponent ù, y, in each of the cen factors. The suppositions ἡ — y, are 
included in 8 = a,4- Ap*. If 一 fall between y, and y,41, the least value of ἡ 
is the first of the series — 7-1 = j = ;8 25 which falls interes Yo and 31, and the 
same for i,. Notice PN i= 二 if 一 Z4. The values of 8 which render AO) 
divisible by pê are therefore of the forms αι + Ap^-F up’, ... an +H Ap" -+ ur; 
and we call attention to the fact that when the discriminant contains a factor of 
the modulus, n values of 8 whose differences are relatively prime to the modulus 
cannot be found. If we make no distinction between division by the modulus 
and any power or root of it, these forms (which consist of groups of classes 
corresponding to variations of the parameter 2) reduce to members of the classes 


HaTHAWAY: Some Papers on the Theory of Numbers. 325 


determined by a,,...a,, of which those determined by the cognate roots αι... αν, 
for example, are equal. The modular equation is then resolvable into linear 
factors in only one way, and involves equal factors. 
This notion of division, which it is useful to introduce when considering 
a function with respect to those exceptional divisors of it which are divisors of 
its discriminant, does not determine the actual divisor to be γ΄, but, as already 
pointed out, only locates it among the group [p], consisting of the powers and 
roots of p. Such an hypothetical division leads, however, to certain definite 
results with regard to actual division by p. Namely: (1) in the determination 
of the integer classes which render f(x) divisible by some p*, we are sure that 
the integers of those classes render it divisible by p; (2) in establishing that one 
algebraic function divides another for some p* as modulus, we are sure that a 
will be at least = 1, for, we may proceed by actual division with respect to 
the modulus p until we get a residue of the divisor, which must identically 
contain some p*, and therefore p, since the coefficients are integral. 
The general method for determining whether or not the class pertaining to 
a given quantity is integral, is to substitute it in the one or more modular equa- 
tions whose solutions are known to be integral, and which include among their 
solutions every integral class. 
The number of integer residues of a prime modulus p being x, we have 
such a modular equation in 
A"— X = 0 (mod. p). . (P) 
For, excluding the zero class, the remaining classes satisfy X"~'= 1, since they 
form a cycle; and the differences of all the classes being relatively prime to p, 
so is the discriminant of (P). The integral classes are therefore the complete 
solutions of (P). 
With respect to μ΄ as modulus, we have a set of such modular equations, 
X"— X= Rp (mod. p’) (R) 
where E is an integral class (mod. p—1). For, by (P), every integer satisfies an 
equation of the form «"—z= rp, and therefore every integral class (mod. p*) 
satisfies one or other of the modular equations (2) determined by these equa- 
tions. Also, each modular equation (R) has only x solutions, since its discrimi- 
nant is relatively prime to p; and the whole number of such modular equations 
is z/7— the number of ways of filling Mp ?+ ... Άι with residues of p. 
The z^ integral classes are therefore the complete solutions of (R). 


^ 
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Since the integers, if any, which render f(x) divisible by pt are obtained, 
if the discriminant is relatively prime to p, by adding multiples of γ' to the roots 
of f(x) = 0, the substitution of these roots in the modular equations (A) deter- 
mines whether this is possible. If, however, the discriminant contains p, such 
integers may be obtained by adding to some of the roots multiples of less powers 
of p; for example, by adding to one of the cognate roots αι, .. .or multiples of 


i . . 1 . . 
p^, where ἡ has a least value less than ? and Bum This renders it necessary to 


consider the possibility of a quantity αι becoming an integer by the addition of 
(restrictedly) a multiple of a fractional power of p. 

This is possible only when o; is one of a set of cognate roots of an irre- 
ducible integral equation whose discriminant contains p. For, if an integer 
B — «+ Ἄγ", then (B) = Ap* (Ap* -Fa4— 05) . . . (Ap*-++ αι — an); and contains 
restrictedly p*, if À, a;—a,.,...0,— a, are each relatively prime to p; while, 
since /(@) is rational, this must be an integral power of p. By application of 
the same principle that f(x) is a (permissible mod. p) rational function of x, 
various restrictions upon the possible values of a may be obtained upon the 
supposition that αι... a, is a set of cognate roots. 

À striking restriction is that a fractional value of α is its maximum limit. 
For, if «+ up" = integer ( >a = fraction), then the difference up” — Ap* = 
integer, which is therefore divisible by some power of p between o and a; but 
this is impossible, since A is relatively prime to p. Thus, for example, if the 
roots of f(x) = 0 become integers by additions of fractional powers of a divisor, 
p, of its discriminant, f(x) will not be rationally divisible by unlimited powers 
of p; for we have simply to take ¢ great enough so that i,,...%, are greater 
than these fractional powers, in order to determine a power pt which is not such 
a divisor. 

It is not necessary, however, that a should take a fractional value in order 
to have a maximum; for, œ being an integer, the variations of À by integer 
additions give all integers o? the form ϐ + πρι and if we can determine the 
integer n so that A +72 = M[p] and so increase a, À pertains to an integral class 
mod. [p]. Therefore we can form from an integer 8, and a non-integral quan- 
tity 4, mod. [p], quantities a; =  — Ap": such that the integer n; is a maximum 
value of a. 

The quantities Ap* which added to the roots of f(x) — 0 give an integer B are 
given by the integral equation /(8 — Ap") — 0. On removing from this the 
factors p, the coefficients of powers of À greater than the »*'" must contain p, 


HATHAWAY: Some Papers on the Theory of Numbers. 327 
since the n — r solutions of À corresponding to the roots outside the cognate set 
must be partial infinites (mod. p). Also similarly, as many of the coefficients 
of powers of à which are zr will contain p as there are roots in the cognate set 
whose maximum powers of p for additions of which they become = B are <a. 
The remaining values of 2 (mod. [p]) are obtained from the equation which 
results from dropping such coefficients; and according as a solution is or is not 
integral mod. [p] can « be increased or not for a corresponding root of the 
cognate set. A particular case is r= 1; when the resulting equation is linear, 
and has always integral solutions. In other words, if f(x) is rationally divisible . 
by p, corresponding to a root of f(x) = 0 which has no cognates, mod. [p], it is 
rationally divisible by unlimited- powers of p, corresponding to that root. 

In order that a quantity may become an integer by additions of some 
power of p, it is necessary and sufficient that it should satisfy (P) —0 mod. [p]. 
This modular equation may be replaced by an infinite series with respect to the 
modulus p, viz.: X"— X” = 0 mod. p. (Py). 

Since we can fill the form for the residues of pi in x’~1(a— 1) ways so as xo be 
relatively prime to p, this is the modular equation which is satisfied (mod. p*) by 
every integral class ;* but its discriminant, therefore, contains p. In fact, from 
the distributive property of the power x over a sum or difference (mod. p) 


P,= Pr (mod. p). All solutions of (P) are therefore of the form 8 + Ap" 
where β is an integer; which includes, primitively, all quantities which can 


become integers by additions of p*, a lying between i and a The solu- 


tions of (P,) include the cases «7 1. l 
We may illustrate the preceding theory by the determination of the divisors 

of the cyclotomic functions. Take, for example, f(x) = a — αὖ — a? — 90 + 4, 
whose roots are $ (p) = p + pf + p", p being a primitive 21st root of unity. The 
powers of p for which @(p) remains unchanged, which necessarily form a cycle 
mod. 21,are 1, 4, 16. Ifa prime p is a divisor, @(p) must satisfy «7 = mod. p; 
or since the power p is distributive mod. p, and the coefficients of $ integral, 

$ (p?) = 9 (p) mod. p. (1) 
The first member becomes identically the second if p=1, 4, 16, mod. 21; which 
determines forms of primes which are divisors of aí— a?— a?— 39 + 4, for 


* The form of this modular equation (mod. p’) shows that any set of incongruous classes (mod. p), 
raised to the '~? power, are the solutions of (P) —0 (mod. p). If in the latter so resolved into linear 


factors, we substitute X 77 for X, we obtain a resolution of (P,) mod. p' into its non-cognate modular 
factors. | 
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integral or (permissible) fractional values of œ. For a prime p which is relatively 
prime to 21, and not one of these forms (zz 1, 4, 16, mod. 21), the first member 
of (1) is some root of the cyclotomic different from the second member; and if 
the congruence subsists, p is a divisor of the discriminant of f(a). Conversely, 

for a divisor p of the discriminant of f(x), this congruence subsists mod. [p], - 
but not necessarily mod. ». To obtain the primes, fractional powers of which 
<1 are added to the roots to make them integers, we seek the primitive 
solutions of «7 — %? ΞΕΘ mod. p. The solutions can only be primitive 
when p is a divisor of the index 21. The value of à — 1 is the power of p 





st 
which is contained in the index ; and 9?" is a primitive ( =i) root of unity = fn. 
Thus if $ (c2) zz $ (p) mod. p is satisfied, p is a divisor of f(x). Whence either 
ΦΞΕΙ, 4, 16, mod. 


corresponding to (p). We have evidently $(p)zz$(p:) mod. p, so that the 
cyclotomic corresponding to the first member is a power = ^ of the cyclotomic 
corresponding to the second; and its roots are made integral by additions of a 
multiple of ρ΄; where a is some quantity conditioned by the inequality. Thus 


——, or p is a divisor of the discriminant of the cyclotomic 


h 
example, f(x) is divisible by 7, but not by 7°. 

The problem of the determination of the divisors of a function may be 
generalized, if instead of seeking the moduli for which.a given function has a 
rational linear factor, we seek the orders of the rational modular divisors of a 
function with respect to a given modulus y. This more general pe we 
` shall consider hereafter. 

An important property of the z^ power is that it is distributive Gni p) 
over a sum or difference. For, À and X being integral classes, so is A + X, so 
that (A+ Xy z A 4- X — A + X"; therefore, the modular equation of (x-1}# 
degree, (A+ XY =A" + X" is ai since it has x solutions (the integral 
classes) whose differences are relatively prime to the modulus. | 

This result leads to the conclusion that any system of integers such that the 
residues of a finite integer are finite in number consists of a factoring of ordinary 
integers ;* Zor any prime p of such a system is contained in the ordinary binomial 
z(z— 1) 

13-7 
in the ordinary integer which represents the number of its residues. The number 


1 NE 
no power of p greater than A* Ep prm can be a divisor of f(x). For 


coefficients x, , and it readily follows that any integer is contained 











* Ordinary integers are included in any system in the sense of representing repetitions of the unit 
of the system. 
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of residues of an integer may be called its norm; from which definition follows 
the property that the norm of a product is the product of the norms of the factors. 
We shall call the least ordinary integer which contains a given integer, its subnorm; 
from which definition follow the properties: The subnorm of a prime is an 
ordinary prime; of a power of a prime, an ordinary prime or a power of it; 
of a product, the least common multiple of the subnorms of the relatively prime 
factors. An ordinary prime is the subnorm of any of its factors. Those residues 
of a modulus which can be expressed as ordinary integers are precisely the 
ordinary residues of its subnorm. If a power n is distributive with respect to a 
n.n— 1 
4.3 
the modulus. Hence, if we assume it as a property of these binomial coefficients, 
that they can have no ordinary common factor except a prime when n is a power 
of that prime, then, if, and only if the modulus is a factor of an ordinary prime 
wil there exist distributive powers with respect to it, viz., the ordinary prime 
and its powers only. This theorem may be otherwise obtained as follows: 
Firstly, n being a distributive power, it contains the modulus. The imme- 
diate consequence is that the discriminant (n — 1)"~' of X*— X is relatively 
prime to the modulus. Secondly, n being a distributive power, the solutions of 
A” — X= 0 repeat themselves by addition—e. g, (4+ BY = A^ + Β'-- A+B. 
These conditions are sufficient, since we then have, with respect to each relatively 
prime factor (pf) of” the: modulus as modulus, the identity (1-+X)"= 1+ X", 
4. €, it is- satisfied by ‘the’ n solutions of ἃ”... X — 0 whose differences are 
relatively. prime. to the modulus. Now, any ordinary residue of the subnorm of 
p'isa Solution. (mod. pt), viz, 14d-14-...- A; whence the subnorm must be 
an or divini: prime v, since otherwise differences of the residues of v would contain 
the prime factor of v, and therefore the prime p.' Again, each solution (mod. p°) 
excepting zero, is relatively prime to ρ΄, and therefore its repetition gives rise to 
as many different solutions as there are ordinary integer residues of the subnorm 
v; and if 1, _X,,...X, be a complete set of linearly independent solutions, any 
solution may be thrown in only one way into the form 4,4+2,X,+...2,%,, 
where 4,,... A, are ordinary residues of v. The whole number of solutions is 
therefore »° = n ; an equality which can only be possible for each relatively prime 
factor of the modulus when all have the same subnorm v. Finally, if the subnorm 
of the modulus is an ordinary prime v, then v itself satisfies the two conditions of 


a distributive power; and as a consequence »* is a distributive power. 
Vor. VI. 


modulus, the binomial coefficients n, ,... must contain the subnorm of 
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As we have seen, the norm of a prime modulus is a distributive power, and 
it is therefore a power of the subnorm. The preceding demonstration also shows, 
if »/— n, that f represents the number of linearly independent residues of p. 
We shall use the term degree, in general, to signify the number of linearly 
independent residues. Depending upon the distributive property of the subnorm 
v, is the proposition that if the degree of p is >1 there exist no primitive 
integral solutions of (Y"— X“ = 0 mod. p. For, a being an integer, we have 
successively, a" — a + Mp, a” = a’ + Mp’,... a7 — a - Mp’, so ‘that every 
integral class satisfies a modular equation JX""^— X"^'— 0 (mod. pt) of less 
degree than that of the first modular equation, if x 7». Primitive solutions of 
this latter equation always exist in the special case i= 2, viz, a+ Bp, B being 
relatively prime to p and a a primitive solution (including zero) for $= 1. Ifv 
does not contain a power of p, primitive solutions always exist, namely, those 
for p. If, however, the multiplicity of p in v is 7 1, every integral class satisfies 
(£72) a modular equation of this same form, of degree av’, s«C6 — 1, for 
which primitive solutions exist. In the case a= v, p being contained but once 
in v, the residues of p' are ordinary integers, and the primitive solutions are 
identical with those for »*. The number of primitive solutions is in the several 
cases z^ (z— 1)fr(x—1)+1}. The symbol v coincides with the “totient of” 
except for n= 2/, when there are no primitive solutions which are relatively 
prime to p unless the degree of the corresponding modular equation be still 
further reduced. 


[πο BE CONTINUED. ] 


Proof of a Theorem in Partitions. 


By MORGAN JENKINS, London. 


In the American Journal of Mathematics, Vol. V, No. 3, p. 257, Professor 
Sylvester states that the following theorem, although confirmed by a multitude 
of instances, remains to be proved: 

If a square matrix, M, of the j™ order be formed in which the elements 
of a diagonal (say of the diagonal which descends from left to right) are all 
i-F 1, the elements below the diagonal all unity, and those above the diagonal 
all zeros; and if all possible sets of g rows of this matrix be added together, 
and the series so formed be added to all possible regularized partitions of content 
‘less than n so as to produce a partition, not necessarily regularized, of content n; 

then the number of times such partition of content n will appear, variously 
arranged, in P,, that is in the table formed as above by the addition of the sums 
—1)(24—2)...(u—9--1) 

1.9.8...q 

number of different elements in the given partition of content n which are 
greater than ?. The proof here offered depends on the consideration of the 
nature of the series formed from the matrix 24, and on reversing the order of 
construction the series obtained from JM, are of the form 

29q -..(6-- g)g— 1, q— 1... (i -- q — 1)... (++ 1), Ib, b, ιν. ($4 - c) εν. (94-1) 0, 0. 
The elements + g, i+ q— 1,...24- 1 must be in descending order of mag- 
nitude; but there is nothing to prevent g being greater than ὁ; the number of 
elements in, or the extent of the series is 7; the elements, if any, between 
à + k + 1 and ἡ + % must be =k; but there may be none such: so the 
elements, if any, to the left of ä + 9 must be g, and the zeros, if any, must be 
to the right of 4 + 1. 

Now take a given partition of content n and extent 7; if we select g 
elements greater than 7, but containing repetitions, no regularized partition cor- 





of q rows, will be ,C, or po ways, where μ is the 


1 
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responding to these g elements can be obtained, because on subtracting the 
sequence i+q,i+q—1,...¢4-+ 1 from these q elements the remainder would 
not be regularized ; but if the given partition contain u different elements greater 
than 1, and we select any g of these and ask what must be the mode or modes 
of arranging the elements of the given partition in order that, after subtracting 
from it a g-series, derived as above (the elements 1+ 9, i +q—1,.-.i+1 
being subtracted from the selected g elements) the remainder may be a regular- 
ized partition of content less than n, the answer is there is one and only one 
mode of so arranging the given partition: also there is only one possible subtra- 
hend and one regularized partition of content less than n corresponding to these 
q elements. 

An example will show the mode of arrangement and will lead to the proof. 
Let 16, 14, 13, 12, 11, 11, 9, 8, 8, 6, 5, 5, 4, 8, 3, 2, 0, 0 be the given partition, 
n being = 130, J= 18; let i= 3, then u= 10; let q= 5, and the five selected 
elements be 12, 11, 9, 8, 5; then the elements t+ 9, îi+q—1,...i+1 are 
8, 7, 6, 6, 4; and they must be arranged in descending order; for otherwise the 
remainders would be unregularized, that is, not in descending order of magnitude. 

Again write in descending order the remaining elements of the minuend, 
viz. 16, 14, 13, 11,[8,]6,|5,|4, 3, 3, 2,|0, 0; and it will be found that they must 
be divided as marked: the 0, 0 must be placed to the right of the 5 in the whole 
minuend, the 4, 3, 8, 2 between the 8 and the 5; and so on, as indicated below 


党 * 党 + 党 
16, 14, 18, 11, 12, 8, 11, 6, 9, 5, 8, 4, 3, 3, 2, 5, 0, 0 
5, 5, 5, 5, 8, 4, 7, 8, 6, 2, 5, 1, 1, 1, 1, 4, 0, 0 
11, 9, 8, 6 44, 4, 8, 3, 8, 8, 8, 2, 2, 1, 1, 0, 0 





The 5 selected elements in the minuend and the corresponding remainders 
are marked with a star: the 2 in the minuend cannot be placed to the right of 


党 
the 5; for then on subtracting 0 from 2 the remainder 2 would come to the right 
* 
of 1, producing an irregularity : 4 in the minuend must come to the right of 8; 


* 
for if it came to the left 2 or more from 4 would leave 2 or less coming to the 
left of 8; producing an irregularity: thus it may be shown that 4, 3, 3, 2 must 
» 
come between 8 and & &, and, if so, then in descending order, because, when equal 


l's are subtracted, the remainders are to be regularized; and so on for the 
remaining sets. 
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Similarly in other cases after subtracting à +g, i+q—1,...i+ 1, respect- 
ively, from the g selected elements arranged in descending order, we must arrange 
the remaining 7— q elements in descending order, then divide them into g + 1 
sets (some sets possibly containing no elements) and place the g-+1™ sei in 
descending order to the right of i+ 1, the g™ set between à + 2 and 4 + 1, and 
so on ; the 1st set from the left being to the left of 4 + q. 

If Q,,.1 and Q, are the elements from which i -+ 4+ 1 and à + k% respect- 
ively, are subtracted, then any other element m of the ÿ—q elements will be 
placed between Q,,; and Q, if MZ Qi41— (à + 1) and S Q, — (i+ 4), that is 
if m is between Q,,,—4-——1 and Q,— or equal to either of them: any 
element which is < Q, —? going to the right of Q, and any element which is 
> Q—1?— 1 going to the left of Ωρ. 

The desired result now follows; for to every selection of g different elements 
there is one and only one arrangement of the partition of content » appearing 
in the table P,: also there is no arrangement.of the given partition corresponding 
to a selection.of.g elements containing repetitions, that is, in which i+q, 
t+q—-1,...%+1 are subtracted from those elements. Hence the given par- 
tition will appear , C, times in the table P,. 


Further List of Corrections suggested by M. Jenkins to 
Prof. Sylvester’s Constructive Theory of Partitions. 


AMERICAN JOURNAL or MATHEMATIOS, Vou. V, Nos. 3 AND 4. 








Vol. V, No. 8, p. 255, 8 lines from end, 2n — (i + 3) should be n — (i + 3). 
Page 256, between 2d and 3d rows of sinister table insert 13.2.0 


£t 


T 


it 


261, 


263, 


[11 


265, 
270, 


[11 


272, 


[11 


274, 


275, 


276, 


u 


ít 


" παπά δα “ “ « wo 318.9 
in 6th row of dexter table, for 8.4.3(2) write 8.4.3(1). 
line 11 from the end, interchange prótraction and contraction so as to 
read “contraction could not now be applied to A’ and Β' nor protraction 
to C'.? 
line 21. If /(c)- (1—«)(1-—29)1 — 2)(1 — ο) — x), for the 
second αὖ read αὖ, 3 
line 25, for ‘latter’ read ‘former’. 
line 29, for /* read ἐλ. 
line 11, for 1 + 2 read i+ 2. 


line 12, for 1+ 2 read αὶ + 2. 


Sli Pd 
line 7, for Xo? ? read X36 Y 


ine 14, for ‘the minimum negative residue of à — 1’ read ὁ +1 1. 
gin in 4-3) αλ 
line 8 from end, for 一 一 一 一 read ————-- 
1—a” 1--ω 
line 9, for ‘to the 5th now’ read ‘to the 5th row now.’ 
line 21, for 15, 7, 3 read 13, 11, 3. 
line 22, for (1 D τμ X1 — ax?) . ες read (1 + ax)(1 + aa’)... 
(1 + eor. 


line 24, for x 








v 
τα read ; πα. 
1—z 


line 25, for <a whose nodes contain ἡ nodes’ read whose sides. 
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Page 277, line 9, for ‘with j — i or fewer parts’ read j — 1. 


e 


1— git, 1 — git 
1—351-—23! 1—1 — ᾿ Lai 7 


e 


1— a+! 1 wrtl1 get? 
line 14, for 1 + 于 一 十 -一 二 一 二 gt! ete, 
一 如 1—2.1— 


1— 9-1, — a 
1—1 — a 


read g” ας a geti wett ete, 


If in the expression in line 11, viz. in 
1— giit 1 βία), 1 — gie 





j1—2 -- δὲ Nm : 
Tq T οὐ 5, we put j — 3 we obtain 


1— gi, 1 .αϑέ--4 1--ω5-1,.1---ω"τὸ 
D 94 — 





gts gett 


since o = 2; — 1, and similarly for other terms when we put f = 2 and j= 1. 


The correction which I offer seems to me to be right, and the expression in 


the paper to give a wrong result in the case when n happens to be equal to o + 2: 
for then the number of parts being supposed to be exactly $4, the first bend 
contains 26 — 1 or o nodes, and there is then no way of placing the remaining 
2 nodes so as to make the partition a conjugate partition—supposing I- have noi 
misunderstood the artitle. . 

Page 278, line 13, for 19, 7, 6, 6 read 10, 7, 6, 6. 

279, figure, either insert a nodé at junction of 5th column and 7th row or 


[11 
^ 


280, line 5 from end, after 


remove a node from junction of 7th column and 5th row. 
lines 6 and 7, if we remove a node from the figure no change is 
required in these two lines; but if we insert a node in the figure 
then 11 11 11 7 3 3 should be 11 11 11 7 5 3and 5 5 53 1 1 
‘should be 5 5 5 3 2 1. 

1 
1—az.1—az’,..1 





mr insert ‘or of a^a? 


. 283, line 3, for a? read af. 


[11 


line 4, for (x° + axl°}? read (x° + αὖ”). 


285, line 1, for m rada Of el. 


εί 


[r1 


2 


line 6 from end omitting notes, for o^ read œ”. 
line 7, for 2+! read g” +e, 


288, a, — 1 is, I believe, the right final term; but it appears as if it were 


the first of a pair instead of the last of a pair, a, — i being a quantity 
which may vanish. 
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If the pair of expressions which in the text precede a, — à, if definitely 

expressed and not left to be understood, should be. | 

Luis + 041 — (2i — 3)] ， [aii + a» — (21 — 2)], 
and not as in the text [ai + @—1— (22 — 1)], [ti + a, — 34], 
the factor which should precede a; — à is [αι + αι — (2i — 1)]. 

I do not quite follow the first 5 lines of p. 289 (in No. 4), possibly from the 
oversight in the subscripts I do not see what is intended. But in seems to me 
the following proof would be right : 

The expressions of the same form succeeding a; + a,— 1 and a; + a, — 2 
must be continued so long as they are positive, and must be rejected when they 
become negative. » 

Now from the fact of % being the content of the side of the square belonging 
to the transverse graph q, = or 7 ἡ, a,;= or 7» 4, therefore a; + a; — (26 — 1) is 
positive and is therefore one of the terms of the series. Also a;j,,— or< i 
and a, ,., = or <7, therefore a41 a; 41—— (26 + 1) is negative and must conse- 
quently be rejected. 

The intermediate expression is αι + o4 ,,— 2i; and for this we may in all 
cases put a; — ὁ as the :ast term of the series for the following reason : 

If the extreme inside bend have more than one node in the row, then αι μι 
= and a, + oi 9$ is = a, — à, which is not negative since a,— or >t. If 
the extreme inside berd degenerate, so that it consists only of a vertical line 
or of a single point, then a= 2; and since «;,,,< 4 in this case, therefore 
a; + &,,1— 26 is negative and inadmissible as a term in the series; but since 
a; — i= 0 there is no harm in putting it as the final term in the series, 


Vor. V, No. 2, ON SURINVARIANTS, i. e. SEMI-INVARIANTS TO BINARY QUANTICS 
OF AN UNLIMITED ORDER. 


Page 114, last line, for 3100 read 3110. 


b 


On Theta-Functions with Complex Characteristics. 


By Tuomas Craic, Johns Hopkins University. 


Prym in his memoir “ Untersuchungen über die Riemann’sche Thetaformel 
und die Riemann’sche Charakteristikentheorie” considers characteristics 
(f Jee ο) 
faha... hy : 
where the quantities g, A are any constants instead of being as usual integers. 
If the quantities g and À are rational fractions with a common denominator, say 
7, then it is shown that there are in all 7» different functions.  Krazer in his 
Habilitationsschrift considers the problem of finding the relations connecting 
these ο” different theta-functions, limiting himself however to the case of p — 1, 
r= 38. In what follows I have just begun a study of the theta-functions corres- 
ponding to the case of a characteristic made up of complex quantities. I have 
called the functions Æ-functions to distinguish them from the ordinary theta- 
functions when the characteristic is made up of integers. 
The theta-function of p variables is defined by the equation 
bis Lh oss meh, nyd-h...n L 
hoe) a= on (Ta BTL BER) 
where 
C id i . i so 2 zut h, mth... Np +4’ 
+ επ (m+ οι + aq) + -.. + (M+ (RICA +2,)} 


and (+) denotes the constants 


Hy lg yg + + + Ulp 
(53053 + + - αρ 
Ωρα ee O35 

App 


It will be understood of course that aps = «,,. 
In the case of the theta-functions the characteristic 


i. bb) 
ee eee Se 


Vou. VI. 
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may be made up of positive or negative integers, but, as a matter of fact, 7 and X 
are always made equal to either zero or unity. In what follows I propose to 
examine the functions for which 7, À are complex quantities, say 


l= a, + ib, 

A, = EXE ia + ibr, d 
and particularly the cases when a, b, ἃ, 8 take the values zero and unity, and 
‘also when a, + ib, and à, + 16, 


are conjugate complex quantities. I will denote the functions under sence ation 
by the symbol Æ, that is 
uc aoe n mth... n t? 

1. x rd Jo. ον... Up) = X exp. Goes Ἔ EN ae 

It will be understood in all that follows, when the symbol Æ is used, that 
the letters 7 and 2 denote complex quantities, and when 3 is used that they 
denote positive or negative integers, or, as usual, simply zero and unity. The 
convergency of the Æ-functions is secured as in the case of the S-functions: 
"the parameters α,, may be real or imaginary, but they must be such that 
reducing each of them to its real part the resulting function (+fn,, ng... np} is 
invariable in its sign, and negative for all real values of n,".* I will assume at 
once that α,, br, α,, 9, = 0 or 1; the total number of E-functions is now easily 
found. Denote by (a, a) the entire set of ws and os, and by (b, B) the entire 
set of Ds and fs. Assume first that (b, 8) — 0 and give (a, α) all possible values 
made up of 0 and 1; we have then 2”, or 4” functions. Now give (b, ϐ) all 
possible values made up of zero and unity, while (a, α)Ξξ 0, and we have again 
4? functions, so that finally we have as the total number of &-functions (4?) or 
4», Thus the total number of p-tuple E-functions is equal to the square of the 
total number of 3-funetions. For example: 


Total number cf &-functions. Tota) number of E-funetions. 
PER T aers MTS, Le Ὁ, En dE te es oe E 16 
pu cc 16 ys er he at a e en tone Ὁ ο. 556 
TSB sans 64 iue -ᾱ- tie ae à. wu 4096 
p=4...256 uo coe d ah ys Vel aw, sf. ae . 65586 
QU Sy BM. pou rue me Ge a de À ἃ ete. 
ος DNS SOP a -ῳ - Sa «ἂν οὐ ah οἷ. 4 29. 





* A Memoir on the Single and Double Theta-Functions, by A. Cayley (page 899), Phil. Trans., 1880, 


* 


Craig: On Theta-Functions with Complex Characteristics. 339 
For the M of p = 1 the E-characteristics are as follows: 
(0 (Ὁ Ὁ 
: ECHO η 
GO ἄν Gao 
GG es) GFD 


In order to form the characteristics for the case of p — 2 we have only to 
combine the following two tables, the first of which corresponds to (5, β) — 0, 
and the second to (a, a) = 0, 











«los 











eo oe | eo 
Hoj meS; ooj oo 


0 
0 
0 
0 
0 
1 . 
0 
1 


ao wool5o|oo 
pee | maj OM | orn 
BHI om Re | Or 
Her | κεπι] OM] om 
-co|oo|-€o|co 
ec|eoilooj|oo 
ao] oo| >o] oco 
os 


1 
0 
1 
i 
1 
0 
1 
1 





We have then for the Æ characteristics in the case of p = 2 the following table: 


' 
n 


v 


















































































































































































































































ob ?十 [| HET REL e+e tr att iles τ HT (| HET 1 leet τ EH) TM] τ MH I mH | T I I I I I 

ΕΤ MED] BT T ESRI) T Y ΠΕΙ MMM I TET] τ τ rhi I I att) P Tt (Ate ΣΕΤ TI τ ΕΠ 

?十 T OEE | OFT 1-ΓΤ | OEE 2-ΓΤ OE OEE] +E OT [351 I (RED | ?+TT Teer] τη ET tate] τ I I τ I YT 

247 2 | 111 0 τ 2 T 0 |I? [111 0 T 3 T 0 |HI TO T 2 το {ΕΙ 0 τ 4 

2T ?十 T SET GET | EI 1-1 2+ 1-Τ| ΕΙ T OU τ |ῬΕΙ T of eet τ tT ?HT Lil τη] t ett I t OI 

2 ott] 2 I 0 24:1] ο T 2 ST) 2 T 071 ο F 2H) 1 I 0 Hj ο I .0 HE 

HL ?十 IT ?二 IT HBI CRT TD (HT EL IT 2A I TH) 14A) TL HT] 122» I I I 

2 2 2 0 | 0 2 2 ? 0 0 2 0 0 2 2 ;0 | 0 ? | © 0 ο | 0 2 
Ho? | eT 1 ΕΙ 0 12ο | 247 0 HOO 下 2 T 2 τ 4 I 2 0 T 
2 十 T ?十 T | 21 I 2 十 T ?十 [| ?二 ET OI Tet] τ IY feb Hr] ett OI τ ΤΕΙ TT TL} 1 
ML |1{τ 1 | eT 2 +t 0 11 0 [1110 | ttt 0 τ 2 I 2 τ 2 T 2? 0 I 
{ΕΙ 2 |2H 0 T EL 2 [att 0 τ 4 I0 |I? | 241 0 I 2 το 0 |I 
abt 2 | 2151 2 1851 0 | BD 0 [24140 2-0 T 2 Io? I 2 I 2 0 T 
2 HF) 2 I 2 EI) 2 I 01! ο I 3 111) 2 1 0 ?HI 0 I r] 0 
ΜΕΣ ΤΕΕ 3 PET 0 Ίο [1510 | HET 0 t 3 Io? IU τ: 0 D 
0 7 2 0 0 2 2 ? 0 0 2 0 0 2 2 0 0 2 0 0 0 0 

2 ΕΙ 2 MEI] 2 2 T ? .T ?OI à TI 0 I| 0 MFT! ο I| 0 HHT I 
2 十 T ?十 T | EIL Τ᾽ I 2 十 T 2-1 | GEI T. Tote} T Tt pete et) CEP I THI 1 F I 

?orbr| cor 2 ? [I 2. 1 2 T ? I 01] O0 FT] 0 HEIL] 0 ?十 f E. 0 T 

HT 2 IO 1 ΓΙ 2 ΓΙ 0 t 2 T ο | tr 2 2A 0 T 2 T 0 0 Ie 4 

f| 1 att] c pilsrleslss om ol osr| om t+] 0 7 

2 HT) et 0 ΕΙ 9 T 9211] ο I HI) 2 1 0 ντ] ο I I 0 ΕΙ 

2 ott} 2 ΑΕΕ 2 2 I 2 I 2 T ? [I 0 ?二 T ο FET] 0 HE) 0 ΡΈΕΙ H 0 1 

4 2 ? 0 0 ? 2 2 0 0 2 0 0 2 2 2 0 0 2 0 0 0 0 2 
? 0 ? 0 2 0 | ο 0 2 0 2 0 5 0 2 0 0 
?十 T 115Τ HM I ΓΗ] τ ΜΕ ORBI I τ 211] I 1 I I 

? 0 2 0 ? 0 + 0 0 4 0 2 0 2 0 ? 0 0 0 

241 2 | tHE 0 τ 4 I0 +A 2 | 241 0 T 2 τ 0 0 Lor 

"2 0 2 0 2 0 + 0 0 2 0 2 0 2 ϱ 2 0 0 0 

? HI) 1 1 0 HT) ο τ 2 ΡΤ! 2 I 0 21! ο 1 I 0 M 

? 0 ? 0 2 0 2 0 0 2 0 2 0 2 0 2 0 0 0 

2 34 2 0 0 2 0 0 2 2 ? 0 0. 2 0 0 0 ϱ 2 
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If the elements of the characteristics are conjugate imaginaries, that is, if 
we have α, | ib, = a,— ib,, the total number of Æ-functions for any given 
number of arguments is equal to the total number of theta-functions for the 
same number of arguments, 1. ο. in the case of p-tuple functions if the character- 
istic is αι + ibi, az + thy... dy + ib, 

a — tbi; ines es ,ap 一 和 
(where a, b take the values zero and unity), we have 4? E-functions. For p= 1 
the characteristics are ᾽ 


da (DO CO GHD) 
μι 
τ᾽ 
Ce Ct 


Ge in) 


If in the function = ( τ τ 
Ey (v) 7—=1, 2,...%, 


we change J, into |, + 2y,, where y, is an integer, there will obviously be no 
change in the value of the function. If, however, we change 2, into A,-+ 2z,, 
where x, is again an integer, we shall have as the new linear term in the expo- 
nential à πῖ § (yb A) + λι + Bay) +... + (τρ + bp) (Up + Ay + 22) ἐν 
which differs from the original term by the quantity 

NEN, Gy + male, T=1,2,...p. 
The term nin, œ, is, since n is even, an even multiple of πὶ and so produces no 
change in the value of the function; the second term miðl æ, causes the function 
to be multiplied by the factor (—)****, that is, we have 


* 人 十 94 T ROME PE Dr heme A 
7. BC T arem CORE ο; 
since = a, 4- ib, — , say, αἱ οὐ", this may be written 
条 和 2 r — wr Ar clon l 
s. BAS T M) o C2 REY. 


On the assumption that æ and b are each either zero or unity the modulus of 7 
is either 0, 1, or 4/2, so that in the sum δα, A,e* each term is either 0, xe or 
€&A/26*, and therefore the factor (—yera tt in the preceding equation takes in 
all 2? forms; these are not all distinct and only one of them makes the factor . 
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= 1, viz. when all the moduli A are = 0. Since the four possible moduli of 7 
are A=0, 1, 1, 4/2, it would appear that the total number of independent 
values taken by Σα, A,e is equal to 37. Among these 3? quantities a certain 
number would seem zo be repeated two or more (always an even number) of 
times to make up the 2” values of Σα, 4ο, It is easy to see that the total 
number of values of this quantity which do not seem to be repeated is equal to 
32—?, 2 (for pz 2), and so the total number of values which are repeated is 

37 — g»—? gà = 3»—2 (33 — 99) = 5.82. 

The moduli having the above values it is easy to see what the corresponding 
arguments are, and so to show that the above conclusions do not hold. Take 
` the element 7, = a +ib. This may also be written ¿= Ae’; suppose now that 
a= 0 and b= 0, then À = 0 and 9 is indeterminate, but since in this case the 
Suppose next that 
0 and b — 1 


term «Ae vanishes, it is unnecessary to consider @ at all. 
b= 0 and a = 1, then we have at once $ — 0, op 22; now let a= 


and we have = Fi finally if a = 1 and b = 1 we find 9 = +. 


Take as illustration the case of the double E-functions where the character- 
istic is hd τς + ib; a + ο) | 
λι λον αι + 61 oo 十 1B. 
the quantity to be examined is 
(ette, say (—)% 
now A takes 16 values, these are 


laco iim ja terne 

xo er 1.0/3 = = Ἵν η 

pan ή, ae i ont a c 

[ez n=O}, 1.84- m. 1,0 gms het p ad 
ey amores [Sz T Fag fete hear 

laco ja 和 

[aco moet [nz tih D usa 

ur P olav? e fq gy. 1.e 5 εί ο A/3.e ipani. 2e 


a" 


Orare: On Theta-Functions with Complex Characteristics. 343 


or, 0, Las Ν ἴοι, as (1 +i), 
"E Wy y+ 25, 2, + ta, οι + αὐ(1 + ὁ), 
μπα ty, : tay +a, ‘ty + ta, tary + 2 (1 + Ὁ, f 


alti, m (1-3) do as, mm (1o 9) +, m (LE) S oU 
The entire 16 values of R are all different, the one from the other, and also, in 
the general case, the entire 2? values are all different, one from the other. 
From these values of E we have, since (—)'— 67", 


f 1 D (一 和 g ο, (一 )”. gom, Ὶ 
μμ ον Os our pren, 
E ( ) AIT ο n (—». gm, &^ (91 -ᾱ- 24) E (—)*. e^ (2, + οφ) τ 


(—)". eat (—)™ + 29) η (— y. σ- (ay σα) E (—)^ Ho), et ++ a) π᾿ 


From this we see that the factor (— paré? is always either +1, —1, or 
+e-#", where fis an integer. In the case of the double Æ-functions there are 
thus 16 functions which only change sign by replacing in the characteristic À by 
A + 2%, and so in the p-tuple &-functions there will be 2? functions which will 
at the most only change sign by replacing À by 2 + 2x. These functions of 
course correspond to those values of the characteristics in which all of the δ8 
are made zero and the a’s take the values zero and unity. When this happens 
the Æ-functions become the ordinary theta-functions. As the equation 


12. l =] Ce i 2 J (v,). = (—y Ae d s Gs ) (ο) 


can, by virtue of the factor (—)*774-^* only take 2% different forms, and as in 


9» of these the factor becomes either + 1 or — 1 there remain 
22 — 9°? — 9% (27 — 1) 

cases in which the factor becomes = + e-*", a constant whose greatest value for 
k positive is ο”, or (--)'. 

| For the theta-functions the quantities Z and À reduce to their réal parts a 
and «, and further, α and α are integers. Observing this fact and also the fact 
that the summations with respect to ni, ng, ng... extend from — to +æ, we 
readily find the number of even and odd theta-functions, that is, the number of 
functions which are not altered by changing the arguments v, v... v, into 
— D, — 94... — V. The determination of the number of odd and even theta- 
functions is made to depend upon the fact that in the exponent of the general 
term of the series we can change n + into — n — l, where of course / is a real 
integer. In the present case such a change obviously cannot be made, since Z is 
a complex quantity, viz. {= a + ib. It seems as if a formula of transformation 
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ought to be found which would represent the result of changing v into — v, and 
which would reduce to the corresponding formula for theta-functions by making 
b and 6 each zero, but I have not been able up to the present to hit upon it. 
I have found two methods of transforming the Æ-functions, so that when the 
elements of the characteristic reduce to real quantities (integers) the corres- 
` ponding theta-function formule are obtained. I shall only give one of them in 
what follows, viz. the one which, on making the b’s and (s all zero, will give all 
of the corresponding formules for the theta-functions. The &-function is defined 
by the equation | 


n=+ > 


18. EX e) =>, Cae SS Dy Biv Sse 


The rs are of course all even, and a single summation sign is used simply for 
brevity. -As above we have /—a +ib and À =a + iB, with the above restriction 
(which is at first not necessary) that a, b, œ and @ take only the values zero and 
unity. Now remembering that 


LN. 1 
exp. > J = exp.| 4 (elm + bint h... nt GF 
TP 
1 
+ PLC +o, + A). 
Tcl 
and remembering that the summation with respect to n is (for even integers) 
‘from — o to +, we can change n into — n without altering the value of the 
function. We now seek the value of the function 
we (— 1+ δν, 2: 
a( (1 + 48,)2, X v.), να, QE d 
Changing n into — n the exponent of the general term becomes 
4(#{— + (—1-4-9)5,...—nj4 +(— 14+ δρ) 
Tm [— m + (—1 + bh [— at (1 + 99:))a]-9- .. . 
+ [— ty + (— 1 + $5) ][— v, + (1 + By} Ap] §, 
or 


(sm + (1. — ib), cm + (1 — dy) by) 
++ 1 πὸ! m + (1 ae aby) 4] [n — (1 + 101) A] +. 
+ [Mp + (1 = ibp) Ap] [ep — (1 +18)218 
Expanding this and subtracting from the original exponent 
Tp 


Tomt h,- pth) + gni T (n EG + λε), 
ral 
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we have, after some simple reductions, 

— XI? — 2iXn, b, + Σ1}(1 — 4b, + 1521, δ, (n, + L) — ISl, hpb be} 
+4 πο} Σ(3 + ib.) n, A, + 4X5, 1,0, 4- E(2 + ἰβ, --- ib, + br Br) 2,1, 
the summations extending from 7 一 1to7 一 D and in the double summations 
the values r = s being excluded. Write this as 
15. 到 中 + inib; 
if now we make b = 0 = 0 we have 

中 ,一 0 and P, = 25n,a,+ 2a,a,, 

which is the corresponding quantity for the S-functions. We have now for the 
-functions the relation 


14. wie 


14-35, zy f d ; 
16. H (C 十 D ")(— 0,) ΞΞ Ἐ (X χω-οκρ. (19, + iiv. 
Making b= 8 = 0 in this and we have, replacing & by ©, the well-known formula 
17. © ( wa — Vy. Up) = (--)ὴ''"Θ Core a ye, Une Up). 


Another and rather more RM form is obtained by changing Tinto (— 1-4-ib)l, 
2 into (1 + £8) and v into (— 1 + i)o. The quantity called b, above under- 
goes no change, but we have, calling V; the new value of (P, 
18. P= iSpy, + X (2 d iB) nd, E (b, + iB, + bB) 

+ Σ(3 T ig, — ib, T b,8,) LA; 
and 
19. y, — PSG, + Σ (iB, + δ, β,) ευ, + HSDLA., 
every term of which vanishes when / and λ are real. The quantity +, may be 
written i 


20. 4+0,= m: ixnb,— 3 26,0? 一 FIU + iXXL,.(n,4-0)— $XXLOÓb5,; 
since n is an even integer write n = 2%, then this is | 
21. 一 ihb,— $130,2 — FR bi + Σο (2h, + ) — 1 551.1.0,0.; 


again since b= 0 or 1 the first term of this becomes a real multiple of +, and 
the remaining terms become quantities of the form M+ iN, where Mand N are 


real and of the forms u, a -P., where u, v and p are real integers. Similar 


4 
remarks might be made concerning Ÿ,, but, for the present, it is not necessary 
to consider this quantity We may make one further transformation similar 
to the above and to the corresponding transformation in the case of the theta- 
functions. For simplicity take the function 

wy (Oat ibi, a+ db . l 
22. Ἐ es i 8. 1 a i B, Je: v) — ΣΣ exp. [{(αη, αι, ass fra + a+ ib, m+ at δη): 


Ti τ πο (n + αι + db) (v. + αι + $03) + (ne + αν + tal 十 oo 十 ißa)}]- 


Vou. VI. 
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Now we can change n, and n, into — m and — n, without altering the value of 
the function; make this change and also change J, and ἦν into —d, and — ἦν and 
οι and » into — v, and — «,. We have then to find the value of the function, 


Ἐ ae: De vy, 一 93). 
The exponent is, on changing n into — n, 
i(—m—1,—n—Lby-Finij(—m-—h)(— v 21 + (——5)(—»- 21. 
The quadratic term is unaltered, but the linear term becomes 
270 (m+ ζ)(οι + 24) + (πε + (ου + λο)} — met} (πι + 5)24 + (m+ 5)241; 


this differs from the original exponent by the term, 


23. = πὶ (n-24 + Na) ET πὶ (524 + h 24) 9e 
say, 
23. — miN — il. 


Make now n = 2% and give A, and 2, all their values: these are 
A,= 0, 1, ἐ, 1-9, 
44—0, 1,4 1+i; 


then all possible values of W are 


0, 24, Qiks, 2/ts + 2, 
97η, Qh, + 955, 97η + 2%, 27η + 2/5, + Di, 
ii aile, oil + 94, Dilley + 2il, aille, + 2 + 2%, 


2/5, + 2il, 24η + Why + Dike, 2 t 2il + Why, le + 2 + Zile + ile. 
(Notice in forming this table that after writing down the first line and first 
column all the remaining terms are formed by combining them: viz., the second, 
third and fourth elements in the second column are obtained by adding the first 
element in this column to the second, third and fourth elements in the first 
column respectively, οἷο); The exponential thus takes one of the values, 

25. +1, e 

where + is a positive or negative integer, when À reduces to its real part 0 or 1 
this exponential is — 4-1. There are in all 256 different values of L, 16 of 
which for Z and 4 — 2, 1, make the exponential £77! 9 equal to + 1, ten 
values giving + 1 and six values giving — 1. We have finally 


ο. g( E CU, -- vy) 
= (—)h a Fhe ss 1 ebb’ exp. {4 (du, ἄχ, dela + h, n+ 5S 
Tau [n + α)(οι AF 24) + (ια + (ο, + 24)] t. 
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For the general case we have obviously 


= —Lh...—l 
9$. E( vu xc me. 


x exp. 入 (sh +a, .. 


o — Όρ) m (—YrME...x(iy* 
(y 十 I)? + ἃ rid (η, + Lv, + Ας) ἐ.᾿ 


B47 


For p= 2 write 1,24 + LA, — c; the entire set of values of c are given in the 


following table : 





00 0 0 
01 i 14-4 
Où —1 —i+i 
0 iti —i1-4- οἱ 








i 


2i 


—1--2i 

















i 1 

i i-ti 

i Ri 

i . 1427 
一 -—4 
— 0 
—1 --1ἠ-ἱ 
—1 i 
—i+i —i+é 
-ᾱ-ἱ À 
—1-FHi —1-4-9i 
—i+i 8i 


-—1 
一 [十 ? 
一 2 
— 24i 


-----ὶ 
----[-9ὲ 
Rt 
—9--2i 

















i IH 1H iH IH 
142 | IH 344 Lpi 243 
—144 it | τη tee ὁ 2i 
8i iti 915 D RE 
exo ο ο naa 
à lip d -1-- gi 
24i ;--1- IRON SRE —9-8 
EN 1H δὲ ---θ --β 
iti Bo οἱ ο Oe 
2 
Ha) gi 一 
—1+8 | 2i 14818 4i 
| 





The spaces marked A are to be filled up in the same way as the upper left- 
hand corner space (each of the sixteen spaces is seen to be symmetrically 


arranged, and also the entire group is seen to be symmetrical). 
all only 19 different values of c, viz. 


There are im 


0, 1, 2, —1, --3, i 1-F i, — 1-F d, δὲ, 24-4, —2 +i, 14 2, 
--1--94, δὲ, 2-- 2i, 12- δὲ, — 242i, — 143i, 4i. 
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The number of times that each of these appears is: 


0 number of times 51 一 2 十 ?4 number of times 4 
1 if : 14 ^ 1 + 2i i te 0 
2 e si 1. —1+% d " 10 
i u u 14 34 tt [η 4 
— 2 B 4 1 2 + 2i i ʻi 4 
ΠΠ; “o 88 1 + 3i í E" 
14i Es H 32 — 2+ 8i tees cw 4 
—1+i £ à 32 — 1 + δὲ À 4 
2i H ; 96 4i x u 1 

2 4-4 M s 4 


making the proper total of 256. The above formula of transformation is more 


convenient when written in the form, 
2(—5...—1 ο 
29， Ye a(S. XC 
x exp. {ipat πρ LY + o6X (n, + Qv. 4- 2,)1. 
The values (for p = 2) of nih -nọ are of course obtained by replacing ἦι 
and ἦν in (24) by πι and jJ. We have then for ni} + n, 1, the table : 


lh, L=0 hi1, h-0 . hd h-—Ó0 
0 Ny in; 


.h=itih=0 








i tk in 
L=0, 5-1 ami, h-d =i, hol 1=1-H, hd 
Tha Pa + Na (o dud dita | Nna + Na + ina 











4=0, L=i hmi, ht hoi, bai h=iti, bot 
dn | τοι + dna dn, + ins dn, + ina + try 











h=0, h=1it+i L=1, k=1+i hoi, h=iti| | h=1+i, h=1t+i 
Na + ina Pa — Na + ins dns + tna 十 πα Ni F na + dna -H ina 





The upper line in each block gives the values of 4 and 4, and the lower line 
. the corresponding value of m4 + md. 
For greater convenience, table (28) may be presented in the following form. 
Hach square contains all of the values of LA LA, corresponding to the values 
of 4 and 7, written above the square. 


^." 
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ly, 1,20 l6, 1,-—0 δι zz1-4-4, 1,—0 
0 0 0 0 0 0 0 0 0 0 0 0 
1 1 1 1 à i D i It αν τε Ii 
à αὶ i à |= - - +1 --1-ἠ-ὁ IHi 140 —144 
Ii I 146 SD ii pi | ο οἱ ο 39 
太一 了 iat ld 7 一 1 1j 1-4, i 
0 1 i Hef ο d i iH de 1 i iți 
1 2 Ἡ: $44 ὁ iH D 151} ipi 24i αρ 24-26 
$ tH 2 1[91|-- 0 i+ à Jii i ihi E 
pate bi 143 gheil iti i --19ἱ δὲ ai 140 gi 14-8 
L=, l4 i, i,t hdd, 7 一 Y 
0 i 1 AH 0 i -ι =the 0 1 —1 —i+i 
1 τ 0 à À P AH HOE 142 14% κα 2i 
ὁ te iili ihi -9 eei te tet i —294-8i 
Ife 1426 i Ri Ate 1422 24-0 242) Di δὶ —14-20 —L14-8 
SS L=i+i diee, Lcid hid4 o hocici 
0 i+ -- μέ 2i 0 ii iti O2 0 {ΠΕ —i4 2 
4 1 244 i 15] 6 142) lita δὲ 115 2426 D 14-8 
i Ai ites δὲ |[-: 1: -5[ἱ lt δὲ --δεδ itsi 
IHi Rai 2 181 | 一 1 Qi 242i 148) δὲ 1480-1487 4i 

















A simple case which might be considered is when / is a real integer, as in 
this case the factors (—)** all reduce to unity, and the Ws in the characteristic 
may obviously be written with the plus sign. 


τ 
PERIODS. 


We may still, for simplicity, continue to deal with the double Æ-functions, 
as the general properties which are being studied are capable of immediate 
generalization to the case of p-tuple functions. From the definition of these 
functions we see at once that if w and x, denote any two integers we must have 


= . à 
32, H(A à (0+ M, ὃν F as) = eg eue a + AC vy), 
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that is, the effect of altering the arguments v, and v, by the addition of the 
integers x, and a, only interchanges the functions. If, however, we write 2a, 
and 2x, instead of σι and a, we have 


R ἶ 

oe EG 1 c δα 的 二 m a(t er 22, À s 22, Ye v) 
or from equation 7, 

34, bo a(k 5 Jes 十 20s, (A + 20) = — (— -γ-Ἠ-κ( | 3c v3) 


and the factor (—)5*:*^** has been shown to be either 

| +1, 一 1 He, 一 0-* 

where # is an integer; so the function is either unaltered, altered in sign, or 
multiplied by one of the constants + e~*. The cases where there is no 


alteration cr at most a change of sign, correspond to 0 and & real integers. If 


we replace x, and x, by 4x, and 4x, respectively, αι and a, still integers, we have 
35. AG ὦ (wi 十 4a, vs - 4αρ) 一 — (peatama (A ὦ AC v). 


The factor (— jose) i is in this case either + 1 or e~™", where & is an integer. 
There is thus in the case of the E-functions no period in the ordinary sense of 
thé word, those functions only possess a period for which /, and & are real. 
There are 64, = 2° functions which have periods, and 192, = 2*— 2° which are 
multiplied by the above factor; in general there are 2» functions which possess 
a true period and 2*? (2? — 1) functions which are multiplied by an exponential 
factor. The quasi-periods are obtained just as in the case of the theta-functions, 
and to show their existence I shall merely reproduce, with the necessary changes 
of notation, Prof Cayley’s proof in $10 of his memoir. Taking a, and a, 
integers, we consider the effect of the change of οι, v, into 


1 1 
v, + (ant + dot), vy + zum 053975) . 
Starting from the function 
g/(h— P uns 
H 1 € 15 Ws D + (an σι + αυ 933), vs + a (ayy a + αρ 2$) 
Ay mt 


we have for the es of the exponential 
à (cav; di; og { x h — 94, Ny 十 ὦ n a) 


ξ 1 
Tm [es 十 4 一 AC 十 为 十 (ant 十 αμα) 
+ (n, + b —= a) (vs + Ag 十 (aam + 2,5) | 
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this is 
+ (e; 035; As ny +h, m+ by Ti ni (n; 十 Lw +A) + (n F AIG 十 25)) 
(the original exponent) + other terms which are as follows: viz. they are 
— 3 (d dp, apfra + dy, ny los, αὐ) + imr l )(ans + dote) + (a+ Ly) (easet - oga) ] 
++ (ais Che, doyr, αρ)' --ἐπί [αι (wy 十 24) d (v 十 ^9] 
à [2s (an mi 十 αμ) + x (ar αι + Ωρ 23) |. 
The terms in the right-hand column reduce at once to 
+ (an, αν Qa 十 A , πο 十 ble, os) 
-- πὶ [αι (οι 4- A) τα (v 十 An) ] 
= Flan, ιο dya, ων). 
The original exponent is then increased by the terms 
—+ (an, αμ; αρῖαι, x) um yri [αι (οι 4- 24) αν (ο, 十 2); 
which are independent of n; and n, and they thus affect each term of the series 
with the same exponential factor. The result is i 


7 一 1 
z EG 4, T A (n + E + 55255) , vy 3- pe (dy αι F αφ 2) ) 


= = exp.} TT 4 Ίο. Aya, Ag hy, ay — 3 πί[αι(υι-|-λι) κο Az) | Hz: a x) (er, V2) ; 


or what is the same thing, replacing 4 and & by 4+ αι and h+ «y (this change, 
since v, and a, are integers, only alters the real part of À and & and so is 
admissible), 


E 3 2) (a je zi (um 十 Q3» Xa) ; Ve + a (eis Vi + Cop αν) 


37. = exp. { — (απ, Gig, αρἴαι, w) — $76 [ay (υι + 24) + 2s (vs + 24)]1 
= m. 
E Ge ; 2 =) (οι, vg). 
If x and αν are even, say 2a, and 2a,, the function on the right-hand side of this 
equation becomes, 


ΝῊ = (at 223, ENG ων v), = SAC à Je v), 


M 
but the exponential factor ko remains. The formule show that the effect of 
changing v, and v, into 
1 1 
v d pd (ant + αν), v. + ey (atr + Ant), 
where +, and a, are integers, is to interchange the functions and to affect each of 
them with an ο. aoe and we may say, as in the case of the 


S-funetions, that = (as, ἄχ), (as, a) are conjoint quarter quasi-periods. We 
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may also say that the S-functions have the quarter-periods (1, 1), the half-periods 
. (2, 2) and the whole periods (4, 4), understanding that only those functions are 
truly periodic for which the /'s are all real, 4. e. for one case all zero or unity. 


Tux PRODUCT-THEOREM. 


If we eae together two ee Pa 


SCA (yee, Vs 十 v^), SGP 9! Pn — vi, s o) 
we have, for the τος the sum of four products of the form, 


e (f tras ο. w ,). eme σα "ΕΖ, ΡΩΝ ALI CAN 9v ^), 


where p; and p, take the values 0 and 1, and τ © is written to denote that 
ἄπ dx, ἄρ are replaced by 2an, 204,, 2a. The proof given of this theorem is 
wholly independent of the nature of /, and Z and so holds for the case of the 
double Æ-functions. Using here £ to denote that the parameters αμ, ax, ἄρ have 
been changed into 2a, 2αµ, 2a, we have | 


39. E b AC + σι) .Ἐ d m Dum A 


(859 an Lo 
| +G He: 9 +1, A a ΛΟ Ege ~ ^ +1, 3 du MOGA 


/ / / 
+ (qut y iat ud "m i 7 am k » DEA 
/ t 1 i 1 $ 
+ 26 oe +1, H dts τ τ T Po). Ci 十 1, ΙΙ 2) + DICA 
the arguments v, + Js μα are written for brevity instead of (v,-++ v4, vy + v) 
and (v, — v,, v, — vz), and similarly on the right-hand side of the equation one 
argument only is exhibited. 

In order to develop the results it would be necessary, or at least desirable, to 
form two tables, one giving all the values of the upper line of the new character- 
‘istics, and the other giving all the values. of the lower line of the same. This is 
what Prof. Cayley has done in his memoir on the double theta-functions. The 
tables are so long, however, that I do not give them here, particularly as their 
application to form a complete product table for the double Æ-functions would 
give an exceedingly long table. There are in all 2% (in general 2°) different 
products in the case of the double Æ-functions; these consist of a square-set of 
256 (= 29) products and 255 other sets, each containing 255 products. Using 


Li 
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9 
suffixes for a moment to denote the different Æ-functions, we define a square-set 
as a set consisting of products of the form, 
Ea (v + οι, va F v5) E (v4 — v4, %— v); 
the remaining sets would have different suffixes for each Æ. 

All of the theorems: which have been here set down for the double 
Æ-functions are, as has been already remarked, capable of immediate generali- 
zation to the case of the p-tuple functions. An alteration of the /'s by an even 
integer produces no change in the function; an alteration of the 278 by an even. 
integer. gives a formula precisely like that in the case of the S-functions, the 
only difference being that the factor, say (—), which is introduced, does not 
take merely the values + 1 and — 1, but the values +1, — 1, e^", — er - 
where v is an integer. An alteration of / or À by an odd integer interchanges 
the functions (it would be interesting to examine the effect of increasing / or À 
or both by a complex quantity; I shall take this up later) The change of v 
into 一 gives for 2? functions formule which are identical with those for the 

. theta-functions. For the remaining 2% (2’” — 1) functions there is a factor under 
the sign of summation which depends for its value upon the value of n, and the 
factor outside the sign of summation is +1, — 1, — e7, -+ er. 

By increasing the 038 by αι, a... αρ respectively, we only interchange the 
functions (this of course is the same as increasing the A's by the same integers); 
increasing each v by 2x we multiply the function by (—)*”, a factor which takes 
the values + 1, — 1, — 6777, +e-"; finally, increasing each v by 4x we multiply 
the function by (—)*”, so that we have 2% functions which are unchanged by 
this alteration of the arguments v and 2?(2?.—— 1) which are multiplied by a 
factor e". : 

I shall proceed now to a more particular examination of the Æ-functions 
for the case p — 1. There are sixteen functions corresponding to this value of 

p, the characteristics for which are 


OG x Ὁ 
pu ON oS 
OO τς 
τν.» 


Vor. VI. 


E 
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The first line of 40 gives the ordinary theta-functions of one variable corres- 
ponding to the elliptic functions, For the first line we have b= 8 = 0 ; for the 
second line b == 1, 8=0; for the third line b— 0, 8 —1; for the fourth line 
b= 8 = 1; in each of the four lines a and a take the values 0 and 1. 

The Æ-function of one variable is defined by the equation 


H ο Jo = 一 Sgt AMEN bet nb D 4-9 


where {= a + ib and =a +i, a, b, œ, B taking as above the sames 0 and 1; 
a is also written instead of αμ in order to avoid suffixes. The 16 different 
functions will be denoted by the symbols 


So de 54 
E & Es ἕι 
πι Me Ng 


Na 
& h ba ὅι 


viz., we have, omitting for convenience the argument on the left-hand side, 


5ι.--π(ό)ω, &ez(l)w. »-E(1). x-s(1)9. 
&cE($)9, ἕ-ε()ηω, &-2(1)9. aG NO 
&-B(I)U. m-E(;)). m=BG4)0: u- 2,9. 
ü-R(i)9, ü-zE(1'9. &-zE(,)9. α-π(ζθω. 


Writing οἳ — q and converting the exponentials.into circular functions we have 
the known formule 











T0 Tro Qr 18 Op 1 
= 1+ 25° g^ cos im, ΟΡΩΝ 4 cos + πο, 
rool 7 二 0 
TRO r=% 
Ore a 
Ss 二 1 十 i» ey q” cos zv, 34x 2 a sin ? Tw. 
Making the same substitution in the case of the functions ἕι, ἕν... ©, and 


writing » — 2r we have 


r=% 


所 二 DD αὐ {cos nrv(g"* + q77) + à sin mrv(g*—977)j 


r=0 


. 
e 


CRAIG : .On Theta-Functions with Complex Characteristics. 355 


+ 


r=% 








ἕν-- α΄ λα... Um (Peg up 
+ isin? ον ry) 
ten ) 
&ce x Sy F {cos nrv(g"* + 977) τ i sin nro (q"t— q sy 
r=0 





BED CR 2 ΕΙ _ ard 
Hi ο) > (Ayr grt cos E (a Pg 3» ) 
DEI! 
2r F1 2r--1 
+ à in Egg, (η) 2 +g 3 )| 


m= Yi 0 {cos raw ue FH 6777) — à sin rao (e — e77)1 


T 











r= 


2 1 of rl. 
2 d cos ane rw “十 e 3 j 


. . +i EB. dl, 
— i sin TE ve Pope ) 























To 9 
n= X (一 ) "ο" {cos raw (e7 + 6777) — à sin raw (e" — e777)1 
r=0 
T—o 
. 9» 1.1 21. mri 
Hit 5 lene cos x nole 9 ο T =) 
Ν 
B . . 2» 十 1 tl, ict 
+ 4 sin + πο (e? "él 可 
D ET fo 
e LT --- ie 2 > ego" ο; T7t0 (e arr Ε. ge) +i sin γπυ (e^? — q 9) 
T0 
To 
2: Ὁπ (2 Dé 
b, — i ) en + i -4q E τ... qoe gene 
r=0 
+ 4 sin (g- 9r t D — η) 
r= &® 
poor 
如 一 一 ) (--γαξ € erg" § cos ray (e #7 + g 77) 
_ rd T4 sin γπυ (e? -- q^) 
ια 0 
5 qi S (一 a νας, a irum zt» (e "87-0 — g- e) 
7 一 0 . 





4i sin Zi mtv (e το). m 
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The formule for £,, ἕν... ζι may be written in a little different form; 


viz., writing for g its value e we have 


Toc 





_ 
= 2e 5 Yee cos v (av + a) 
a ---ϱ 
TU C 9) 1 
ἔι-- 2e 9 Sogo cos ΠῈΣ (πυ + a) 
=0 | 
i r=% 
b= 26 TOH > (--- q*&* —P cos 7 (nv + a) 
r=0 
=o 
E, = — 9 CPUS Cy gery sin * +1 Ti υ + à) 
r=0 
m= 2 > q" cos rz (o — i) 
EIU 
pnmo 
Ng 2 ἘΠΕ cos κ — 4) 


Too 


mn 一 3 》 (—Yg" cos ra(o— à) 
k 


Χρ 
T0 


所 二 一 di 3 y T grana cos r(x(v + 4) + a) 
: ?一 0 


r= 








= — He pr. cos M +i)+a) 
= — die? >> (— gi ο cos r(x (v +4) +a) 
r= 
g ἕι-- 2ie raSo —yqg t+ sin Tl (π(ο-- ὃ + a) 
ES ; 


The notation of hyperbolic functions might also have been employed for the 


* 
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representation of the functions πι, 4,...2,. The constants derived from these 
functions by placing v = 0 are as follows : 





r=% , Tuo οσο 
δι(ο 14-2» ^n, $()229 7. + 
| ?一 和 3 7=0 
7 一 o 
9,(0)=1+ αν (—y n, ο 8,(0)=0 
?一 0 
Fo Po 9 . 十 1 
&(0)=2 Da COS ra, £,(0) = 2 χλστ 008 一 a 
| T i r=0 
r=% r= o : 
ἕε (0) = 2e $ > (一 Jo Ἡ cosra, E (0) =n 26-3 > (—yg'** Dsin T à 
r=0 E r=0 
PO fco 9 1 
n (0) 一 2 > g” cosh rx x» (0) = 2 y g* €"1* cosh Tin 
Tz . T0 
po r=% 2 . 1 
ng (0) = 297 (—) g” cosh ra n, (0) = 26 y (—Y gie * sinh “id 
p A r=0 
r=% ToS 





πμ 22 "Ώρος r(ni 4-2), ¢,(0) su | C+D cog? ο +a) 


(0) = — De? ve —)"gi #2 cos ias +a), 


Pome 


¢,(0) = = De® Pre q' C? sin 一 一 一 EI (ri + a). 


The values of the functions 34, &,, δε and & for 0 一 0 give rise (Prof. Cayley’s 
memoir, page 912) to the ρω 
0,0 HO 
baie) = SS 
or "m CEPR = 
k=4 i , = 4Vgq(1— 4 14g + ... 
VO TE 29 EE q(1— 4g + 14ÿ 十 .小 


[--91-3φ--,.,.}8 —. 
pe σηηη) ; 一 1— 89 + 329? 一 96g? + 93 
1 + 2g + 29+...) — 89 + 5g— | 
gp =l 2 
μασ ο πε μα a 
` and identically +h? = 1. 
These are the ordinary constants of elliptic functions. 
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Similar relations exist for the E, η and ἕ groups. Taking first the £-groups 
and making v = 0 we have 
gt&,(0) = 1 + 2q cos a + 294 cos 2a + 2q° cos 8a-+..., = Ay, 


q*E, (0) = 295 cos 1a + 2g? cos a + 243 cos $a + ..., = Άν, 
é gt, (0) = 1— 2g cosa + 9044 cos 2a — 29° cos 3a -+°..., = Az, 
e? gk, (0) 二 一 99i sin $a-- 903 sin ţa — 2g? sin za ιν. — Ay. 
If here a is real (and therefore negative), and if we write a — — 27, the series 


obviously take the same form as those for $(0); but without making any 
hypothesis as to the value of a if we write 


TNATA 77 AA 
we find readily the relation 1; ἠ- MI, 
that is Aj -+ Ai — At+ 44, 
or | ali (0) + ὁ- al (0) = alt (0) + 4 φξ1(ο), 
or &(0) + &*&(0) = &(0) + e &(0). 


Taking now the +-groups and making v = 0 and we have . 
n (0) = 1 + 29 cosh x + 204 cosh 2x + 29° cosh 37 + ..., 
m (0) = 20 cosh + x + 29? cosh $ zt + 29 cosh $ x, 
n3(0) = 1 — 2g cosh x + 29* cosh 27 — 29° cosh 37, 
54 (0) = 4$— 29* sinh 4n + 29% sinh n — 29? snh¢a+...} 


Writing = 72 (0) + - _ %0) | 
I= VI) +70) VO) FAO 
we have + g?=1, 
or. nz (0) + πϑ(0) = ni(0) + vi (0). 
Finally, taking tke &-groups and making v = 0 we have 
gt, (0) = 1 + 2g cos (a + πὶ) + 2φ’ cos2 (a + πὶ) + ..., δι, 
gi, (0) = 293 cos i (a + πὶ) + 29$ cos π(α + mi) + ..., = B, 
οἳ οἱ, (ϱ) = 1 — 9g cos (a + ni) + 24) cos 2 (a + 2) — ..., = Bs, 
eT gi Z,(0) = — 2q} sin 1 (a + mi) + 203 sin $ (a + mi) — ... , = By. 
Writing Pe Bi po Bi 
T JS B+ Bi’ — ABi4-Bj 
we obtain pL pha, 


or 5s (0) + e" 53(0) = δ1(0) + e" £i (0). 


On the Propagation of an Arbitrary Electro-Magnetic 
Disturbance, on Spherical Waves of Light and 
the Dynamical Theory of Diffraction. 


By PROFESSOR H. A. ROWLAND. 


INTRODUCTION. 

In the year 1849 the great paper of Stokes “On the Dynamical Theory of 
Diffraction” was read before the Cambridge Philosophical Society, and this has 
remained until the present day the standard upon this important subject. 

The method of Stokes was based upon the old elastic solid theory of light, 
and gave the following conclusions: 

First. That when the incident light was plane polarized, the diffracted light 
from a small orifice was also plane polarized in such a manner that the displace- 
ment was in the same plane as that of the medium at the orifice. So that if a 
sphere was drawn with the orifice as a center and meridians drawn on the sphere 
with the axis in the direction of the vibration at the orifice, then these meridians 
represented the direction of displacement in the diffracted light. 

Second. The intensity of the polarized light was represented as follows: 
Let à represent the angle between the incident ray prolonged and the diffracted 
ray, and let @ be the angle between the diffracted ray and the direction of the 
displacement at the orifice. Then the intensity of the diffracted light around a 
very small orifice will be proportional to 


(1 + cos à sin’@. 
The presence of the term in $ indicates that the intensity of the diffracted light 
at a given point varies as one rotates the plane of porous In ordinary 


— light the intensity varies as 1 + cos’ à. 


Stokes and others have attempted to determine the relation between the 
plane of polarization and the direction of displacement by means of the first 
relation, but they have not agreed with one another, and this want of agreement 
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has usually been assigned to the fact that the gratings used have been ruled on 
glass rather than in free space, as the equations indicate. 

On examining this question from the point of view of the electro-magnetic 
theory of light, I have been led to entirely different results. But as the elastic 
solid theory for an incompressible solid must agree with the electro-magnetic 
theory, I have been led to examine the theory of Stokes, and believe that I have 
now discovered an error, which, if it were corrected, would lead to my result. 

The results which I reach are as follows: 

First, The plane of polarization of the diffracted light is determined as 
follows: Draw a sphere around the orifice and mark the point on the sphere 
where the incident light enters it. Through this point draw circles on the sphere 
whose planes are parallel to the electrostatic displacement at the orifice, and 
these circles give the direction of the electrostatic disturbance in the diffracted 
beam. Repeat the same for the magnetic disturbance, which is at right angles 
to the electrical disturbance, and the circles indicate the direction of the magnetic 
disturbance in the diffracted beam. These two systems of circles are orthogonal 
to one another, as they should be. 

Second. The intensity of the diffracted light around a very small orifice ts 
symmetrical around the incident ray prolonged and is proportional to 

(1 + cos ὃ), 
and the same expression applies to ordinary light. 

Although the theory of diffraction forms the most interesting part of my 
paper, yet I have thought it worth while to treat of the general problem of 
spherical waves of light, which I have nat seen considered anywhere else. The 
method is similar to that used in sound and the theory of heat conduction. 


SPHERICAL WAVES. 


Let Κι, Οι, Hy; δι, Οι, ete, be a system of vectors derived from one 
another by the equations 





dH, dG, 

Fui dy dz 
| aF, dH, 
Gio d: dw. 
dG, ἀξ 
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Then, as is well known, all this system of vectors necessarily satisfy the equation 


of continuity 
dF, , dG, , dH, . 
| a πα ru 
except the primitive ones Fj, Go, Hj, and even these can be made to satisfy the 
equation by the addition of terms of the form ἃς A a. | 
The equations of light-waves either on the electro-magnetic theory or the 


elastic solid theory are of the form 








PF uu 2 
Ta =T AF — 3 
rue jet 
€H κα 2 2 — 9 ay 
~ ἀπ, dd , dH 
eg ο 
a ἃ ὦ æ 
LE 
ος Tu tg 


In the electro-magnetic theory v is always zero. In the elastic solid theory 
the terms in v give the wave of normal disturbance like that of sound, and can 
nearly always be omitted, as the transverse and normal waves are immediately 
separated when v is different from V, as it always must be. As we wish to use 
the derived functions only, the terms in J can also be omitted, as Maxwell has 
shown, and hence we can write on either theory. 


OF τμ 
= Ar 
P2 yug 
= VAE 


. V indicates the velocity of a plane wave in the medium. 

Each one of these equations is the same as that of sound and can be solved 
in a similar manner. If we have solutions of these equations Fo, Go, Hj, which 
do not satisfy the equation of continuity, then we can get other solutions 
Ens, Gn, H, from these which shall satisfy this condition. Denote 4/— 1 by ὁ 


and let V_,,,,, be a solid harmonie. Then as V_,,,1 is a homogeneous function 
Vou, VI. 
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of x, y and g of the degree — (n + 1), we have 





ο y SI een, “αμα 
and AY un. 
Make = Cp V apye memo, 
where C is a function of p of & complex form 
Q, = À, — 4B, 
p— cry Tg. 


This form has the advantage that ds the addition of another term of the same 
form in which ὁ has a negative value, the sum will reduce to a real form with 
circular arcs instead of powers of ε; α is introduced for generality. Substituting 
this form we have for the determination of C,* the equation > 
-- dC, nati) ay _ 
c 2 C= 
Writing ru we readily find, as others have found before for this 
equation, 
(, ant], n(9—1)acT2  n(n— ln —2) 
ο ως το oq qu. 2.4.6 Le 


The series ends after 2 + 1 terms, and so we can put it in the form 














n—1 ο 


a= (18.5. (n — 0) 1 — ορ ae 





2.2 (n—1(n—2) ss 
— 1.2.8 (2n — iJ2n — 2j P + ete. | 


The following properties of m functions C, are useful. Writing e — a— ib, 














we have -- 
0 m git 0 
Making αγ = D, pb ε ρ(α-- 10). 
we obtain PDs + ts i a = =0. 
If we replace p by a new τ RE eii to 4 (a — yl P, = YOU to the equation of Bessel's func- 
tions: hence we can write D, — J n+ ia) p, 


Po + (b da p] t fy ay ye ο 
with similar terms for Go ard Ho. 
Hence a= Οὐ pte Pa ld + ia)p, 
where C is a function of n to be determined, and one must add a corresponding term with —i in 
place of +7. 
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= , [70 PERSIUS 96, n0,4]] =00,_.— o, (I e), 


Za t) τόδ. 











Putting ορ = op ^/1 + 2s we have 
d^--1 y gt lg +2 m 
dedi? pal "oer Un a 
Extending the notation so that we should write C, (p) in the place of C, as above, 
we Bay) if we put pes =q 


¢ 3 
elei. Oo 十 ο... 


C, (p) CP — 
eros e À Cup) + 3-0, νι) + s Catalo) + te. 


These expansions are useful in many calculations from the equations, and I 
believe they are given here for the first time, together with the differential 
expression from which they are derived. 

Hence we have obtained a complete solution of one of the equations. Now 
the general value of V m+n is 


Pp 





d’ 1 
V-o-en CT "a 
By varying the axes ἦι, Ms, hs, etc., the value and form of V m+n will change, 
and ean thus have many values while C remains unaltered. Select three of 
these forms and we can thus write 


C, 
F= C, p Voip neo Me 


， C, 
Go = C, p Vlan e° C= Viet a m, 


C ] 
Hy Cp" V^u Lye o n = κα quet 


where Y;, Y,, Y/" are surface harmonics. 

These do not satisfy the equation of continuity, but the series of derived 
vectors Ems Gm, H, satisfy both the ως of continuity and the equations of 
light. 

One of the best forms for these spherical harmonics is to assume one of the 
axes in each of them parallel to one of the coordinate axes. We can then write 


a". 
— pt 
F= iub Qucm 





m= id 7 gom, 


εὐίρ-- vt) 
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In this case the vector represented by the components Fa, Go, H, is perpen- 
dicular to the surface V_, — constant. | 

Now the components of this vector do not satisfy the equation of continuity, 
and so, although it may represent the vector potential on the electro-magnetic 
theory, it cannot represent either the electric current or magnetic force, and is 
almost without direct use on the elastic solid theory. Hence the derived vectors 
are of mor’ general use. These are 




















P= οὔ, ig fy} ger m 
G,— c0, TL Ta ot eon, | 
Βι--οῦ,. TEL Ty | gov, 
R=—eR+S, 
G= — e G, A 
gu ena S 
Where J= T} ae 4 x PR 2N P (OG, pe 9-01, 


JU — ne (SAT 也 ec 
F,=— cH, etc. 

The remaining derived vectors are simply repetitions of these with only 
change in the constants. 

These derived vectors can represent the vector potential, the electric 
displacement, the electric current, the magnetic displacement, or the magnetic 
force in the electro-magnetic theory, and the displacement, the velocity of the 
particles or the rotational displacement or velocity of rotation on the elastic solid 
theory. 、 

The raost interesting case is that of symmetry around an axis, say X. In 
this case 1l _ i (~ D. -Q 

-eT d p^ p" 1.2.8. ios 
where Q, is a zonal surface harmonic. 

If α is the angle measured around the axis of x from y ‘and 6 that made 
with the same axis, and we put psinf=r, 
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we can then write, when m is even 
Ra =v G+ HS, 
Napi =V Fiat Bias 

















M, pim Naat 
1 dM, | 
F,=—F,_,= Fi ᾱν 1, 
R 1 4M, 
— — A? m3 — Holl 
Beg = — À Em r? r dg 
Ent 0, ae 
= dE » CR t 2 1 PM, OM, a 1 dM, ι 
New “de — = AN, +" = 一 了 | da? 十 dep dr i. 
The equation of continuity ere 
: ute Do «d. B 








Thesó can be expressed in los of p and p as follows : 
Let O,, P, and N, be the components in the direction 6, p and a respect- 


E ively. Then we have 








eee d — cosÜsinÜ d 
dr do p dp.’ 
d d , sil d 
ge pc 2 


On = — FE, sin 6+ Ra cos 0, 
P,,= F, cos 0 + E, sin 6, 
201 dM.a 
Oe do ` 
απ... 











με (an p Ply 
T psinü( de p dé y 
The equation of motion of light becomes in this case - 

1 EM M, sih PM, ; 


y? d£ dp? La [P d 








366 Rownanp: On the Propagation of an Arbitrary 











whence | i 1 dX. 
M, im Nani p sin 0 EL πρ 1, 
Now, in this case of symmetry we readily find 
而 一 Ορ — vs ger KO 
Jic Ο np" ie 
and for convenience put U= C,p od n 
we readily find M, — Mr=p sin 0 at ; cos 8 rs. 
Putting Q ag. 
n=1™ dy 
and, omitting the constant term, we have 
| aU l1 242 
M, = dp pen UAA --1» 


Hence we have, by replacing n — 1 by n, and changing the sign of all the terms, 
M= — OC, sin? θε ο τὸ, 
From which we find, writing P for the radial component, 








G,= 0, 
P 0, 
ο Ei 4 — 
M —- sind Qe" "m 
9,— reel (n+1)0, 十 20 sin OQ)", 
P,= — tl : ο θε οι 
N= 0, 
N= — eN. 
We can also go backward and write 
9, — — os 
Qe aa 
Pj= ae 5 H 
M, 
Ma mdr à 


Hence, as I have remarked before, each of the vectors indicated by these 
components can be made equal to some one of the vectors used in the theory of 
light; Thus | 
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ELECTRO-MAGNETIC THEORY. ELASTIC SOLID THEORY. 
Vector potential. Linear displacement of particle. 
Electric current or electro-motive force. | Rotation of particle. 

Magnetic force, or induction, or mag- | Linear velocity of particle. 
neto-motive force.” Angular velocity of particle, etc. 


Rate of change of current, etc. 
Rate of change of magnetic-force, etc. 

Should we add another term with — ὁ in the place of ++, we shall have 
the following real forms, since 


C,=A,—iB,; 

ο, = A, + 18, 
e— a — ib, 
d= a + ib. 


ο RTE: eo rs A, cos b (p — Vi) — B, sin b(p — Vi) }, 


25n6Q, ο A, Ba. 
o= Er ue m| [A] 0088 (p— v) ~[ B ee sinb(p— V0, 





pm eX Q, £977? $ A, cosb(p — Vi) — B, sin b(p — Vt]. 
And the other terms are readily obtained from these as follows : 
N= e167) $ [(ώ --- 2) A, + 2abB,] cos b (p — Vt) 
— [(a— 8) B, — 2abA,] sin b(p — Vr)} 
N= 252 GB aero [a 29) A, — 2abB,] cos b (p — Vt) 


) 
i — [(a?— 8?) B, + 2abA,] sin b (p — 91. 

As these quantities constantly return again to the same form with only a 
change in the constants, there will be only two cases, when the vector potential, 
or its analogy in the elastic solid theory, is made equal to the even or odd vectors. 
Let us take the first case, making the components of the vector potential equal 
to O, and P,. The magnetic induction will then be M, and the components of the 


electric current ; 0, RS PB 
4xp 4πμ 








* As Mr. Bosanquet has shown a disposition to claim this term, I may say that the idea expressed by 
it is of common occurrence in the works of Faraday, and I myself have used the term and given it 
mathematical expression in the American Journal of Mathematics. Mr. Bosanquet’s article appeared in 
the Phil. Mag. for March, 1883. 
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Hence, in this case, the magnetic induction is in circles around the axis, and the 
electric currents in planes passing through the axis. Ata great distance from 
the origin, the electric currents are on the sphere, but the normal component 
must still exist in order that the equation of continuity may be satisfied. The 
case of plane waves is the only one where the normal component entirely 
vanishes, | 

When we make the vector potential equal to «ΔΙ, the electric currents are 
in circles, and magnetis induction in planes passing through the axis. . 

Let us consider the first case. We shall find it much more convenient to 
continue with the imaginary form, remembering that a similar term with 4 
changed in sign is always to be added except where it has already been done. 
We shall then have | 


Components of the Vector Potential 


sin 0 Q, = 
9 — — mz (i Oa Γκι dett "n 
no 十 DG ερ. 
PQ— ep Que PT, 
Magnetic Induction 
Y 
N=> P in 6 QI ee 7. 


Components of the Electric Current 











Qo AO (n (0a) n Quad em, 
2 ENS m 1) 6, Q, e079, 
πμ "Hp 
Components of the Electrie Displacement 
EIS 
K dP, _ VEan+DGQ. A ορ γρ 
z dt ο Arep? Que | 


where u is the magnetic permeability and Æ the inductive capacity, and we have 
the well-known relation of Maxwell, 


DC | 
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Should a perfectly conducting sphere exist, the electric density on its surface 


will be LK d dM;_. Καρ 
uium ἀπρὶ dt du — Απ di 

= VEn(n + 1) G, Q εὖίο-- 78 

Arep? d ` 


This is the same as the radial component of the electric displacement at this . 
point. | 
ARBITRARY DisTURBANOE. 


In the equations of p. 368 make a = 0 and n = 1. . We then have 
a 
GE rp 


Bi 3 
—- GEO cu 
The magnetic induction is then 


| N'-— a= d rte, ; 


adi the components of the electric CNN 


: όλες. τν ασ pe ven 


i "o 
P'= + bp σε 0-70), 


Let now a sphere of radius E be circumscribed about the origin and an 
arbitrary uniform displacement take place in the interior of this sphere of a 
value equal to X! gR- — Ori - 一 去 |} 

Taking this value for the displacement inside the sphere and the previous values 

for the outside, the equation of continuity is satisfied for the electric displace- 

ment and for the magnetic induction. Ifthe sphere is very small indeed, we have 

| iYKO 

27b? F? 

Whence we have, on substituting the value of C, from this equation in the others 

and replacing $ nR? by dv, the magnetic induction 

3b X'sin0 € 
γκο QÀ 


P E — 


N= — 


g 9 pr dv, 


|o Vou. VI - 
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and the electric displacement, 


O = 一 





20+ C ὃ m D (p FE) 
0, aes sin θε dv, 


= a cos De 0—79 dy, | 
These equations give the complete solution of the problem of finding the 
disturbance at any point due to any arbitrary electrostatie disturbance throughout 
the medium. And it is to be noted that these equations are rigidly exact for all 
distances from the disturbance, and only have to be integrated to give the effect 
of any disturbance. | 
Had the disturbance been magnetic, we would have had for the magnetic 








induction, Θ' = ib sind sin (2.0, + Οὐ επ 
P= 2 τ Oe? 6—0, 
And for the electric displacement, 
y ΚΟ sind y πω. yo, 
dee Απρ Ge , 
Hence, taking a small sphere as before, the magnetic induction within it must he 5 
Xe id RE — 20 so im) -—ib (R—Vt) 
Whence, as before 0, 二 -— b ox'dv. 


And so we have in this case for the magnetic induction 





θι-- "S A" ib sin 0 20, + C, go (p ~- Vt) dv, 


&zp -G 
8X" ib cos 6 Ci 
" m ε-1δίρ--ΡΌ 
IU hap? σε dv, 


and for the electric displacement 
οὐ VEX" sind Οἱ pp 

327° 0 O, 
These equations give the complete solution of the disturbance throughout the 
medium due to an arbitrary magnetic disturbance at any point. 

Although the disturbance is harmonic, yet we know by Fourier’s theorem 
that any disturbance can be represented by a series of harmonic terms with the 





N= 
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proper coefficients, and, indeed, we can replace the harmonic term by any function 
of p— Vt or p + Vt. Should the disturbance not be parallel to the axis οἵ X, we ` 
merely have to divide up the disturbance into its components and compute the 
effect of each and then add the components of the computed disturbance. In 
this way we readily find the effect of a general electric or magnetic disturbance. 

Let the components of the arbitrary electrie displacement be 


D 


X'e sure, Xe ad 
ye, and of the magnetic induction Y 2 
Ze "m 27 ge n 


where, in general, we must replace X’, Y', Z', and X”, Y", Z" by a quantity of 
the complex form, and add another quantity with —$ in place of ++. Putting 
D -- iE for X', and adding the other term, we would: have the real form 

(D+ GE)" + (D —4E)e ""— 21D cosb Vt — E sin b Vt}, 
which expresses the disturbance in any phase. But this is only necessary when 
we descend to actual calculation. The effect of this general disturbance is then 
found to ο : The electric displacement | 


f= X' (20, + O) P — 88! Cha — =L SAVUR Zi — Τη] le? 0—7 do, 
x p re y 
Q= [y 20+ 0) ge — 38! 0y 一 3KVGp X"z — Zi] Len) do, 
8z παρ 9 "Ax 
1 -一 Far san?’ (26, + OATH — 38'C,z ae AT Pi αμ] g 0-9 do. 


The bcd induction, 

















P= pga Z OOt 0)g— 38" Qa + See" [ry — Ya] i-em de, 
= "E {reo + 0g — 88" Oy + DATE [X's —Zu]h — 80-18 dy, 
HY = gp ZCO ο) — 88" Oye + DELE (Y — x] e ede, 


where I jt written S'= X's + Y'y + P | 

| F S" = X'e + Y'y + Ζνα. 
For a general expression the term e«~”—-”) must be replaced by any function 

of p — Vt or p + Vi as before. 
Before integration, one must of course siitatitate (x— x), (y— y) and 
(2— 2) for the x, y and z of the formula. It is evident that the components of 
the electric displacement can be replaced by the true convection displacement of 
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` electricity as carried along by the actual motion of the medium, and the disturb- 
ance due to a moving magnet can be calculated in a similar manner. 
To obtain an idea of the relative magnitude of the quantities which enter 


: P . 27 
into these expressions, I may remark that the value of b in wave lengths is =. . 


Hence, for any ordinary calculations with respect to light, the distance need be 
only a few inches, or, indeed, one inch, to cause the values of ΟἹ, Op, ete. to 
become constant and equal to C,. Butif we are treating of longer waves we 
must retain such terms. 

I have already given the proper expansion in series of the quantities here 
involved, but it will be better to put them in a reduced form, 


ce=— ib; p=pv1+ 36; cps =q. 


B A o n(i—1)n4-2  n(n—1yn— J 
9, (9) 1 m E C E + ete. } 

















a ep 2 
= eiat Gr) + 5 Gp) + ete} 
ARE = on E80) + Alp) + ete.) 
aao, i RE AU CaS no 
| +R [(2n + 2)0,(p) + On42(p)] + ete. | 
Thus one has p = BP — 2(xa + yy + αὐ) + 13, 
where piat +2 and = a? + y+ βλ, 
Hence one can te wee: a EUN, + zz! + Ll 
zs ga! + yy! sg p 
"cc mad αἱ 


When R is great and 7 is small, the last term will vanish and leave a very conve- 
nient form for many cases. | 

But it is not necessary to always perform the calculation at a finite distance, 
for we have the following theorem which I believe to be new. 

Theorem. Supposing the sources of light to be continuous and knowing the 
light over a sphere at an infinite distance, it can be determined for all space by 
the following process : | 

Let F, G and H be the components of any of the vectors such as the 
electric displacement, ete, and suppose them known over the infinite sphere. 
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Express them in terms of series of- surface harmonics, thus : 


F= A BY + AYI +E, Yy + ete. 
e (p — Vt | 
Go Gr CURED + EY," + BY," etel 
Chet (o — v6 


H = 





Í E, Y" 4- E, + E, Y," + etc. 


At any other point of space the equations must satisfy the equations of 
light motion and also the equation of continuity. Referring to the equations of 
pp. 363 and 364, we see that if we multiply each term by the corresponding 
quantity Ο,, the equations of light will be satisfied, and if the surface harmonics 
are of the form w w 

Y= riv a —z tn 


dy 

be -{ αὐ α tn 
pa pfe tn ile) 
m af dV n dV. ai»), 
Ya =p [ο dy ye; 


the equation of continuity is also satisfied. Hence the components of the vector 
at any point of space are | 











Pa" ORY + GET + OEY etel 

G= "ORY + ORY + BY! + ete} 
ctp 一 | 

H= ο νο OBY" + GAY" + ete] 


The best point for the origin will be somewhere near the center of gravity of 
the illuminated body. 

That the light is perfectly determined in this way for all points outside a 
sphere around the origin which does not cut the illuminated body is evident from 
the fact that we might reverse the motions so as to make the light return along 
its previous path. | 

These expansions and this theorem entirely change the ideas of those who 
have only been in the habit of regarding light from the point of view of rays of 
light. .For we here see that light coming from any source may be replaced by 
light from another source, so that the true source might be entirely invisible, and 
we “see” only the false source. This, however, could only happen for a point 
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outside a sphere drawn around the false point and the real point, and we could 
always detect the deception by making a complete spherical journey around the 
real point and inside the false point. 

As an illustration, let us compute the effect of a circular electric current 
which is caused to vibrate back and forth according to a simple harmonic function, 
so as to make the displacement Ce". In this case we must make 

0= NHL" = YSZ"; 一 一 Coy sin ada; Z' = d cos ada, 
where r is the radius of the circle. 

From the symmetry around the axis of x we have #’= 0, and can write for 
the component of the electric displacement around α at a distance R sin 0 from 
that axis, pan B σ ME EE E 0 costa eda, 

p= Ri — 2 Er sin 0 sin a 4- 7. 
. Integrating the first term by parts, taking sin ada for'one part we have, 
since the first part disappears, 


Las 20+ 6 &* sin ada Me (ES e”) cosada. 
0 











2. m dp d _ rsin cosa d 
Bur ede A πας 
d /20,2-Q, ΟΝ ; 3 cee 
Whence CES e) — Rr sin 0 COS d [40,+ 03]. 


Whence we have 


à 21 ee Vt 2v ep 
N'= 3cRr°b = θε f σε MER 
` π È 





In the expansion, put 





7? 
p=R; q= — er p 
LE Ram +4 a(R) + τς S 00 + ete.} 
M 2 
Writing 9 = 25 and = — er sin 6, 
we have g=gthsina, 


1 ,,n(n—1) 1 gie n(n—1l)n—2)n—4) 189 ,. 
fe etiam tla? EE M Là x44 + 1.9.8.4 2169 "* 
n(n—1)...(n—2m +1) 1.3... (2m — 1) 
+ ete. + — 18...9m 3.4... (2m 4- 2) 








g 
g^ m em + ete. EE 
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So that the problem is completely solved without any approximation and for all 
distances at which the series is convergent. . 
‘At a great distance the expression becomes very os 


N= Ser? BPO, -- e(t — vo is 1 


4 A aini 
0414 sino 
Απ 2 





(2. in 


2n 
- eto. + πυρ myQnq 377. sin? 十 ete. } 


We recognize this series as a Bessel’s function divided by br sin 0, and so we can : 
write | αρα, ip : 

N= — "p 5 79 J (br sin 0). 
This same series occurs in the expression for the light from a circular orifice, but 
I am not aware that writers on physical opties have recognized this connection 
with Bessel's functions. Prof Stokes has given the value of the series for large 
values of br sin 0, and the same value is given by writers on Bessel’s functions. 
We thus find, writing v — br sin 0 

3.5.1 1 3.5.7.9.1.3.5 1 

3il*rQ, sa-w] | sin (v— SEE 34 (à) 2468 (ij ote } 


AR N mv π 
i | |+ cos (0: Dee at ete. | | 
The energy given out per unit of time is, by the first formula, 
8 VA BCR | 2E ο ος gto Κω... | 
2K 5 35 . 120 ' 31680 1310400 
and by the second for very large values of br . 


N'= — 








Vrbo? 
OnK — : 
Let us now reduce the series to spherical harmonics, 
Write : Qa 
u= or = — thr = — 


À : 
P= els : ta siz κών d. uas sin ΤῊΝ eto. } 


This satisfies the differential equation 
@P 1 dP : 
大 一 可 而 一 了 si 0 一 0， 


Write also u = cos 0 and Q', = = P can be developed i in the following series 


as it only contains the even Pose of u; 


P= A, FAQ 9, dues 
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But 

Q, sin? = — = Tore Timp ay" D Qs — (d+ 2) Qu + 3)G at 
Writing 4 一 ae i = we have 

4,= iia — 54}, | 

y= lee Edi gi dd), 

A= ete., | 
| 


These all depend on A‘, whose value can be found by developing Wa sinf6, 
ete. in harmonics. In the following values one must add the second term with 
— iin place of +t before substituting in the formula 


A= + One 


A= — τ a C (r) di 


33 
Aya 1 €. (0) + 75 Cale) be 
A’, = ete. 


These reduce to Bessel’s functions when we obtain the real form. Thus 


A= = rie — eos br |= 2 w J; (br). 


Each term of the original series is now of ds form A’, Qa sin0. But by the 
theorem of p. 372 we have only to multiply the terms of this by C, (E) and it 
gives the value for any finite distance outside a sphere around the origin which 
contains the-circle. Hence 


MR 60 "ALO As Q0 0 + A 00,02) + ete 





]— 


DYNAMICAL THEORY or DIFFRAOTION. 


When a ray of light strikes upon a screen in which there is an opening, a 
disturbance takes place in that opening, whose effect can be calculated by the 
. preceding formule. Maxwell has shown, that in a plane wave, the energy is 
half magnetic and half electrostatic, and that the magnetic and electric displace- 
ments are at right angles to each other and in the same phase. 
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Stokes’ solution is based upon the displacement'and rate of displacement of 
his elastic medium. But in an elastic wave there is'not only displacement but 
rotation also, and the components of this rotation must satisfy the equation of 
continuity. But when a wave is broken up at an orifice, the rotation is left 
discontinuous by Stokes’ solution, and hence it cannot be exact. The equation 
of propagation of the rotation is the same as that of the displacement, and the 
two are at right angles to each other, and they are both equally important. 

Hence, on the elastic solid theorg as well as the electro-magnetic theorg, the true 
solution of diffraction will depend upon the sums of two similar terms. 

When we take account of both the terms, the fundamental properties by 
which Stokes attempted to obtain the direction of the motion of the particles 
vanishes, and that problem is impossible of solution by this means. 

In the general equations of p. 371 let all the disturbances vanish except X’ 
and Y", so that the electric disturbance is in the direction of Æ and the magnetic 
in that of Y. | 

In order that the energy coming from the two disturbances may be equal 





“we must have TE BPX? ΤΚ y 
2VK/ 8π 8x J’ 
or TENE δος 
y= PE AX 


The electric displacement at any other point of space will then be 


] EX» 2 9 T 
= ggg 6t 0)p— 36, + 36,peie ib (p de, 
: - . 
d 
207 D 
1 一 mato 36,2 一 30, «pl g- POT) qs, 
0 | 


For showing the peculiarities of the case, polar coordinates are best. Let @ be 
the angle made by p with the axis of z and @ the angle around it from the plane 
XY. Let O', O", Φ', D", and P', P" be the components of the electric displace- 
ment and magnetic induction to increase these angles and in the direction of p 
respectively. Then we have for the electric displacement 


y= “ar eo s@{[1+cos#][1 — 7 bp zl- = 5] getero ds, 


BE anp [i teslimi] Ta Fale gens, 
dib.X!y 


= 一 -一 一 — d iev 
P E * sin ϐ cos o {1 gle ds. 





中 一 一 
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And for the magnetic induction, 
35 X!» $ cos 0 
1 — Tue — ib (p — V1) 
Θ’ = SV Kp Sra tine | [1 + cos [1 in| py Tap p- ds 
BE X'y 
HL dut — ib (p — Vt) 
p= SUE; cose [1 + cos 61[ 1 一 om wart? : ds, 
SibX'» 
HH 一 一 — bg ibo YO 
ps VE sin 0 sin "Ir ds. 
In these, v is the thickness of the disturbed stratum, so that vds = dv. The 
electric displacement within the stratum is X's?” 

When bp is very large, the disturbance is in the spherical surface, and indeed 
it only requires a fraction of an inch from the origin to be able to omit the 
. terms in bp, and also P’ and P". The equations then become very simple, as 
follows. The electric displacement, 











= Me cos $ (1 + cos 0) a20- ds, 

中 = ut X sin $ (1 + cos θε - ds, 
and the magnetic induction, 

= TE sin @(1 + οοβθ)ε *— "ds, 

qp ore cos $ (1 + cos 0) 27^ 0-9 qs. 


From either of these expressions or the more exact ones we see that the 
distribution of the magnetic induction is exactly ihe same, but turned around 
the axis of Z 90°, as the electric displacement. As this result would also apply 
to the elastic solid theory, we conclude that diffraction gives no means of deter- 
mining the relation between the displacement and plane of polarization. Had we 
only taken the original disturbance as electrical alone, we would have arrived at 
Stokes’ result. 

Squaring the coefficients of the tinie function and adding, we find 

9D X" | 
δάπρ᾽. 
Hence the light is symmetrical around the axis of Z and varies from 4 in the 
positive direction to 1 in the plane XY and 0 in the negative direction. 
It now remains to connect the arbitrary displacement Xv with the intensity 
of the original wave. 


a + cos 0) (ds). 
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Let the arbitrary displacement X’ve"™, wizh the corresponding magnetic 
quantity, exist throughout the plane XY. From considerations of symmetry, 
the electric displacement throughout space mus; bé parallel to the axis X, and 
so we can write, 


”- τα b X'y ;i(2 Ca | op — 80,2? + x te ds, 


z = constant, : 

x= —r cos, de-rd$dz --ράφάρ, 

ψΞε--νείπφ, gg. - 
The general and exact integral is | 


BOX (. it , 2 i 
/一 一 = — ib (p — Vt) 
pis: {+ bp TF mau as 
For positive values of z this gives, between the limits p = œ and p =z, 
3ib X' LR 
== ag 








p(s), 


But for z negative it is zero. Hence such an arbitrary disturbance produces a 
wave in the positive direction, but none in the negative direction. 

No approximation has been made in obtaining this quantity, and it evidently 
applies to a plane of any size, even infinitessimal, provided the point under 
consideration is infinitely near to it. The displacement near the surface therefore 
differs in-phase x from the arbitrary disturbance, but is dependent upon its 
value at that particular point. 

‘Hence we can replace any particular wave surface by a surface of arbitrary 
disturbance whose phase differs +x from that of the wave. Such a surface of 
arbitrary disturbance then produces the same effect at all points of space as the 
original wave. Should the wave be spherical and of short radius, the normal 
component will enter and complicate the result, though the solution can be 
obtained but would evidently be complicated. 

But if the wave have a radius of an inch or even less, the- displacement is 
practically perpendicular to the radius, and the solution here given will apply. 

Let Z, m, n be the direction cosines of the normal to such a wave, and X, m! 
and η! the direction cosines of the electric displacement which is represented by 

[gr RTA, ‘ | 


Then the values of the arbitrary displacement and magnetic induction to substi- 
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tute in the general equations of p. 871, to produce such a wave will evidently be 


Kya FM, X= spp; 1" 
Yo= II, Y= I, 
By = in, Bly = SE mn 
4b ^" 3VKb  ? 
Where /", m", n” are the direction cosines of she magnetic induction. We also 
have UT mm+ nr=0, 


U+ mm! + ni —0, 
, Ul" + m'm' Hnn =O. 

Returning again to the equations of p. 277, we see that the polarized light 
is diffracted equally in all directions from a very small orifice and independent 
of its plane of polarization. Furthermore the plane of polarization at any point 
is found by drawing a sphere through that point with its center at the orifice, 
and then drawing a plane through the given point and the point where the inci- 
dent light first cuts the sphere, and cutting the plane of polarization of the inci- 
dent light in a line perpendicular to the incident ray. The intersection of the 

‘plane and sphere then give the direction of tke polarization. 

It is seen that in both these particulars my solution differs from that of Prof. 
Stokes, and the construction is the same whether one takes the electric or mag- 
netic quantities as the direction of polarization. : 

The system of planes for the electric and magnetic quantities form a system 
of orthogonal circles on the sphere. 

The following constructions can also be used for obtaining the direction of 
the electric and magnetic quantities. Draw a sphere around the orifice and draw 
an axis through the sphere in the direction of the incident light. Then rule a 
sheet of paper with a series of lines at right angles to each other. Out a star 
shaped piece out of the paper with its diameter equal to the circumference of 
the sphere, and having a very large number of points. Place the center of the 
star on the sphere at the end of the axis where the light leaves the sphere, and 
wrap the points around the sphere, the points meeting around the incident ray. 
The marks on the paper then give the required directions. 

` We can also construct the curves of polarization by noting that the stereo- 
graphic projection of the lines on a plane is merely a series of straight lines. 
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The equations become very simple at many wave lengths distance from the. 
orifice, especially when the orifice is small. If the radius of the original wave 
is large, it is usually sufficient to consider the periodic factor as the only variable. 
In this ease we can write 


9 一 is cos ĝ [1 + cos 6] ens, 


p= — = I sing [1 + cos 0] /fs Toe- de, 

P= 0, 
where 7 is the coefficient of the original vibration, and therefore its square is the 
intensity of the original light. The intensity of the diffracted light is simply 
proportional to the sum of the squares of ©’ and d». This is the expression 
ordinarily used except the term in 0. Thus for a.circular orifice we have the 
vibration expressed in EC D functions, 


y= mone + cos 6) 


AO emn, i R=, 


p= — 3E ~ sin $ (1 + cos 6) Teso, sin 0) eap 


It is impossible to pass Fn these e στ the case of a plane wave 
- since they are only for the case of a great distance from a small orifice, 


The Method of Graphs applied to Compound 
_ Partitions, 


By G. S: Euy, Pa.D., Professor of Mathematics in Buchtel College. 


If we divide a number N into two porticns in all possible ways, and then 
partition each of the portions :mn all possible ways, we shall form all the possible 
bi-partitions of N. I? the number of portions is three we form all the 
tri-partitions of N; and if the number of portions is unlimited we shall form 
all the compound ο. of N. Let 

CEEA 51... bel Cy] de Ge, 
_ be such a bound το of N. I shall call this à regular compound 
partition of N if the following conditions are satisfied : 


αι 4 δ. fa...Le, ᾽ 
whatever 4 may be. - ; 


Now all such regular compound partitions may ‘be represented graphically 
by an array of points in space as follows: let each of the portions be represented ' 
by an array of points in a plane and then let the planes be superimposed: the 

"plane containing the first portion on top and that containing the second portion 
next, etc.; first lines lying above first lines and first columns above first columns. 
Then it is evident, that in general, any compound partition may, be read in six 
different ways: that is, to any given compound partition there are five others 
which are conjugate. For example, the compound partitions conjugate to 
531/211] 11 are 32211|31|2; 521/311] 11; 
32111|311|[2; 9852112111 iud 8822111111. 

The following method, may be given for obtaining the five compound parti- 
tions which are the conjugates of any given compound partition: the first one of 
the conjugates is obtained by writing for each portion of the given compound 
partition its conjugate single partition—thus 32211 is the conjugate of 531: the 
second of the conjugates is obtained from the given compound partition by 
taking the first of the elements of each portion of the given compound partition 
to form the first portion of the new conjugate, and the second of the elements 
of each portion to form the second portion, ete.: the third and fifth conjugates 
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are obtained from the second and fourth conjugates respectively, in the same 
manner as the first conjugate was obtained from the given compound partition : 
finally, the fourth conjugate is obtained from the first conjugate in the same 
manner that the second conjugate was obtained from the given compound parti- 
tion; or it may be obtained from the given compound partition directly by an 
extension of Professor Sylvester’s method of calling off—thus 1 goes in 3 
elements of the first portion of the given compound partition, in 3 elements of 
the second portion and in 2 elements of the third portion, giving 332 for the 
first portion of the fourth conjugate; again, 2 goes in 2 elements of the first 
portion and in 1 element of the second portion, giving 21 for the second portion 
of the fourth conjugate, etc. 

The points lie in three sets of parallel planes. If the array of points in each 
of the planes of one of the three sets be symmetrical, then there will be three 
conjugates instead of six, as for example, the three following compound partitions 
are conjugates  531:311/11; 32211|311|2; 332|21|921|1|1. - 

In addition there are the self-conjugate compound partitions in which the 
array of points in each of the planes of all three sets of parallel planes is 
symmetrical. Among the smaller numbers these are not very numerous: 1 has 
the self-conjugate partition 1; 4 has the self-conjugate compound partition 21|1; 
and there are no more examples till we come to 7, which has the two self- 
conjugate compound partitions 311|1|1 and 22/21. And itis easy to see that 
in.the cases where there is no cube equal to or less than the number to which 
the number is congruous with respect to the modulus 3, there can be no self- 
conjugate compound partition.* Thus the following numbers are void of self- 
conjugate compound partitions: 2, 3, 5, 6, 9, 12, 15, 18, 21, 24; and all other 
numbers have self-conjugate compound partitions. | 

If we use the symbol 0(Qo;nidj) 
to signify the number of ways in which we can divide the number w into regular 
compound partitions: the number of portions being not more than n, each 
portion being partitioned into 7 or fewer parts not greater than j, then we 
evidently have (w; n; i, J) = (w; n; j, 9$) = 

(ο; ἐν m, j) = (w; iiJ, 0) = 
hozd; n, ὃν) = (w; jii, n) 
* This is, it may be remarked, en passant, exactly similar to the case of single partitions in which 
there is no self-conjugate partition for a number n, if there be no square equal to or less than n, to 


which the number is congruous with pepe to the ‘modulus 2: and the number 2 is the only number 
fulfilling that condition. 





t 
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Of this we may notice a special example, ramely, if n=.2 and (—j = w, we 
have all the regular bi-partitions of w. Then we shall have (w; 2; w, w,)= 
(w; w; 3, w,)= (w; w; w, 2,) that is, the number of regular bi-partitions of 
any number, w, is equal to the number of compound partitions of w in which 
the number of parts in which anv portion is partitioned is not greater than two, 
and also to the number of compound partitions of w in which no part in any 
portion is greater than two. 

It may also be noticed that we may have like results in the case of what I. 
shall call regular n-compound partitions. For example, all the bi- -compound 
. partitions of any number N are obtained by writing all the single partitions of 
N and then partitioning each of the elements of each single partition of V into 
compound partitions. Then if — 


yy Ag + + Ma, | by. . bal. Jen. anlitats . Uge; | bay see Do, | το. 
lén. - ον -llaa - + Gja; | b, y. [G++ + Sey 
be a bi-compound partition of N, it is termed regular if the following conditions 
' are satisfied . ΠΣ 
| Gad bad ou 6... Ken. . 
and | | din K ds, 4 din 4. . .. «ὧν, Where 


* 4, k, n have any values and d means any of the letters a, 5, c... e. Then we 
can represent any such bi-compound partition by an array of points in four-fold 
space and accordingly have in general twenty-four conjugates, which may, in 
special cases, reduce to twelve or four. There will also be self-conjugate 
bi-compound partitions in the cases in which the number W is such that there is 
some number equal to or less than N which is the fourth power of some integer, 
to which fourth power N is congruous with respect to the modulus 4. For all 
. numbers then of the form 4n 4-2 or 4n + 3 and for the numbers 4, 8 and 12, 
there are no self-conjugate bi-compound partitions. If the symbol 

| (w; πι; πι; ὃ, ji) ` 
be used to signify the number of ways in which we can divide the number w 
into regular bi-compound partitions, the number of apportionments being not 
more than m, the number of portions in each apportionment not greater than n, 
each portion being partitioned into 4 or fewer parts not greater than j, then we 
.. have of course (w; m; n; à, Jj) - (w; m; m; 4, Ju); 
where the numbers m,, 7, 4, Ja; are the numbers m, n, à, J, in any of the 24 
possible orders of arrangement. 


